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Chern-Simons formulation of 3d gravity [EElREVIVAECIENESR Ie1a%

Pure gravity in 3 dimensions

2 key observations about 3d GR
@ Geometry: The Weyl tensor is identically zero.

@ Einstein’s equation: The equation R, — %gu,,R + Aguw = 0 reduces

to R = 2N\guu.
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Pure gravity in 3 dimensions

2 key observations about 3d GR
@ Geometry: The Weyl tensor is identically zero.
@ Einstein’s equation: The equation R, — %gu,,R + Aguw = 0 reduces
to R = 2N\guu.

Implications for the theory

@ NO dynamical degrees of freedom.
@ (Outside sources) the spacetimes are locally of constant curvature.
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Chern-Simons formulation of 3d gravity [EElREVIVAECIENESR Ie1a%

Pure gravity in 3 dimensions

2 key observations about 3d GR
@ Geometry: The Weyl tensor is identically zero.

@ Einstein’s equation: The equation R, — %gu,,R + Aguw = 0 reduces

to R = 2N\guu.

Implications for the theory

@ NO dynamical degrees of freedom.

@ (Outside sources) the spacetimes are locally of constant curvature.

Local model spacetimes and isometry groups (Gp c)

A Euclidean (c? < 0) Lorentzian (c® > 0)

0 | E>=1S0(3)/S0(3) | M*1 =150(2,1)/S0(2,1)
>0| S3>=50(4)/SO(3) | dS*™! =50(3,1)/S0(2,1)
<0 | H*=50(3,1)/S0(3) | AdS*™! =S0(2,2)/S0O(2,1)
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Chern-Simons formulation of 3d gravity [EElREVIVAECIENESR Ie1a%

Chern-Simons formulation of pure 3d gravity

Chern-Simons formulation
With the combined connection A = e?P, + w?J,, the Chern-Simons action

1

k 2
Scs(A) = — ANdA+-ANANA th k= ——-—
CS( ) / M3 < * 3 > W 47 GNeWton

47

coincides with the A-Einstein-Hilbert action.
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Chern-Simons formulation
With the combined connection A = e?P, + w?J,, the Chern-Simons action

1

k 2
Scs(A) = — ANdA+-ANANA th k= ——-—
CS( ) / M3 < * 3 > W 47 GNeWton

47

coincides with the A-Einstein-Hilbert action.

Lie algebra ga ¢

[Ja, Ib] = €abedS,  [Jas Po] = €abcPS,  and  [Pa, Pp] = (—c®A)eape S
A
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Chern-Simons formulation of 3d gravity [EElREVIVAECIENESR Ie1a%

Chern-Simons formulation of pure 3d gravity

Chern-Simons formulation
With the combined connection A = e?P, + w?J,, the Chern-Simons action

1

k 2
Scs(A) = — ANdA+-ANANA th k= ——-—
CS( ) 4 / M3 < * 3 > W 47 GNeWton

™

coincides with the A-Einstein-Hilbert action.

Lie algebra ga ¢

[Ja, Ib] = €abedS,  [Jas Po] = €abcPS,  and  [Pa, Pp] = (—c®A)eape S
A

Ad-invariant (standard) symmetric bilinear form

<J37Jb> = 07 <Jaa Pb> = C277ab and <Paa Pb> = O

v
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Classical r-matrices: Phase space of 3d (CS) gravity

Phase space of CS formulation of 3d gravity

Phase space for 3d (CS) gravity?
Phase space P of CS formulation of 3d gravity

For M3 = R x Sz, the moduli space is parametrized by the set of
holonomies along the generators of 71(S, ) such that

[Ag, Bz [A1, By '] - M-+~ My = 1, modulo global conjugation.
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Classical r-matrices: Phase space of 3d (CS) gravity

Phase space of CS formulation of 3d gravity

Phase space for 3d (CS) gravity?
Phase space P of CS formulation of 3d gravity

For M3 = R x Sz, the moduli space is parametrized by the set of
holonomies along the generators of 71(S, ) such that

[Ag, Bgl] --[A1,B{'] - M, --- My = 1, modulo global conjugation.

Graphically

v
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Classical r-matrices: Phase space of 3d (CS) gravity Phase space of CS formulation of 3d gravity

Phase space for 3d (CS) gravity

Mathematically
The Phase space is a constrained system given by

P = 7Daux/G/\,c
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Classical r-matrices: Phase space of 3d (CS) gravity Phase space of CS formulation of 3d gravity

Phase space for 3d (CS) gravity

Mathematically

The Phase space is a constrained system given by

P = 7Daux/G/\,c

where

Paux = {(M1, ... Mn, A1, .., Bg) € Gy %6 |M; € Cj, F(M;, Ay, Bj) = 1}
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Classical r-matrices: Phase space of 3d (CS) gravity Phase space of CS formulation of 3d gravity

Phase space for 3d (CS) gravity

Mathematically

The Phase space is a constrained system given by
P = Paux/ G
where
Paux = {(M1, ... Mn, A1, .., Bg) € Gy %6 |M; € Cj, F(M;, Ay, Bj) = 1}

with:
@ C; fixed conjugacy classes of Gy . for i =1,...,n.
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Classical r-matrices: Phase space of 3d (CS) gravity Phase space of CS formulation of 3d gravity

Phase space for 3d (CS) gravity

Mathematically

The Phase space is a constrained system given by

P = 7Daux/G/\,c

where

Paux = {(M1, ... Mn, A1, .., Bg) € Gy %6 |M; € Cj, F(M;, Ay, Bj) = 1}

with:
@ C; fixed conjugacy classes of Gy . for i =1,...,n.
and

o F(MI7AJ7BJ) = ﬁjgzl[ijAj_l]ﬁln:1M’.'
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Classical r-matrices: Phase space of 3d (CS) gravity

Fock-Rosly formulation of CS phase space

Poisson structure over P

Fock-Rosly (Alekseev) approach to Atiyah-Bott [92]

The Poisson structure (P, ][] g) could be obtained via reduction from
(Pext; M), where
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Classical r-matrices: Phase space of 3d (CS) gravity

Fock-Rosly formulation of CS phase space

Poisson structure over P

Fock-Rosly (Alekseev) approach to Atiyah-Bott [92]

The Poisson structure (P, ][] g) could be obtained via reduction from
(Pext; M), where .
Pext = G/I\17C g

and

n
Lomi v oM Lyom o om; A M
;R:Zr“‘*(zRQ”'ARﬁ +§L£{'ALB +R£”'AL5>+-~'
i=1
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Classical r-matrices: Phase space of 3d (CS) gravity

Fock-Rosly formulation of CS phase space

Poisson structure over P

Fock-Rosly (Alekseev) approach to Atiyah-Bott [92]

The Poisson structure (P, ][] g) could be obtained via reduction from
(Pext; M), where

n+2g
Pext = G/\7C

and
“ 1 1
i M,' i M,‘ i Mi
FR= r* <2R£”'/\Rﬁ +§LQ” ALg + RV AL ) 4
i=1

ie. {F, G} =Npe(dF,dG) with F, G € C(G %),
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Classical r-matrices: Phase space of 3d (CS) gravity Fock-Rosly formulation of CS phase space

Poisson structure over P

Fock-Rosly (Alekseev) approach to Atiyah-Bott [92]

The Poisson structure (P, ][] g) could be obtained via reduction from
(Pext; M), where

n+2g
Pext = G/\7C

and
“ 1 1
i M,' i M,‘ i Mi
FR= r* <2R£”'/\Rﬁ +§LQ” ALg + RV AL ) 4
i=1

ie. {F, G} =Npe(dF,dG) with F, G € C(G %),

Key ingredient

r=raT,® Ty € g3, is a classical r-matrix.

v
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Gauge fixing in CS 3d gravity

First constraining — Second Quantization

Gauge fixing the F=1 constraint

Using 6 auxiliary gauge constraints over Pey: (e.g. just involving My and

M), the Dirac bracket defines a Poisson space (P&, M) with
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Gauge fixing in CS 3d gravity

First constraining — Second Quantization

Gauge fixing the F=1 constraint

Using 6 auxiliary gauge constraints over Pey: (e.g. just involving My and

M), the Dirac bracket defines a Poisson space (P&, M) with

2 n+2g 2
PEE = R? x Gy
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Gauge fixing in CS 3d gravity

First constraining — Second Quantization

Gauge fixing the F=1 constraint

Using 6 auxiliary gauge constraints over Pey: (e.g. just involving My and

M), the Dirac bracket defines a Poisson space (P&, M) with

GF _ m2 n+2g—2
Pext =R* x G/\,c
and Poisson structure given by F, G € C°°(G/'\7J22g72)

{a,¥}p=0, {F,G}p=NE(dF,dG),
{04, F}D = _(RJO + LJo)F7 {lb, F}D = _(RP0 + LPO)F
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity Gauge fixing in CS 3d gravity
First constraining — Second Quantization

Gauge fixing the F=1 constraint

Using 6 auxiliary gauge constraints over Pey: (e.g. just involving My and
M), the Dirac bracket defines a Poisson space (P&, M) with

ext
GF _ m2 n+2g—2
Pext =R* x G/\,c
and Poisson structure given by F, G € C°°(G/'\7J22g72)

{a,¥}p=0, {F,G}p=NE(dF,dG),
{04, F}D = _(RJO + LJo)F7 {lb, F}D = _(RP0 + LPO)F

Key ingredient

ra = r*P(a, B)To ® Tg € Mer(R?) © (g3 .) is a dynamical classical
r-matrix

.
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Classical dynamical r-matrices

Classical dynamical r-matrices

What is a classical dynamical r-matrix?

Let g be a finite dimensional Lie algebra,
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Classical dynamical r-matrices

Classical dynamical r-matrices

What is a classical dynamical r-matrix?

Let g be a finite dimensional Lie algebra, h C g a Lie subalgebra and
K € (5%g)°.
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Classical dynamical r-matrices

Classical dynamical r-matrices

What is a classical dynamical r-matrix?

Let g be a finite dimensional Lie algebra, h C g a Lie subalgebra and
K € (S%g)8. A classical dynamical (g, b, K)-r-matrix is an h-equivariant
meromorphic function
ra:h" = (g®g)"
such that
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Classical dynamical r-matrices

Classical dynamical r-matrices

What is a classical dynamical r-matrix?

Let g be a finite dimensional Lie algebra, h C g a Lie subalgebra and
K € (S%g)8. A classical dynamical (g, b, K)-r-matrix is an h-equivariant
meromorphic function
ra:h" = (g®g)"
such that

ra+ryt =K (1)
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity Classical dynamical r-matrices

Classical dynamical r-matrices

What is a classical dynamical r-matrix?

Let g be a finite dimensional Lie algebra, h C g a Lie subalgebra and
K € (S%g)8. A classical dynamical (g, b, K)-r-matrix is an h-equivariant
meromorphic function

ra:h* = (g®g)

such that

ra+ryt =K (1)

and
or33 orl3 orl
Z <Xi(1) 3;’, _Xi(2) 8>C</- + X (3) ai )+[rd R g PR ] =0

’ @)

where Xx; is a basis of ) (i.e. a complete set of coordinate functions for h*).
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Classical dynamical r-matrices

Classical dynamical r-matrices for ga .

Theorem. Let hp o be a Lie subalgebra of g ., with basis {a, 9} A
function rg € Mer(hj ., 9a.c ® ga,c) given by

1
(o) = 5 (Jo @ P74 Py & %) + 17 © Al ) s

+ P?® B(a,¥)J, — Bla, ), @ P+ P? @ Ca, ¥) P,
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Classical dynamical r-matrices for ga .

Theorem. Let hp o be a Lie subalgebra of g ., with basis {a, 9} A
function rg € Mer(hj ., 9a.c ® ga,c) given by

1
(o) = 5 (Jo @ P74 Py & %) + 17 © Al ) s

+ P?® B(a,¥)J, — Bla, ), @ P+ P? @ Ca, ¥) P,

is a classical dynamical r-matrix if and only if
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Classical dynamical r-matrices

Classical dynamical r-matrices for ga .

Theorem. Let hp o be a Lie subalgebra of g ., with basis {a, 9} A
function ry € Mer(b}k\’C,g/\’c ® gA,c) given by

1
ra(o ) = 5 (Ja @ PP+ Py J) + I° @ Aler, ) Ja
+ P?® B(a,¥)J; — Bla, ), @ P+ P ® C(a, ¥) P,

is a classical dynamical r-matrix if and only if

%tr(Az) _ g[tr(B)z — tr(B2)] + diva(v?) = A

tr(CB) + divy,(vE) = 0
A(B + Bt) — (Bt — tr(B)id)(AC — A) + tr(AB)id

—curla(BY) + grad, (v*) = 0
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity Particular solutions of classical dynamical r-matrices

Dynamical generalization of well-known classical r-matrices
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Dynamical generalization of well-known classical r-matrices

Dynamical classical doubles (A = [vA, - |, B = £3id, C = 0)
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity Particular solutions of classical dynamical r-matrices

Dynamical generalization of well-known classical r-matrices

Dynamical classical doubles (A = [vA, - |, B = £3id, C = 0)

1 1 1 1
rdD(ao) = (2 T 2) J,® P+ <2 + 2) P, J? + eabcv;‘(ozo)Jb ® Je
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity Particular solutions of classical dynamical r-matrices

Dynamical generalization of well-known classical r-matrices

Dynamical classical doubles (A = [vA, - |, B = £3id, C = 0)
D — 1 1 a 1 1 a abc A
ry (o) = 2$2 J,® P+ 2:l:2 Py ® J? + € v (o) dp @ Je
such that J
(vA(a0), v*(a0)) — 22 + A =0
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Particular solutions of classical dynamical r-matrices

Dynamical generalization of well-known classical r-matrices

Dynamical classical doubles (A = [vA, - |, B = £3id, C = 0)

1 1 1 1
rdD(ao) = (2 T 2) J,® P+ <2 + 2) P, J? + eabcv;‘(ozo)Jb ® J.

such that

d
(vA(a0), v*(a0)) — 22 + A =0

“Dynamical” Kappa-Poincaré (A= C =0, B=[VE, -])

v
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Particular solutions of classical dynamical r-matrices

Dynamical generalization of well-known classical r-matrices

Dynamical classical doubles (A = [vA, - |, B = £3id, C = 0)

1 1 1 1
rdD(ao) = (2 T 2) J,® P+ <2 + 2) P, J? + eabcv;‘(ozo)Jb ® J.
such that J
a0

(v"(a0), v*(ao)) — dag TA=0

“Dynamical” Kappa-Poincaré (A= C =0, B=[VE, -])

1
5 = 5(a® P4 Py @ J) + canev*(PP © JS — @ PF)
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Particular solutions of classical dynamical r-matrices

Dynamical generalization of well-known classical r-matrices

Dynamical classical doubles (A = [vA, - |, B = £3id, C = 0)

1 1 1 1
rdD(ao) = (2 T 2) J,® P+ <2 + 2) P, J? + eabcv;‘(ozo)Jb ® J.
such that J
A A 40
——+A=0
(vA(ao), vH(a0) = 52 + )

“Dynamical” Kappa-Poincaré (A= C =0, B=[VE, -])

r"jP = %(Ja ® P74 Py ® J7) + eapev? (PP © JS — JP @ P°)
with 1
(v,v) = 2 )
JCMP (HWU)
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity Particular solutions of classical dynamical r-matrices

Dynamical generalization of well-known classical r-matrices

Dynamical generalised complexifications

v
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity Particular solutions of classical dynamical r-matrices

Dynamical generalization of well-known classical r-matrices

Dynamical generalised complexifications

YA W, 0) = raym+ F(1, @) (PLA Jp — Py A Jy) + g (1, ) (Py A Py + Ay A Jy)

4
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Particular solutions of classical dynamical r-matrices

Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity

Dynamical generalization of well-known classical r-matrices

Dynamical generalised complexifications

YA W, 0) = raym+ F(1, @) (PLA Jp — Py A Jy) + g (1, ) (Py A Py + Ay A Jy)

where in(1)
sin )\ O
cos(1h)+cosh(1/|Ala)’ =

). 1=0

sin(v)
cos(1p)+cos(vAa)’ A>0

fF(,a) =

NIk N~ NI
—+
5]
>

4
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Classical dynamical r-matrices: Gauge fixing in 3d (CS) gravity Particular solutions of classical dynamical r-matrices

Dynamical generalization of well-known classical r-matrices

Dynamical generalised complexifications
YA (W, ) = Fagm+ F(0, ) (Py A Ja— Pa A Jy) + (1), a)(PL A Py+ Ay A Jo)
where in()
l sin , )\ < O
2 cos(1h)+cosh(y/|A|)
f(y,a) = { S tan (%), A=0
1 sin(v))
2 cos(1p)+cos(vAa)’ A>0
and SR
1 sinh(y/|A])
2\/m cos(tp)4cosh(1/|A @)’ A<0
gy, a) = Wa A=0
1 sin(v/Aa)
2v/A cos(1p)+cos(vAa)’ A>0
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Further Results

Exciting connections and extensions of previous works ...
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Further Results

Exciting connections and extensions of previous works ...

o Derived explicitly from physical arguments in Meusburger-Schénfeld
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Further Results

Exciting connections and extensions of previous works ...
@ Derived explicitly from physical arguments in Meusburger-Schénfeld
[11'].
@ Dynamical generalized complexifications correspond to
Alekseev-Meinrenken [00] type.
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@ Dynamical generalized complexifications correspond to
Alekseev-Meinrenken [00] type.

o In Balog-Feher-Marshall [99'] classical dynamical r-matrices used to
construct Poisson structures associated to chiral WZNW.

JCMP (HWU) r-matrices and 3d gravity 23rd June, 2023 13 /14



Further results

Further Results

Exciting connections and extensions of previous works ...

@ Derived explicitly from physical arguments in Meusburger-Schénfeld
[11'].

@ Dynamical generalized complexifications correspond to
Alekseev-Meinrenken [00] type.

o In Balog-Feher-Marshall [99'] classical dynamical r-matrices used to
construct Poisson structures associated to chiral WZNW.

e Quantization in Etingof-Schedler-Schiffmann [99'] and
Etingof-Enriquez [03'].
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Further Results

Exciting connections and extensions of previous works ...

@ Derived explicitly from physical arguments in Meusburger-Schénfeld
[11'].

@ Dynamical generalized complexifications correspond to
Alekseev-Meinrenken [00] type.

o In Balog-Feher-Marshall [99'] classical dynamical r-matrices used to
construct Poisson structures associated to chiral WZNW.

e Quantization in Etingof-Schedler-Schiffmann [99'] and
Etingof-Enriquez [03'].

@ Dynamical generalizations of Fock-Rosly spaces.
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Thank You Questions?

Thank You!

Any Questions? Please ask!
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