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Polinomial iden��es1 Introduc�on
Fix a field F. Some nota�ons:
• A is an associa�ve algebra,
• X := {x1, x2, . . . } is a countable set,
• F〈X〉 is the free associa�ve algebra over F generated by X.

Defini�on
An element f(x1, . . . , xn) of F〈X〉 is a polynomial iden�ty (or a PI) for A if
f(a1, . . . , an) = 0A for every a1, . . . , an ∈ A.
A is a PI-algebra if A sa�sfies a non-trivial polynomial iden�ty f 6= 0F〈X〉.Let Id(A) := {f | f ∈ F〈X〉, f PI for A}.
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Graded polynomial iden��es1 Introduc�on
Some nota�ons:
• A is an associa�ve superalgebra (i.e. A = A(0) ⊕ A(1) s.t. A(i)A(j) ⊆ A(i+j) for every
i, j ∈ Z2),

• Y := {y1, y2, . . . } and Z := {z1, z2, . . . } are (disjoint) countable sets,
• F〈Y ∪ Z〉 is the free associa�ve algebra over F generated by Y ∪ Z (; structure ofsuperalgebra: deg yi = 0, deg zi = 1 for every i ≥ 1).

Defini�on
An element f(y1, . . . , ym, z1, . . . , zn) of F〈Y ∪ Z〉 is a Z2-graded polynomial iden�ty or a
superiden�ty (f ≡ 0) for a superalgebra A = A(0) ⊕ A(1) if f(a1, . . . , am, b1, . . . , bn) = 0Afor every a1, . . . , am ∈ A(0) and b1, . . . , bn ∈ A(1).
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Graded polynomial iden��es1 Introduc�on

In what follows, F will be an algebraically closed field of characteris�c zero.A central object in the theory is:
Id2(A)

the set of all Z2-graded polynomial iden��es sa�sfied by A
Fact

Id2(A) is a T2-ideal, i.e. a two-sided ideal of the free superalgebra stable under everygraded endomorphism of the free superalgebra, completely determined by the
mul�linear polynomials it contains.
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Specht Problem2 Historical Mo�va�ons
One of the main ques�ons in PI theory is

Specht Problem, 1950
Char F=0, A a PI-algebra⇒ Id(A) is finitely generated as a T ideal?

A posi�ve solu�ons was given by Kemer in 1987.
One of the main steps of the proof is the following

Kemer’s Representability Theorem
Let A be a PI-finitely generated (super)algebra over a field F of characteris�c zero. Thenthere exists a finite-dimensional (super)algebra over a field extension of F which has thesame (graded) polynomial iden��es of A.
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The Role of Fundamental Superablgebras2 Historical Mo�va�ons

One of the tools to prove Kemer’s Representability Theorem was the introduc�on of theso called fundamental (super)algebras. The main reason lies on one of their proper�es.
Any finite-dimensional (super)algebra has the same (graded) iden��es as a finite directsum of fundamental (super)algebras.
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Algebra index3 Fundamental Algebras
Fix a finite-dimensional algebra A.

Wedderburn Malcev Decomposi�on

A = Ass + J(A),

where J(A) is the Jacobson radical (which is a nilpotent ideal of nilpotency index sA + 1)and where Ass is a maximal semisimple subalgebra of A. Ass can be wri�en as a directsum of simple algebras: Ass = A1 ⊕ . . .⊕ An.

Defini�on
The t-s(A) := (dimF(Ass), sA) is said to be the algebra index of A.
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Understanding Fundamental Algebras3 Fundamental Algebras
Remark: we can always restrict our a�en�on on evalua�ons on a given fixed basis of ouralgebra.

Facts
If f is alterna�ng in d > dimF(A) variables, then f ∈ Id(A).

Now assume that you have a polynomial f alterna�ng in an arbitrary number of sets eachwith d ≤ dimF(Ass) variables. It might be that there exists a non-zero evalua�on in Ass.Now if you allow some of these sets (say s) to be of cardinality dimF(Ass) + 1, you mightfind a non-zero evalua�on on A only if you require that s ≤ sA, where sA + 1 is thenilpotency index of J(A).So in some sense a fundamental algebra is an ”extreme” algebra, in the sense that itrealizes the maximal possible number of alterna�ons.
8/21 Elena Pascucci | Fundamental Superalgebras in PI Theory

mailto:elena.pascucci@uniroma1.it


Understanding Fundamental Algebras3 Fundamental Algebras

(almost a) Defini�on
A is fundamental if there exists a polynomial f 6∈ Id(A) which is alterna�ng in an arbitrarynumber of sets, each of cardinality dimF(Ass), and which is also alterna�ng in sA sets ofcardinality dimF(Ass) + 1.
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Superindices4 Fundamental Superalgebras
Fix a finite-dimensional superalgebra A.

Wedderburn Malcev Decomposi�on (graded version)

A = Ass + J(A),

where J(A) is the Jacobson radical (which is a homogeneous nilpotent ideal) and where
Ass is a maximal semisimple subalgebra of A having an induced Z2-grading. Ass can bewri�en as a direct sum of graded simple algebras: Ass = A1 ⊕ . . .⊕ An.

Defini�on

The first algebra superindex of A is the pair (tA,0, tA,1) := (dimF A
(0)
ss , dimF A

(1)
ss ), whereasits second algebra superindex is sA, where sA + 1 is the nilpotency index of J(A).The triple t-s2(A) := (tA,0, tA,1; sA) is said to be the algebra superindex of A.
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Superindices4 Fundamental Superalgebras
If t0, t1, ν are integers, an element f ∈ F〈Y ∪ Z〉 is said to be ν-fold (t0, t1)-alterna�ng if,for all i ∈ [1, ν] := {1, 2, . . . , ν}, there exist sets of variables Yi ⊆ Y and Zi ⊆ Z with
|Yi| = t0 and |Zi| = t1 such that f is alterna�ng in each Yi and in each Zi.

Defini�on
The first Kemer superindex of I := Id2(A) is the maximum (if exists), in the lexicographicorder, of the pairs of numbers (t0, t1) such that, for all ν ∈ N, there is an element
f ∈ F〈Y ∪ Z〉 \ I which is ν-fold (t0, t1)-alterna�ng.If (t0, t1) is the first Kemer superindex of I, its second Kemer superindex is the maximuminteger s = a + b for which, for every integer ν, there exists a ν-fold (t0, t1)-alterna�ngpolynomial f ∈ F〈Y ∪ Z〉 \ I which is a-fold alterna�ng in layers of degree 0 variables with
t0 + 1 elements and b-fold alterna�ng in layers of degree 1 variables with t1 + 1 elements.The Kemer superindex of a superalgebra A is the triple Ind2(A) := (t0, t1; s).
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Main Defini�on4 Fundamental Superalgebras

Fact

Ind2(A) ≤ t-s2(A)

in the lexicographic order.
Defini�on

A is fundamental if and only if Ind2(A) = t-s2(A).
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Recap on Simple Superalgebras4 Fundamental Superalgebras
A Z2-grading on Mm is called elementary if there exists an m-tuple (g1, . . . , gm) ∈ Zm2such that eij ∈ M(g)

m if, and only if, g = gi − gj. Equivalently, we can define a map
α : [1,m] −→ Z2 inducing a grading on Mm se�ng the degree of eij equal to α(i)−α(j).
Let A be a simple superalgebra. A is (isomorphic to) a superalgebra of the following type
(a) Mk,l := Mk+l with k ≥ l ≥ 0, k 6= 0, endowed with the grading induced by the

(k + l)-tuple (0, . . . ,0︸ ︷︷ ︸
k �mes

, 1, . . . , 1︸ ︷︷ ︸
l �mes

);
(b) Mm + tMm, where t2 = 1F, with grading (Mm, tMm). It can be realized as the

homogeneous subalgebra
{(

C D
D C

)}
of the full matrix algebra M2m with the

grading induced by the (2m)-tuple (0, . . . ,0︸ ︷︷ ︸
m �mes

, 1, . . . , 1︸ ︷︷ ︸
m �mes

).
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Examples of Fundamental Superalgebras4 Fundamental Superalgebras
Proposi�on

Every finite-dimensional simple superalgebra is fundamental.
Why? Just to have an idea, let us look an example.Consider M2 + tM2. It is clear that t-s2(M2 + tM2) = (4, 4; 0).

e1,1ẽ1,1e1,1ẽ1,2e2,2ẽ2,2e2,2ẽ2,1e1,1 . . . e1,1te1,1e1,1te1,2e2,2te2,2e2,2te2,1e1,1 . . . ,
where we have used this nota�on: x̄1 . . . x̄n :=

∑
σ∈Sn(−1)σxσ(1) . . . xσ(n) (or with otherfancy symbols).From this product,which is obvious non-zero ( equal to e1,1), it can be built a gradedpolynomial, ν-fold (4, 4)-alterna�ng, outside Id2(M2 + tM2) with this non-zeroevalua�on.
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Upper block triangular matrix algebras5 New Results

Let ((A1, α1) . . . , (An, αn)) be a sequence of simple superalgebras.
sj :=

{
kj + lj if Aj ∼= Mkj,lj ,2nj if Aj ∼= Mnj + tMnj

, s′j :=

{
kj if Aj ∼= Mkj,lj ,

nj if Aj ∼= Mnj + tMnj
,

and set η0 := 0, ηj :=
∑j

i=1 si and Blj := [ηj−1 + 1, ηj]. In par�cular ηn =
∑n

i=1 si.Let U := {(aij)i,j∈[1,n] | aij ∈ Msi×sj if 1 ≤ i ≤ j ≤ n and aij = 0Msi×sj
otherwise} ⊆ Mηn

(the upper block triangular matrix algebra of size s1, . . . , sn).
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Upper block triangular matrix algebras5 New Results
Finally, let us define
UT(A1, . . . ,An) :=

{
(aij) ∈ U | akk =

(
C D
D C

)
, C,D ∈ Ms′k

∀k ∈ Γ1
}
. Let

α : [1, ηn] −→ Z2, i 7−→ αk(i− ηk−1)
and, for any n-tuple g̃ := (g1, . . . , gn) ∈ Zn2,

αg̃ : [1, ηn] −→ Z2, i 7−→ gk + α(i),

where k ∈ [1, n] is the (unique) integer such that i ∈ Blk.Denote any such a Z2-graded algebra (regardless of g̃ ) by UTZ2 (A1, . . . ,An).
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Why are we studying these algebras?
Theorem [O.M. Di Vincenzo, V.R.T. da Silva, E. Spinelli]

A variety of Z2-graded PI-algebras of finite basic rank is minimal of superexponent d ≥ 2if, and only if, it is generated by a Z2-graded algebra UTZ2 (A1, . . . ,An) sa�sfying
dimF(A1 ⊕ . . .⊕ An) = d.

We have proved:
Theorem [A. Giambruno, P, E. Spinelli]

The superalgebras UTZ2 (A1, . . . ,An) are fundamental.
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Upper block triangular matrix algebras with iden�fica�on5 New Results
Let (A1, . . . ,An) be a sequence of simple superalgebras for which there exist 1 ≤ i < j ≤ nsuch that Ai ∼= Aj. Consider the superalgebra B := UTZ2 (A1, . . . ,An) with grading defined
by the map αg̃, and its subalgebra, A := UT(i,j)Z2 (A1, . . . ,An), obtained from B by ”gluing” Aiand Aj. We no�ce that J(A) = J(B), whereas dimF Ass = dimF Bss − dimF Ai.

Theorem [A. Giambruno, P, E. Spinelli]
The superalgebra A is fundamental if, and only if,

1. either j 6= i + 1;
2. or j = i + 1 and Ai ∼= Mni + tMni ;3. or j = i + 1, Ai ∼= Mki,li and gi+1 = gi + 1.
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Cocharacters5 New Results
Let PZ2

n is the space of mul�linear polynomials of degree n of F〈Y ∪ Z〉 in the variables
y1, . . . , yn, z1, . . . , zn.

Facts
• the hyperoctahedral group Hn = Z2 o Sn (namely the wreath product of Z2 and thesymmetric group Sn) acts on PZ2

n ,
• PZ2

n ∩ Id2(A) is invariant under this ac�on,
• the space PZ2

n (A) := PZ2
n

PZ2
n ∩Id2(A) has a structure of le� Hn-module, whose character,

χZ2
n (A), is called the n-th Z2-graded cocharacter of A,

• {irreducible Hn-representa�ons}/∼ 1:1←→ {(λ, µ), λ ` r, µ ` n− r, r ∈ [0, n]}.
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A characteriza�on through cocharacters5 New Results
So, by the previous facts, it makes sense to write:

χZ2
n (A) =

n∑
r=0

∑
λ`r
µ`n−r

mλ,µχλ,µ.

Theorem [A. Giambruno, P, E. Spinelli]
Let A be a finite-dimensional superalgebra with algebra superindex (d0, d1; s). Then A isfundamental if, and only if, for any n large enough, there exist r ∈ [0, n],
λ := (λ1, . . . , λt) ` r and µ := (µ1, . . . , µu) ` n− r with λd0+1 + · · ·+ λt = a and
µd1+1 · · ·+ µu = b such that a + b = s and mλ,µ 6= 0 in χZ2

n (A).
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Thank you for listening!
:D
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