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The Yang-Baxter equation

If X is a set, a (set-theoretical) solution of the Yang-Baxter equation
r : X � X ! X � X is a map such that the well-known braid equation

r1r2r1 = r2r1r2

is satis�ed, where r1 = r � idX and r2 = idX �r .
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Solutions of the Yang-Baxter equation

In particular, ifX is a set, r : X �X!X �Xis a solution and a;

b
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Semi-braces
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Semi-braces
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Semi-braces

De�nition (F. Catino, I. C., P. Stefanelli, J. Algebra, 2017)

If B is a set with two operations
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Semi-braces

De�nition (F. Catino, I. C., P. Stefanelli, J. Algebra, 2017)

If B is a set with two operations + and � such that

I50IfB
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Semi-braces
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How to obtain a solution through a semi-brace

Theorem (F. Catino, I. C., P. Stefanelli, J. Algebra, 2017)

Let B be a semi-brace.
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Properties of maps �a

If B is a semi-brace and a 2 B, then �a : B ! B; b 825]TJ/F43 8.9664 Tf 766.56643(then)]T16TJ/F43 4.9664 Tf 766.6564.02427 Td [(a)]TJ/F1610
0.2-4 Tf 766.6505 0 Td 3

a 2 �a !
2 �, then
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Properties of maps �b

If B is a semi-brace, E the set of idempotents of (B;+) and 0 is the identity of
(B; �)
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Properties of maps �b

If B is a semi-brace, E the set of idempotents of (B;+)
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Sketch of the proof.

1
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The solution associated to a skew brace
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Comparison between the two solutions

If B is a skew brace then B is a semi-brace with a group as additive structure.
What is the relation between the solution associated to B as skew brace and
the one associated to B as semi-brace?

Let a; b 2 B. Then

�a + a � b = �a + a � � + =17..60632 8.9664 Tf 9.727 0 Td [(�)]TJ/F43 8.9664 Tf 7.167 0 Td [(a)]TJ/F16 8.9664 Tf 6.566 0 Td [(+)]TJ/F43 8.9664 Tf 9.216 0 Td [(a)]TJ/F32 8.9664 Tf 6.56670 Td [(�)]TJ/F16 8.96 T06.566 0 Td [(�)]TJ/F16 8.9664 Tf 6.566 0 Td [(+)]TJ/F43 8.964 Tf 6.56670 Td [(�)]TJ/F16 8.96 T06.566TJ/F16 8.9..796 0 Td [a22 8.9664 Tf 9.727 0 Td [(�4.9 0 -d [a22 8.964 Tf 6.53b)]l 
h [(a)]TJ/F264606 8.9664 Tf 9.726 0 Td [(�86463 0.24606 8.9664 Tf 6.566 0 Td [(+)]TJ/F43 8.9664 Tf 6TJ/F16 8.9..7)]5 g4d [a36 8.9664 1ive structure.
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Comparison between the two solutions

If B is a skew brace then B is a semi-brace with a group as additive structure.
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Comparison between the two solutions

If B
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Matched product (I)

Theorem (F. Catino, I.C., P. Stefanelli, in preparation)

LetGbe a skew brace andE
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Matched product (I)

Theorem (F. Catino, I.C., P. Stefanelli, in preparation)

Let G be a skew brace and E a trivial semi-brace, �
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Matched product (I)



Solutions of the Yang-Baxter equation The solution associated to a semi-brace









Solutions of the Yang-Baxter equation The solution associated to a semi-brace The matched product



Solutions of the Yang-Baxter equation The solution associated to a semi-brace The matched product



Solutions of the Yang-Baxter equation



Solutions of the Yang-Baxter equation The solution associated to a semi-brace The matched product

Matched product (I)
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Matched product (I)
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Matched product (II)

Vice versa

Theorem (F. Catino, I.C., P. Stefanelli, in preparation)

Let B be a semi-brace,
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Matched product (II)

Vice versa
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Solution associated to the matched product

Let G
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Solution associated to the matched product
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