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Given a set B, a map r : B x B — B x B satisfying the braid relation
(I’ X idB)(idB ><r)(r X idB) = (idB ><r)(r X idB)(idB ><r)

is said to be a set-theoretical solution, or briefly solution, of the YBE.
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Given a set B, a map r : B x B — B x B satisfying the braid relation
(I’ X idB)(idB ><r)(r X idB) = (idB ><r)(r X idB)(idB ><r)

is said to be a set-theoretical solution, or briefly solution, of the YBE.

If we consider two maps \,, pp : B — B and write r as

r(a,b) = (X (b),ps(a)),
for all a, b € B, then r is said to be
left non-degenerate if A, is bijective, for every a € B,
right non-degenerate if py is bijective, for every b € B;

non-degenerate if r is both left and right non-degenerate.



Some solutions on groups

Theorem (Lu, Yan, Zhu - 2000)

Let G be a group, \,p: G — Sym; maps and set A, (b) := X (a) (b) and
pp(a) :=p(b)(a). If \,p: G — Sym¢ are a left action and a right action of G
on itself, respectively, and

Vabe G ab=X,(b)ps(a),
then the map r: G x G — G x G defined by
r(a, b) - (>\a (b)> Pb (a))

is a non-degenerate bijective solution on G.
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Theorem (Lu, Yan, Zhu - 2000)

Let G be a group, \,p: G — Sym; maps and set A, (b) := X (a) (b) and
pp(a) :=p(b)(a). If \,p: G — Sym¢ are a left action and a right action of G
on itself, respectively, and

Vabe G ab=X,(b)ps(a),
then the map r: G x G — G x G defined by
r(a, b) - (>\a (b)7 Pb (a))

is a non-degenerate bijective solution on G.

Venkov solutions

If G is a group and, for all a,b € G, set A\, = idg and py (a) = b~ 'ab, then )
and p satisfy Lu, Yan, Zhu conditions on G and the mapr: G X G — G x G
defined by

r(a,b) = (b, b~*ab)

is a non-degenerate bijective solution on G.



Rump's approach

In 2007, Rump traced a novel research direction in the study of solutions.

Any Jacobson radical ring (B, +, -) determines a solution r on B that is the
map r: B x B — B x B defined by

r(a,b) = (Aa(b), Aty ()

where A\, (b) :== a- b+ b, for all a, b € B. In particular, r is non-degenerate and
involutive, i.e., r? = idgxs.
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In 2007, Rump traced a novel research direction in the study of solutions.

Any Jacobson radical ring (B, +, -) determines a solution r on B that is the
map r: B x B — B x B defined by

r(a,b) = (Aa(b), Aty ()

where A\, (b) :== a- b+ b, for all a, b € B. In particular, r is non-degenerate and

involutive, i.e., r? = idgxs.

More generally, non-degenerate involutive solutions are strictly related to the
structure of braces. Even more generally, non-degenerate bijective solutions can
be obtained through skew braces.
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Definition (Rump - 2007; Guarnieri, Vendramin - 2017; Cedo, Jespers,
and Okninski - 2014)
A triple (B, +,0) is a skew left brace if (B,+) and (B, o) are groups and

ao(b+c)=aob—a+aoc

holds, for all a, b,c € B.



Skew left braces

Definition (Rump - 2007; Guarnieri, Vendramin - 2017; Cedo, Jespers,
and Okninski - 2014)
A triple (B, +,0) is a skew left brace if (B,+) and (B, o) are groups and

ao(b+c)=aob—a+aoc

holds, for all a, b,c € B. If (B,+) is abelian then B is a left brace.



Skew left braces

Definition (Rump - 2007; Guarnieri, Vendramin - 2017; Cedo, Jespers,
and Okninski - 2014)

A triple (B, +,0) is a skew left brace if (B,+) and (B, o) are groups and
ao(b+c)=aob—a+aoc

holds, for all a, b,c € B. If (B,+) is abelian then B is a left brace.

The groups (B, +) and (B, o) have the same identity that we denote by 0.



Skew left braces

Definition (Rump - 2007; Guarnieri, Vendramin - 2017; Cedo, Jespers,
and Okninski - 2014)

A triple (B, +,0) is a skew left brace if (B, +) and (B, o) are groups and
ao(b+c)=aob—a+aoc

holds, for all a, b,c € B. If (B,+) is abelian then B is a left brace.

The groups (B, +) and (B, o) have the same identity that we denote by 0.

o If (B,+) is a group, then (B, +,+) and (B, +, +) are skew left braces.



Skew left braces

Definition (Rump - 2007; Guarnieri, Vendramin - 2017; Cedo, Jespers,
and Okninski - 2014)

A triple (B, +,0) is a skew left brace if (B, +) and (B, o) are groups and
ao(b+c)=aob—a+aoc

holds, for all a, b,c € B. If (B,+) is abelian then B is a left brace.

The groups (B, +) and (B, o) have the same identity that we denote by 0.

e If (B,+) is a group, then (B, +,+) and (B, +, +°) are skew left braces.

e Any Jacobson radical ring is a left brace. Indeed, if (B, +, ") is a Jacobson
radical ring, then (B, +,0) is a left brace with o is the adjoint operation,
whereaob:=a+b-+a-b, forall a,be B.



Skew left braces

Definition (Rump - 2007; Guarnieri, Vendramin - 2017; Cedo, Jespers,
and Okninski - 2014)

A triple (B, +,0) is a skew left brace if (B, +) and (B, o) are groups and
ao(b+c)=aob—a+aoc

holds, for all a, b,c € B. If (B,+) is abelian then B is a left brace.

The groups (B, +) and (B, o) have the same identity that we denote by 0.

e If (B,+) is a group, then (B, +,+) and (B, +, +°) are skew left braces.

e Any Jacobson radical ring is a left brace. Indeed, if (B, +, ") is a Jacobson
radical ring, then (B, +,0) is a left brace with o is the adjoint operation,
whereaob:=a+b-+a-b, forall a,be B.

e Any commutative left brace is a Jacobson radical ring. Indeed, if (B, +,0)
is a left brace such that o is commutative, then (B, +, ) is Jacobson
radical ring where a-b:=aob—a—b, forall a,b € B.
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Rump’s solution associated to a skew brace

Theorem (Rump - 2007; Guarnieri, Vendramin - 2017)
If (B,+,0) is a skew brace, then the map rg : B x B — B x B defined by

rg(a, b) ;== (—a+aob, (—a+aob) ocaob)

is a non-degenerate bijective solution (with a~ the inverse of a with respect to
o, for every a € B).

rg is involutive <= (B, +,0) is a brace.
Set, for all a,b € B,
Aa(b):=—a+aob and p,(a):=(—a+aob) oaob,

and consider A : B — Symg,a+ XA, and p: B — Symg,a — pp. Then, A
and p satisfy Lu, Yan, Zhu conditions on (B, o) since A and p determine a
left action and a right action of (B, o) on itself, respectively, and

a0b= X, (b)ops(a).
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Other solutions associated to skew left braces

[Doikou, Rybotowicz - 2022]: A new family of solutions can be obtained from
any skew left brace B by “deforming” rg by certain parameters.

Let (B, +, ) be a skew left brace and z € B such that the identity
(a—b+c)oz=aoz—boz+coz (%)
holds, for all a, b,c € B. Then, the map %, : B x B — B x B given by
%(a,b)=(aob—aoz+2z (aob—aoz+z) ocaob),

is a non-degenerate and bijective solution, called deformed solution by z on B.
Under the above assumption (), the map r; also is

r-(a,b) = (—acz+aoboz,(—acz+aoboz) oaob)
a non-degenerate and bijective solution.

. 1 Y -1
In particular, ;" = r,—. Clearly, o =rg and o = rg .

First hint: Two-sided skew braces are crucial in the investigation of deformed
solutions.
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If (B,+,0) is a skew left brace, hereinafter the focus will be on the map
r:(a,b) = (—aoz+aoboz, (—aoz+aoboz) caob)
and, for all a, b € B, we fix the following notation:

o5 (b):=—aoz+aoboz and 74 (a):=(—aoz+aoboz) oaoh.

If z € B gives rise to a deformed solution r, then the following hold:
e VabeB aob=oj(b)orti(a).
e the map 7% : (B,0) — Symg, b+~ 7; is a group anti-homomorphism.
e Considered the map o” : (B,0) — Symg, a — o3, it holds that

o” is a homomorphism <= VaeB aoz=z+a

Remark: The maps o” and 7% do not satisfy Lu, Yan, Zhu conditions on (B, o).
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Question: What elements z in a skew left brace B ensure that r, is a solution?

Definition (MRS - 2023)
Let (B, +,0) be a skew left brace. Then, we call the set

D,(B)={z€eB|VabeB (at+b)oz=aoz—z+boz}

the right distributor of B.
Clearly, 0 € D/(B).
A skew left brace (B, +,0) is two-sided, i.e., the identity

(a+b)oc=aoc—c+boc

holds, for all a,b,c € B, if and only if D, (B) = B.
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A characterization

Theorem (MRS - 2023)
If (B,+,0) is a skew left brace and z € B, then

r; is a solution <= z € D,(B).

Any element z in a two-sided skew left brace B determine a solution r,.



Some examples

The other limit case is when there exists only the trivial deformation, namely,
D.(B) = {0}.
Example 1

Let B := (Z,+,0) be the left brace on (Z,+) with ao b= a+ (—1)7 b, for all
a,b € Z (cf. [Rump - 2007]). Then, D, (B) = {0}.
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Some examples

The other limit case is when there exists only the trivial deformation, namely,
D.(B) = {0}.
Example 1

Let B := (Z,+,0) be the left brace on (Z,+) with ao b= a+ (—1)7 b, for all
a,b € Z (cf. [Rump - 2007]). Then, D, (B) = {0}.

The following is an example of a skew left brace in which D, (B) is not trivial.

Example 2
Let B be the left brace in Example 1 and Us := (U (Z/2°Z) ,+1,0) the left
brace where

Vabe U(Z/2°Z) a+1b=a—1+b and aob=ab,

with + and - the usual operations in the ring modulo 2°. Then, Uy x B is a left
brace such that
Dr(Ug X B) = Ug X {0}

10



Properties of the right distributor

Let (B, +,0) be a skew left brace.

Z(B,0) < (Dr(B),0) <(B,)

<11
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Properties of the right distributor

Let (B, +,0) be a skew left brace.
Z(B,o) < (Dr(B),0) <(B,o)
In general, (D, (B),+) £ (B,+), unless we get into particular cases.

If (B,+,0) is a left brace, then D, (B) is a two-sided subbrace of B.

e Fix(B) C D,(B), where Fix(B) ={a€ B |V x € B A\ (a) = a}.

e Ann(B) C D/(B), where Ann(B) = Soc(B) N Z (B, o) with
Soc(B)={aeB |VbeB at+b=aob A a+b=>b+ a}.

<11
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Is D, (B) an ideal of B?

It becomes natural to wonder when D, (B) is an ideal of a skew left brace
(B, +;0).

Let us recall that a subset / of B is an ideal of B if it is both a normal subgroup
of (B,+) and (B, o) and [ is A-invariant, namely A,(/) C I, for every a € B.

Example

Let Uy x B the left brace seen before. Then, the right distributor D,(Uy x B)
is an ideal of Us x B.

f12
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Left braces may determine non-involutive solutions.

Example [Doikou, Rybotowicz - 2022]

. _J2n+1
Consider Odd := {2k g

where the binary operation +1 and o are given by

‘ n k€ Z} and the structure of brace (Odd, +1, o)

Va,b e Odd atib:=a—-1+b and aob:=a-b

with +, - are the usual addition and the multiplication of rational numbers,
respectively. Then, for every z # 1, the solution r, is not involutive.
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Question: Let (B, +,0) be a skew left brace. For which parameters z, w € B,
are the deformed solutions r, and r, equivalent?
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Equivalent or not equivalent solutions?

Question: Let (B, +,0) be a skew left brace. For which parameters z, w € B,
are the deformed solutions r; and r, equivalent?

[Etingof, Schedler, Soloviev - 1999]: Two solutions r and s on two sets X and
Y, respectively, are said to be equivalent if there exists a bijective map
@ : X = Y such that

(pxp)r=s(px¢),

namely, the diagram

Xx X5 XxX

«pxapi lwxnp

Yst—Xs>Y><Y

is commutative.
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The two-sided case

If r, and r, are two deformed solutions and ¢ € Aut (B, +,0) such that
¢ (z) = w, then r, and r, are trivially equivalent via ¢.
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Let (B, +,0) be a two-sided skew brace and z, w € B belonging to the same
conjugacy class in (B,o). Then, the deformed solutions r, and r,, are
equivalent.

[Nasybullov - 2019; Trappeniers - 2023]: All the inner automorphisms of (B, o)
are skew brace automorphisms of B.
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conjugacy class in (B,o). Then, the deformed solutions r, and r,, are
equivalent.
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The converse is not true.

Consider the trivial left brace (B, +,+) on the cyclic group Z/2Z. Then, the
solutions ro and r1 coincide, but 0 and 1 trivially belong to different conjugacy
classes.
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