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Abstract

This thesis focuses on the new algebraic structure: semi-brace. We study basic
properties of this structure and we show that semi-braces are a generalization of
braces. Moreover we introduce new constructions of semi-braces, the asymmetric
product and the matched product, in order to obtain several examples of semi-
braces. Finally, we prove that we may construct left non-degenerate solutions of the
Yang-Baxter equation through left semi-braces.

Abstract (Italian)

Questa tesi è incentrata su una nuova struttura algebrica: i semi-braces. Si studier-
anno le proprietà basilari di questa nuova struttura e si mostrerà che i semi-braces
sono una generalizzazione dei braces. Inoltre si introdurranno delle costruzioni di
semi-braces, il prodotto asimmetrico e il prodotto matched per ottenere altri esempi
di semi-braces. Infine proveremo che è possibile ottenere tramite i semi-braces
soluzioni dell’equazione di Yang-Baxter che siano solo non degeneri a sinistra.
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4.3.2 On Hegedűs’ subgroups . . . . . . . . . . . . . . . . . . . . . 103

Bibliography 107

Analytic Index 109

vi



Introduction

The quantum Yang-Baxter equation (briefly QYBE) arose in some problems of statisti-
cal mechanics. First it appears in work of Yang [33], in 1967, and of Baxter [5], in
1973.

Let V be a vector space over a field, a solution of the Yang-Baxter equation is a linear
map R : V ¢ V æ V ¢ V such that

R12R13R23 = R23R13R12,

where R12 := R ¢ idV , R23 := idV ¢R and R13 = (idV ¢·) (R ¢ idV ) (idV ¢·) and
· : V ¢ V æ V ¢ V is the twist map, i.e., the linear map such that · (u ¢ v) = v ¢ u,
for all u, v œ V . Moreover, R : V ¢ V æ V ¢ V is a solution of the QYBE if and only
if the map R := ·R satisfies the so-called braid equation

R12R23R12 = R23R12R23. (I)

Also in this case one can say that R is a solution of the Yang-Baxter equation.

In 1992, Drinfeld [15] proposed to study a simplified case, i.e., the set-theoretical
solution of the quantum Yang-Baxter equation. In particular, fixing a basis X on the
vector space V we may focus on the problem to find all solutions R, i.e., a solution
of (I), induced by a linear extension of a function r : X ◊ X æ X ◊ X that satisfies
the braid equation

r1r2r1 = r2r1r2, (II)

where r1 := r ◊ idX and r2 := idX ◊r. These maps r are called set-theoretical
solutions of the QYBE, hereinafter we call these functions solutions.

Let X be a non-empty set. The following maps satisfy the relation (II).

1. The twist map, · : X◊X æ X◊X, i.e., the function defined by · (x, y) = (y, x),
for all x, y œ X.
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2. The map r : X ◊ X æ X ◊ X defined by r (x, y) = (f (y) , g (x)), where f, g

are functions from X into itself such that fg = gf (see V.V. Lyubashenko’s
solutions in [15], Example 1 section 9).

3. The map r : X ◊ X æ X ◊ X defined by r (x, y) = (x ú y, x), where ú is an
operation on X such that x ú (y ú z) = (x ú y) ú (x ú z), for all x, y, z œ X (see
B.B. Venkov’s solutions in [15], Example 2 section 9). For instance, if X is
a group and we set x ú y := xyx≠1, for all x, y œ X then ú satisfy previous
condition.

4. If X is a group and f : X◊X æ X◊X is a group endomorphism such that f2
=

f , then the map r : X ◊ X æ X ◊ X defined by r (x, y) =

1
xyf (x)

≠1 , f (x)

2
,

for all x, y œ X (see [18]). Note that if f = idX we obtain the previous
solution in the particular case in which ú is the operation of conjugation.

Determining all set-theoretical solutions of the quantum Yang-Baxter equation is a
very difficult task. Seminal papers of Etingof, Schedler and Soloviev [16] and of
Gateva-Ivanova and M. Van den Bergh [17] laid the groundwork for the study of a
particular class of solutions of the quantum Yang-Baxter equation, the non-degenerate
involutive ones, i.e., a map r : X ◊ X æ X ◊ X, where X is a set, satisfies (II) such
that the first and the second projections of r are bijections and r2

= idX◊X .

Clearly, the twist map is a non-degenerate involutive set-theoretical solution of
the QYBE. For instance, Lyubashenko’s solution is non-degenerate and involutive
if and only if f, g are bijections and g = f≠1. In the case of a solution in 4., r is
non-degenerate if and only if f = idX and r is involutive if and only if X is abelian
and f = idX .

In 2007, Rump in [28] introduced the braces to construct solutions of QYBE. Let
(B, +) be an abelian group and · an operation on B such that

1. a · (b + c) = a · b + a · c, for all a, b, c œ B;

2. (a + b + a · b) · c = a · c + b · c + a · (b · c), for all a, b, c œ B;

3. the map “a : B æ B, x ‘æ a · x + x is bijective, for every a œ B.

Then (B, +, ·) is called a left brace. If B is a left brace, then the map r : B◊B æ B◊B

defined by

r (a, b) =

1
“a (b) , “≠1

“b(a) (a)

2

for all a, b œ B is a non-degenerate involutive solution of QYBE.
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Cedó, Jespers and Okniński in [13], reformulate the definition of left brace. A set
B with two operations +, ¶ such that (B, +) is an abelian group, (B, ¶) is a group
and

a ¶ (b + c) + a = a ¶ b + a ¶ c, (III)

holds for all a, b, c œ B, is a left brace. The link between ¶ and ·, a ¶ b = a · b + a + b,
allows us to go from one definition to the other and conversely.

Braces and their relation with non-degenerate involutive solutions of QYBE have
been widely studied, for instance, see [26], [3], [1], [9], [10].

Recently, Guarnieri and Vendramin in [19] introduce skew left braces, a general-
ization of left brace as a tool to find non-degenerate and bijective solutions, not
necessarily involutive, i.e., bijective maps that satisfy (II) and such that first and
second projections are bijective. Thus, skew left braces answer the problem of
finding non-involutive solutions, initially studied by Lu, Yan and Zhu [25] and by
Soloviev [32]. A skew left brace is a set B with two operations +, ¶ such that (B, +)

and (B, ¶) are groups and the condition (III) is replaced by

a ¶ (b + c) = a ¶ b ≠ a + a ¶ c, (IV)

for all a, b, c œ B.
If B is a skew left brace and ⁄a : B æ B, b ‘æ ≠a + a ¶ b, for every a œ B, then the
map r : B ◊ B æ B ◊ B defined by

r (a, b) =

1
⁄a (b) , ⁄≠1

⁄b(a) (≠ (b ¶ a) + b + (b ¶ a))

2

is a bijective non-degenerate solution of QYBE, not necessarily involutive.

Catino, Stefanelli and myself in [11] introduce left semi-braces, a generalization of
skew left braces, in order to determine new solutions r of QYBE that are only left
non-degenerate, i.e, such that the first projection of r is bijective. We say that a set
B with two operations + and ¶ is a left semi-brace if (B, +) is a left cancellative
semigroup, (B, ¶) is a group and condition (IV) is replaced by

a ¶ (b + c) = a ¶ b + a ¶
!
a≠

+ c
"

, (V)

for all a, b, c œ B, where we denote by a≠ the inverse of a respect to ¶.
If B is a left semi-brace, then the map r : B ◊ B æ B ◊ B defined by

r (a, b) =

1
a ¶

!
a≠

+ b
"

,
!
a≠

+ b
"≠ ¶ b

2
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is a solution of QYBE. Note that if B is a left semi-brace that is not a skew left brace
then the associated solution is right degenerate (as shown in Remark 1.2.12).

In this thesis, we prove that not all left cancellative semigroups may be the additive
structure of a left semi-brace. In particular, we prove that the additive semi-group
is a right group, see Proposition 1.2.4. Further we introduce the concept of ideal,
Definition 1.3.1, for a left semi-brace and we prove that if the left semi-brace is a
skew left brace then the definition of ideal coincides with the definition introduced
by Guarnieri and Vendramin in [19]. Moreover, we introduce new constructions, the
asymmetric product (Chapter 2) and the matched product (Chapter 3), that allow
us to construct more examples of left semi-brace. Finally, as corollary of matched
product we may prove that any left semi-brace is the matched product of a skew left
brace and a trivial semi-brace, see Proposition 3.4.1. A trivial left semi-brace is the
easier one that one may construct, in fact it is a group E with additive structure the
right zero-semigroup on E, i.e., with the sum given by a + b = b, for all a, b œ E.

Another aspect strictly linked with braces is their connection with regular subgroups
of the holomorph of a group. Further a particular kind of brace, the left brace over
a field, has a link with the regular subgroups of the affine group. In fact there
is a one-to-one correspondence between F -braces with additive structure a fixed
vector space V and regular subgroups of the affine group of V . This correspondence
answers to the problem of finding all regular subgroups of the affine group posed in
a seminal paper by Liebeck, Praeger and Saxl [24].

If V is a vector space over a field F , denoted by T (V ), the group of all translations
on V and by GL (V ) the linear group, then the affine group of V is the group
generated by GL (V ) and T (V ). Clearly, T (V ) and any its conjugate subgroup by an
element of GL (V ) are abelian regular subgroups of AGL (V ). Caranti, Dalla Volta
and Sala in [6] obtained a simple description of all abelian regular subgroups of the
affine group AGL (V ) in terms of commutative associative radical algebras with the
underlying vector space V . Hegedűs in [22] find examples of non-abelian regular
subgroup of some particular affine groups.

A very interesting result was obtained by Catino and Rizzo in [7], that established a
one-to-one correspondence between regular subgroups of the affine group AGL (V )

and left F -braces with underlying vector space V . We may reformulate the original
definition of left F -brace in the following way: a vector space V over a field F with
an operation ¶ is called a left F -brace, if (V, +, ¶) is a left brace and

µ (a ¶ b) = a ¶ (µb) + (µ ≠ 1) a, (VI)
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for all µ œ F and a, b œ V . Catino and Rizzo proved that if (V, +, ¶) is a left brace
over a field F , then the set

{(a, ⁄a) | a œ V } ,

where ⁄a : V æ V, x ‘æ ≠a + a ¶ b, for every a œ V , is a regular subgroup of the
affine group AGL (V ). Conversely, if T = {(a, „a) | a œ V } is a regular subgroup
of AGL (V ) and set a ¶ b := a + „a (b), for all a, b œ V , then the vector space V

with the operation ¶ is a left F -brace. By this result, the problem of determining all
regular subgroups of an affine group may be replaced by that of determining all left
F -braces. In this thesis we obtain as corollary of the asymmetric product of left semi-
brace, the asymmetric product of left F -brace Corollary 2.4.1 and Corollary 2.4.4,
already introduced by Catino, Stefanelli and myself in [10] that allows us to put in
a more general context the example of regular subgroup with trivial intersection
with the translation group introduced by Hegedűs (see Theorem 4.3.15). Moreover
we provide a complete description of all left F -braces with non-trivial annihilator,
the Hochschild product of left F -braces (Proposition 1.3.36), already introduced
by Catino, Stefanelli and myself in [9], that allows us to describe regular subgroup
of the affine group with non-trivial intersection with the translation group. In this
thesis we obtain the Hochschild Product of left F -braces as a corollary of a new
construction of skew left brace, the extension of skew left brace (see Theorem 1.3.21)
a generalization of the analogue construction introduced by Bachiller in [2] for left
braces.

Guarnieri and Vendramin in [19], generalize the correspondence between regular
subgroups of the affine group AGL (V ) and left F -brace with underlying vector
space V to a correspondence between regular subgroups of the holomorph of a
group Hol (B) and left skew brace with additive group B. If B is a group, then the
holomorph Hol (B) is the semidirect product between the group B and the group
Aut (B) of automorphisms of B where the product is given by

(a, –) (b, —) = (a + – (b) , –—) ,

for all a, b œ B and –, — œ Aut (B).

In this thesis we generalize the definition of the holomorph of a group to a definition
of a holomorph of a right group, Definition 4.3.1. In particular, if B is a right group
we say that the holomorph of B is the semigroup Hol (B) defined over the cartesian
product of B and Aut (B), the group of automorphisms of B, where the product is
given, as in the classical case, by

(a, –) (b, —) = (a + – (b) , –—) ,
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for all a, b œ B and –, — œ Aut (B). Further we prove a correspondence (Theo-
rem 4.3.5) between the regular subgroups of the holomorph of a right group B and
a left semi-brace with additive semigroup B.

Thesis Structure

In Chapter 1, we introduce the definition and first basic examples of left semi-braces,
see Section 1.1. We study the additive structure of a left semi-brace, in particular we
prove in Proposition 1.2.4 that the additive semigroup of a left semi-brace is a right
group, i.e., it is the direct sum of a group and a right zero-semigroup. Moreover
we introduce the concept of ideal, Definition 1.3.1, for left semi-braces that allows
us to obtain new left semi-braces as quotient of known ones. Further we focus
on particular type of ideals, the socle and the annihilator. We show that if we
have a skew left brace, then the definition of ideal is the same introduced in [19],
Proposition 1.3.4. Finally, we extend the correspondence between left braces and
bijective 1-cocycles of an abelian group to a correspondence between left semi-braces
and bijective 1-cocycles of a right group, Theorem 1.4.4.

In Chapter 2 and Chapter 3 we introduce constructions of left semi-braces: the
asymmetric product, Theorem 2.1.4, and the matched product, Theorem 3.1.1. These
constructions allow us to obtain new left semi-braces. In particular, by matched
product we prove that every left semi-braces can be seen as a product of a trivial left
semi-brace and a skew left brace, Corollary 3.4.2.

In Chapter 4 we prove that from every left semi-brace we may obtain a set-
theoretical solution of the QYBE, Theorem 4.2.1. In particular, we have that these
solutions are left non-degenerate but, in general, not right non-degenerate. Finally,
we extend the correspondence between skew left braces and regular subgroups of
the holomorph of a group to a correspondence between left semi-braces and regular
subgroups of the holomorph of a right group, Theorem 4.3.5. In particular, we
give a definition of the holomorph of a right group, see Definition 4.3.1, and we
prove that every regular subgroup of the holomorph of a right group, (B, +), is the
multiplicative group of a left semi-brace that has additive structure exactly B. On the
other hand, if we have a left semi-brace then its multiplicative group is isomorphic
to a regular subgroup of the holomorph of its additive semigroup.
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1Left semi-braces

1.1 Definitions and Examples

We introduce the definition and basic examples of left semi-brace given in [11].

Definition 1.1.1. Let B be a set with two operations + and ¶ such that (B, +) is
a left cancellative semigroup and (B, ¶) is a group. We say that (B, +, ¶) is a left
semi-brace if

a ¶ (b + c) = a ¶ b + a ¶
!
a≠

+ c
"

(1.1)

holds for all a, b, c œ B, where a≠ is the inverse of a respect to ¶.

Remark 1.1.2. In a left semi-brace (B, +, ¶), the identity 0 of the group (B, ¶) is an
idempotent of the semigroup (B, +). In fact,

0 + 0 = 0 ¶ (0 + 0) = 0 ¶ 0 + 0 ¶ (0
≠

+ 0) = 0 + 0 ¶ (0 + 0) = 0 + 0 + 0,

and by left cancellativity 0 = 0 + 0.
In general, if (B, +) is a left cancellative semigroup, then an element e of B is
idempotent if and only if e is a left identity. In fact, if e œ B is an idempotent and
b œ B, then e + e + b = e + b and by the left cancellativity b = e + b. Conversely
if e œ B is a left identity then in particular e + e = e and so e is an idempotent.
Therefore 0 is a left identity of the left semigroup (B, +).

We may provide some first examples of left semi-braces.

Example 1.1.3. If (E, ¶) is a group, then (E, +, ¶), where a + b = b for all a, b œ E,
is a left semi-brace. In fact, first (E, +) is clearly a left cancellative semigroup and if
a, b, c œ E, then

a ¶ b + a ¶
!
a≠

+ c
"

= a ¶ c = a ¶ (b + c) ,

i.e., the condition (1.1) holds. We call this left semi-brace the trivial left semi-brace
on the group (E, ¶).
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Example 1.1.4. Let (B, ¶) be a group and f be an endomorphism of (B, ¶) such
that f2

= f . Set

a + b := b ¶ f (a)

for all a, b œ B, then (B, +, ¶) is a left semi-brace. In fact, first, if a, b, c œ B such
that a + b = a + c, then b ¶ f (a) = c ¶ f (a), i.e., b = c. Moreover,

a ¶ b + a ¶
!
a≠

+ c
"

= a ¶ b + a ¶
!
c ¶ f

!
a≠""

= a ¶
!
c ¶ f

!
a≠""

¶ f (a ¶ b)

= a ¶ (c ¶ f (b)) = a ¶ (b + c) ,

for all a, b, c œ B. Therefore, (B, +, ¶) is a left semi-brace.
On the other hand, if (B, +, ¶) is a left semi-brace and f : B æ B is such that
a + b = b ¶ f(a), then f if an endomorphism of the group (B, ¶) such that f2

= f . In
fact, if a œ B, then

f
!
a≠"

¶ f (a) = a + f
!
a≠"

= a + a ¶
!
a≠ ¶ f

!
a≠""

= a ¶ 0 + a ¶
!
a≠

+ a≠"

= a ¶
!
0 + a≠"

= a ¶ a≠
= 0

thus f (a≠
) = f (a)

≠. Further, if a, b œ B, then

a ¶ f (b) = a ¶ 0 ¶ f (b) = a ¶ (b + 0) = a ¶ b + a ¶
!
a≠

+ 0
"

= a ¶ b + a ¶ 0 ¶ f
!
a≠"

= a ¶ f
!
a≠"

¶ f (a ¶ b)

= a ¶ f (a)
≠ ¶ f (a ¶ b)

and so, since (B, ¶) is a group, it follows that f (a) ¶ f (b) = f (a ¶ b).
Finally,

f2
(a) = f (f (a)) = f (0 ¶ f (a)) = f (a + 0) = a + 0 + 0 = a + 0 = f (a) .

Left semi-braces generalize skew left braces introduced in [19].

Definition 1.1.5 (Definition 1.1 in [19]). Let B be a set with two operations + and
¶ such that (B, +) and (B, ¶) are groups. We say that (B, +, ¶) is a skew left brace if

a ¶ (b + c) = a ¶ b ≠ a + a ¶ c. (1.2)

holds for all a, b, c œ B, where ≠a is the inverse of a respect to +.

If B is a skew left brace, then (B, +) is a group and, in particular, a left cancellative
semigroup. Moreover if a, b, c œ B, then

a ¶ b + a ¶
!
a≠

+ c
"

= a ¶ b + a ¶ a≠ ≠ a + a ¶ c = a ¶ b ≠ a + a ¶ c = a ¶ (b + c) ,

1.1 Definitions and Examples 2



i.e., condition (1.1) in Definition 1.1.1 holds. Hence B is also a left semi-brace.

Example 1.1.6. Let (B, ¶) be a group. Set a+b := a¶b for all a, b œ B, then (B, +, ¶)

is a skew left brace. In fact, if a, b, c œ B, then

a ¶ b ≠ a + a ¶ c = a ¶ b ¶ a≠ ¶ a ¶ c = a ¶ b ¶ c = a ¶ (b + c) .

Hereinafter, we call this skew left brace the zero left semi-brace or zero skew left brace.

Example 1.1.7 (Example 1.3 in [19]). Let (B, ¶) be a group. Set a + b := b ¶ a, for
all a, b œ B, then (B, +, ¶) is a skew left brace. In fact, if a, b, c œ B, then

a ¶ b ≠ a + a ¶ c = a ¶ b + a≠
+ a ¶ c = a ¶ c ¶ a≠ ¶ a ¶ b = a ¶ c ¶ b = a ¶ (b + c) .

Skew left braces generalize left braces introduced by Rump in [28] and later for-
mulate in an equivalent definition by Cedó, Jespers and Okniński in [13] as in the
following definition.

Definition 1.1.8. Let B be a set with two operations + and ¶ such that (B, +) is an
abelian group and (B, ¶) is a group. We say that (B, +, ¶) is a left brace if

a ¶ (b + c) + a = a ¶ b + a ¶ c. (1.3)

holds for all a, b, c œ B.

Example 1.1.9. Let R be a radical ring and consider a ¶ b := ab + a + b, for all
a, b œ R the adjoint operation. Then (R, +, ¶) is a left brace. In fact (R, ¶) is a group
and if a, b, c œ R, then

a ¶ (b + c) = a (b + c) + a + b + c = ab + ac + a + b + c

= ab + a + b ≠ a + ac + a + c = a ¶ b ≠ a + a ¶ c,

i.e., the condition (1.3) in Definition 1.1.8 holds.

Example 1.1.10. Let (Z, +) be the additive group of integers and consider the
multiplication given by

a ¶ b := a + (≠1)
a b

for all a, b œ Z. Then (Z, +, ¶) is a left brace. In fact, (Z, +) is an abelian group,
(Z, ¶) is a group and if a, b, c œ Z, then

a ¶ (b + c) + a = a + (≠1)
a

(b + c) + a = a + (≠1)
a b + a + (≠1)

a c

= a ¶ b + a ¶ c,

i.e., condition (1.3) in Definition 1.1.8 holds.

1.1 Definitions and Examples 3



Example 1.1.11. Let (Z/Z6, +) be the cyclic group of 6 elements and consider the
multiplication given by

a ¶ b :=

Y
]

[
a + b if a œ {0, 2, 4}

a + 5b if a œ {1, 3, 5}

for al a, b œ Z/Z6. Then (Z/Z6, +, ¶) is a left brace. In fact, (Z/Z6, +) is an abelian
group, (Z/Z6, ¶) is a group with identity 0 and

a ¶ (b + c) + a =

Y
]

[
a + b + c + a if a œ {0, 2, 4}

a + 5 (b + c) + a if a œ {1, 3, 5}
= a ¶ b + a ¶ c,

for all a, b, c œ Z/Z6. Hence it is a left brace (see Example 3 in [28]).

Following Rump’s terminology, in [31], we may introduce a brace over a field,
initially introduced as circle algebras in [7].

Definition 1.1.12. Let F be a field, (B, +) a vector space over F and ¶ an operation
over B such that (B, ¶) is a group. We say that (B, +, ¶) is a left F -brace (or a left
brace over the field F ) if

a ¶ (b + c) + a = a ¶ b + a ¶ c (1.4)

µ (a ¶ b) = a ¶ (µb) + (µ ≠ 1) a (1.5)

hold for all a, b, c œ B and for every µ œ F .

Example 1.1.13. Let F be a field and B a radical algebra over F and consider
a ¶ b := ab + a + b, for all a, b œ B. Then (B, +, ¶) is a left F -brace. In fact by
Example 1.1.9, (B, +, ¶) is a left brace, moreover if a, b œ B and µ œ F , then

µ (a ¶ b) = µ (ab + a + b) = µ (ab) + µa + µb = a (µb) + a + µb + (µ ≠ 1) a

= a ¶ (µb) + (µ ≠ 1) a,

i.e., condition (1.5) in Definition 1.1.12 holds.

Example 1.1.14. Let F be a field and (V, +) a vector space over F . Set a ¶ b = a + b

for all a, b œ V , then (V, +, ¶) is a left F -brace. In fact, by Example 1.1.6 (V, +, ¶) is
a skew left brace and since (V, +) is an abelian group it is a left brace, moreover, if
a, b œ V and µ œ F , then

µ (a ¶ b) = µ (a + b) = µa + µb = a + (µb) + (µ ≠ 1) a = a ¶ (µb) + (µ ≠ 1) a.

Hereinafter, we call this left F -brace the zero left F -brace.
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1.2 The additive structure of a left semi-brace

The following proposition allows us to focus on the additive semigroup of a left
semi-brace. In particular, we describe what kind of left cancellative semigroups with
idempotents may be this additive structure.

Proposition 1.2.1. Let (B, +, ¶) be a left semi-brace and a œ B. Then, the map

⁄a : B ≠æ B, b ‘æ a ¶
!
a≠

+ b
"

is an automorphism of the semigroup (B, +) and ⁄≠1
a = ⁄a≠ . Moreover, the function ⁄

from the group (B, ¶) into the group of the automorphisms of (B, +) given by ⁄(b) = ⁄b,
for every b œ B, is a homomorphism.

Proof. Let a œ B. Then

⁄a (x + y) = a ¶
!
a≠

+ x + y
"

= a ¶
!
a≠

+ x
"

+ a ¶
!
a≠

+ y
"

= ⁄a (x) + ⁄a (y) ,

for all x, y œ B. Moreover,

⁄a¶b (x) = (a ¶ b) ¶
1
(a ¶ b)

≠
+ x

2
= a ¶

!
b ¶ b≠ ¶ a≠

+ b ¶
!
b≠

+ x
""

= a ¶
!
a≠

+ ⁄b (x)
"

= ⁄a (⁄b (x)) .

Finally, ⁄0 (x) = 0 ¶ (0
≠

+ x) = x, for every x œ B, and so ⁄a⁄a≠ = ⁄a¶a≠ = idB =

⁄a≠¶a = ⁄a≠⁄a. Therefore, ⁄ is a homomorphism from the group (B, ¶) into the
group Aut(B, +) of the automorphisms of (B, +).

Now, we may prove that the additive semigroup of a left semi-brace is exactly a right
group.

Definition 1.2.2 (see [14], p. 37). A semigroup (B, +) is said a right group if B is a
left cancellative semigroup such that, for all x, y œ B, there exists t œ B such that
x + t = y.

Example 1.2.3. Let B be a set. Define a + b := b, for all a, b œ B. Then (B, +) is a
right group, called right zero-semigroup.

Proposition 1.2.4. Let (B, +, ¶) be a left semi-brace. Then the additive semigroup
(B, +) is a right group.
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Proof. By definition (B, +) is a left cancellative semigroup. Moreover if x, y œ B,
setting t := ⁄x(x≠ ¶ y), we have

x + t = x + ⁄x

!
x≠ ¶ y

"
= x + x ¶

!
x≠

+ x≠ ¶ y
"

= x ¶
!
0 + x≠ ¶ y

"

= x ¶ x≠ ¶ y = y,

since 0, the identity of the group (B, ¶), is a left identity of the semigroup (B, +).
Therefore, (B, +) is right group.

Proposition 1.2.5 (see, for instance, Theorem I.1.27 in[14]). Let (B, +) be a semi-
group. The following statements are equivalent:

1. B is a right group;

2. There exist a group G and a right zero-semigroup E such that B is the direct sum
of G and E, i.e., B = G + E.

Hereinafter, when we refer to idempotents of a semi-brace B we mean idempotents
of the additive semigroup, (B, +).

Example 1.2.6. Let B be the left semi-brace in Example 1.1.4. Note that the set
of idempotents is ker f and the group G = B + 0 is Im f . In fact, if a œ ker f , then
a + b = b ¶ f (a) = b ¶ 0 = b, for every b œ B, i.e., a œ E; conversely if e œ E, then
b = e + b = b ¶ f (e), for every b œ B, i.e., e œ ker f . Moreover, if b œ Im f , then there
exists a œ B such that b = f (a) = 0 ¶ f (a) = a + 0 œ B + 0; on the other hand, if
b œ B, then b + 0 = 0 ¶ f (b) = f (b) œ Im f .

Let us introduce basic properties related to the set E of all idempotents of a left
semi-brace B and the group G := B + 0.

Proposition 1.2.7. Let B be a left semi-brace, E the set of idempotents of (B, +), 0

the identity of (B, ¶) and G := B + 0. The following hold:

1. G is a subgroup of (B, ¶), ⁄g(b) = ≠g + g ¶ b for all b œ B and g œ G, and
(G, +, ¶) is a skew left brace;

2. E is a subgroup of (B, ¶) and (E, +, ¶) is a trivial left semi-brace.

Proof. 1. Trivially, G is not empty since 0 œ G. At first, if g œ G and b œ B, then

⁄g(b) = g ¶ (g≠
+ b) = 0 + g ¶ (g≠

+ b) = ≠g + g + g ¶ (g≠
+ b)

= ≠g + g ¶ (0 + b) = ≠g + g ¶ b.
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Moreover, if a, b œ B, we have

(a + 0) ¶ (b + 0) = (a + 0) ¶ b + ⁄a+0(0) = (a + 0) ¶ b ≠ (a + 0) + (a + 0) ¶ 0

= (a + 0) ¶ b + 0 œ B + 0 = G.

Furthermore, if g œ G, then

g ¶ (g≠
+ 0) = g ¶ g≠

+ ⁄g(0) = g ¶ g≠ ≠ g + g ¶ 0 = 0.

So, g≠
= g≠

+ 0 œ G. Therefore, G is a multiplicative subgroup of B. Moreover,

g1 ¶ (g2 + g3) = g1 ¶ g2 + ⁄g1(g3) = g1 ¶ g2 ≠ g1 + g1 ¶ g3,

for all g1, g2, g3 œ G. Hence, (G, +, ¶) is a skew left brace.
2. Trivially, E is not empty because 0 œ E. Now, if e1, e2 œ E, then

e≠
1 ¶ e2 = e≠

1 ¶ (e2 + e2) = e≠
1 ¶ e2 + e≠

1 ¶ (e1 + e2) = e≠
1 ¶ e2 + e≠

1 ¶ e2.

Hence, e≠
1 ¶ e2 œ E and so (E, ¶) is a multiplicative subgroup of B. Clearly, (E, +, ¶)

is a trivial left semi-brace.

Corollary 1.2.8. Let (B, +, ¶) be a skew left brace. Then B is a left semi-brace. On the
other hand, if (B, +, ¶) is a left semi-brace with (B, +) a group, then B is a skew left
brace.

Proof. Clearly (B, +) is a left cancellative semigroup. Moreover if a, b, c œ B, then
by Proposition 1.2.7 and by condition (1.2) in Definition 1.1.5 we have

a ¶ b + a ¶
!
a≠

+ c
"

= a ¶ b + ⁄a (c) = a ¶ b ≠ a + a ¶ c = a ¶ (b + c) .

Hence B is a left semi-brace.
Conversely, if (B, +, ¶) is a left semi-brace with (B, +) a group. We have only to
check that (1.2) in Definition 1.1.5 holds, if a, b, c œ B then

a ¶ b ≠ a + a ¶ c = a ¶ b ≠ a + a ¶ (0 + c) = a ¶ b ≠ a + a + a ¶
!
a≠

+ c
"

= a ¶ b + 0 + a ¶
!
a≠

+ c
"

= a ¶ (b + c) ,

hence (B, +, ¶) is a skew left brace

In addition to the functions defined in Proposition 1.2.1, we introduce the functions
flb. These ones play a basic role in the study of a left semi-brace.
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Proposition 1.2.9. Let B be a left semi-brace and let

flb : B ≠æ B, a ‘æ (a≠
+ b)

≠ ¶ b,

for every b œ B. Then, the map fl from the group (B, ¶) into the monoid BB of the
maps from B into B given by fl(b) = flb is a semigroup antihomomorphism.

Proof. First note that, if b, c, x are in B, then

c ¶
!
c≠ ¶

!
x≠

+ c
"

+ b
"

= c ¶ c≠ ¶
!
x≠

+ c
"

+ c ¶
!
c≠

+ b
"

= x≠
+

!
c + c ¶

!
c≠

+ b
""

= x≠
+ c ¶ (0 + b) = x≠

+ c ¶ b

and thus

!
x≠

+ c ¶ b
"≠ ¶ c =

!
c≠ ¶

!
x≠

+ c
"

+ b
"≠

=

1
(flc (x))

≠
+ b

2≠
.

Therefore,

flc¶b(x) =
!
x≠

+ c ¶ b
"≠ ¶ c ¶ b =

1
(flc (x))

≠
+ b

2≠
¶ b = flb(flc(x)),

and so fl is a semigroup antihomomorphism from the group (B, ¶) into the monoid
BB.

If B is a skew left brace, then flb is bijective for every b œ B and it can be expressed
in terms of ⁄a functions, as the following result shows.

Corollary 1.2.10. Let B be a skew left brace. Then

fla (b) = ⁄≠1
⁄b(a) (≠ (b ¶ a) + b + (b ¶ a)) ,

for all a, b œ B. In particular if B is a left brace, then

fla (b) = ⁄≠1
⁄b(a) (b) .

Proof. If a, b œ B, then

⁄≠1
⁄b(a) (≠ (b ¶ a) + b + (b ¶ a)) = ⁄(⁄b(a))≠ (≠ (b ¶ a) + b + (b ¶ a))

⁄(b¶(b≠+a))≠ (≠ (b ¶ a) + b + (b ¶ a))

=
!
b ¶

!
b≠

+ a
""≠ ¶

!
b ¶

!
b≠

+ a
"

≠ (b ¶ a) + b + (b ¶ a)
"

=
!
b≠

+ a
"≠ ¶ b≠ ¶ (≠b + b ¶ a ≠ (b ¶ a) + b + (b ¶ a))

=
!
b≠

+ a
"≠ ¶ b≠ ¶ b ¶ a = fla (b) .
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In particular, if B is a left brace, then (B, +) is abelian and so

fla (b) = ⁄≠1
⁄b(a) (≠ (b ¶ a) + b + (b ¶ a)) = ⁄≠1

⁄b(a) (b) ,

for all a, b œ B.

We introduce some important tools that are useful in the study of left semi-braces.

Proposition 1.2.11. Let B be a left semi-brace, E the set of idempotents of (B, +), 0

the identity of (B, ¶) and G := B + 0. The following hold:

1. ⁄b(E) = E, for every b œ B;

2. fla(B) = G, for every a œ B;

3. fla|G : G æ G is bijective, for every a œ B;

4. b œ G if and only if ⁄b(0) = 0;

5. b œ E if and only if flc(b≠
) = 0, for every c œ B;

6. b ¶ G = G + b, for every b œ B;

7. b + E = b ¶ E, for every b œ B.

Proof. 1. Let b œ B and e œ E. Then, by Proposition 1.2.1,

⁄b(e) + ⁄b(e) = ⁄b(e + e) = ⁄b(e).

Hence, ⁄b(e) œ E. On the other hand, by the surjectivity of ⁄b, there exists t œ B

such that ⁄b(t) = e. Moreover, by Proposition 1.2.1,

t = ⁄0(t) = ⁄b≠¶b(t) = ⁄b≠(⁄b(t)) = ⁄b≠(e) œ E,

and therefore ⁄b(E) = E.
2. First of all, let us note that if e œ E and b œ B, by 1. in Proposition 1.2.7

fle(b) = (b≠
+ e)

≠ ¶ e = (e≠ ¶ (b≠
+ e))

≠
= (e≠ ¶ b≠

+ e≠ ¶ e)
≠

= (e≠ ¶ b≠
+ 0)

≠ œ G.

1.2 The additive structure of a left semi-brace 9



Now, let a œ B. Then there exist g œ G and e œ E such that a = g + e =

g ¶ ⁄g≠(e). If b œ B, since by 1. ⁄g≠(e) œ E, we have, by the previous relation and
by Proposition 1.2.9, that

fla(b) = flg¶⁄g≠ (e)(b) = fl⁄g≠ (e)(flg(b)) œ G.

On the other hand, if g œ G, setting b := fla≠(g), we have

fla(b) = fla(fla≠(g)) = fl0(g) = (g≠
+ 0)

≠ ¶ 0 = (g≠
+ 0)

≠
= g.

3. Let a œ B. If g œ G, then b := fla≠(g) œ G and g = fla(b). Moreover, let h, k œ G

such that fla(h) = fla(k). Then,

h = fl0(h) = fla≠(fla(h)) = fla≠(fla(k)) = fl0(k) = k.

4. Let b œ G. Then, by 1. in Proposition 1.2.7, ⁄b(0) = ≠b + b ¶ 0 = 0. Conversely, if
b œ B such that ⁄b(0) = 0, then 0 = ⁄b(0) = b ¶ (b≠

+ 0), and so b≠
= b≠

+ 0 œ G.
Therefore, b œ G.
5. If b œ E and c œ B, then flc(b≠

) = (b + c)
≠ ¶ c = c≠ ¶ c = 0. Conversely, let b œ B

such that flc(b≠
) = 0, for every c œ B. In particular, we have 0 = flb(b≠

) = (b+b)
≠ ¶b

and thus b + b = b.
6. Let x œ b ¶ G and g œ G such that x = b ¶ g. We have, by 2.,

x = b ¶ g = b ¶
!
g≠"≠

= b ¶
!
fl0(g≠

)
"≠

= b ¶
!
flb

!
flb≠

!
g≠"""≠

= b ¶
31

flb≠
!
g≠"≠

+ b
2≠

¶ b
4≠

= b ¶ b≠ ¶
1
flb≠

!
g≠"≠

+ b
2

= flb≠
!
g≠"≠

+ b œ G + b.

On the other hand, if x œ G + b and g œ G are such that x = g + b, then, by 2.,

x = g + b = b ¶ b≠ ¶ (g + b) = b ¶
1
(g + b)

≠ ¶ b
2≠

= b ¶
!
flb

!
g≠""≠ œ b ¶ G.

7. If b œ B and e œ E, by 1., we have

b ¶ e = b ¶ ⁄b≠ (⁄b (e)) = b + ⁄b (e) œ b + E.

On the other hand, if b œ B and e œ E, then

b + e = b ¶ b≠ ¶ (b + e) = b ¶ ⁄b≠ (e) œ b ¶ E.

Remark 1.2.12. Let B be a left semi-brace and E the set of idempotents of B. By 2.

in the previous proposition, we have that if |E| Ø 2, clearly fla is not bijective and so
fl is a semigroup antihomomorphism that is not a monoid antihomomorphism.
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1.3 Ideals, socle and annihilator of a left semi-brace

In this section we introduce the concept of ideal of a left semi-brace in order to
obtain new left semi-braces. Moreover, we focus on a particular ideal, the socle of a
left semi-brace, which is a generalization of that already introduced by Rump for
braces [28] and then by Guarnieri and Vendramin for skew left braces [19].

Definition 1.3.1. Let B be a left semi-brace, E the set of idempotents of (B, +), 0

the identity of (B, ¶) and G := B + 0. We say that a subsemigroup I of (B, +) is an
ideal if the following hold:

1. I is a normal subgroup of (B, ¶);

2. I fl G is a normal subgroup of (G, +);

3. flb (n) œ I, for all b œ B and n œ I fl G;

4. ⁄g (e) œ I, for all g œ G and e œ I fl E.

Example 1.3.2. Clearly, B and {0} are ideals of B that we call trivial ideals of B.

Note that if the additive structure of a left semi-brace is a group, i.e., B is a skew
left brace, then the Definition 1.3.1 is equivalent to that of ideal of a left brace
introduced in [19].

Definition 1.3.3 (Definition 2.2 in [19]). Let B be a skew left brace a normal
subgroup of (B, ¶) is said an ideal of B if I + a = a + I and ⁄a (I) ™ I, for all a œ B.

Proposition 1.3.4. Let B be a skew left brace and I ™ B. The subset I satisfies the
Definition 1.3.1 if and only if I satisfies the Definition 1.3.3.

Proof. Let I be a subset of B and suppose that I satisfies the Definition 1.3.1.
Then I is a normal subgroup of (B, ¶). Moreover, let a œ B and x œ I. Then,
y = a≠

+ x ≠ a≠ œ I and so

⁄a (x) = a ¶
!
a≠

+ x
"

= a ¶
!
y + a≠"

=
!
fla≠

!
y≠""≠ œ I,

i.e., ⁄a (I) ™ I. Hence I is an ideal of the skew left brace B, as in Definition 1.3.3.
Conversely, if I is an ideal of B seen as skew left brace, then I is a normal subgroup
of (B, ¶) and, clearly, N = I fl G = I and by hypothesis I is an normal subgroup of
the additive group of B. Moreover, let b œ B and n œ I. Then, there exists m œ I

such that n≠
+ b = b + m and so

flb (n) =
!
n≠

+ b
"≠ ¶ b =

!
b≠ ¶ (b + m)

"≠
=

!
0 ≠ b≠

+ b≠ ¶ m
"≠

= (⁄b≠ (m))
≠ œ I.
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Finally, let b œ B. Thus ⁄b (0) = ≠b + b ¶ 0 = 0 œ I. Therefore, I satisfies
Definition 1.3.1.

Proposition 1.3.5. Let B be a left semi-brace and I an ideal of B. Then

flb (I) ™ I,

for every b œ B.

Proof. If x = n + e with n œ G fl I and e œ E fl I then x = e ¶ (fle (n≠
))

≠ and

flb (x) =

31
e ¶

!
fle

!
n≠""≠2≠

+ b
4≠

¶ b =
!
fle

!
n≠"

¶ e≠
+ b

"≠ ¶ b

=

1
fle

!
n≠"

+ ⁄fle(n≠)
!
e≠"

+ b
2≠

¶ b =
!
fle

!
n≠"

+ b
"≠ ¶ b

= flb

1!
fle

!
n≠""≠2

œ I

by 3. in Definition 1.3.1.

There is a difference respect to ideals of a skew left brace. In fact, an ideal of a
skew left brace B is ⁄a-invariant, for every a œ B, this does not happen in a left
semi-brace, as the following example shows.

Example 1.3.6. Let B be a trivial left semi-brace where the multiplicative group is
not simple and I is a non-trivial normal subgroup of (B, ¶). Then I is an ideal of B. In
fact, by hypothesis I is a normal subgroup of (B, ¶). Moreover N := I flG = {0} and
so it is a normal subgroup of (G, +). Now, let b œ B; then by 5. in Proposition 1.2.11,
flb(0) = 0 œ N . Finally, let e œ I, ⁄0(e) = 0 ¶ (0 + e) = e œ I. Let a œ B \ I. Although
0 œ I, we have

⁄a(0) = a ¶ (a≠
+ 0) = a ¶ 0 = a /œ I.

Proposition 1.3.7. Let B be a left semi-brace, I an ideal of B and ≥I the relation on
B given by

’ x, y œ B, x ≥I y ≈∆ y≠ ¶ x œ I.

Then ≥I is a congruence of B.

Proof. First we note that ≥I is the well-known congruence of the group (B, ¶).
Moreover, N := I fl G is a normal subgroup of (G, ¶) and F := I fl E is a normal
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subgroup of (E, ¶). Now, in order to prove that ≥I is also a congruence of (B, +),
we notice that

(g2 + e2)
≠ ¶ (g1 + e1) = (g2 + e2)

≠ ¶ (g1 + e2) + (g2 + e2)
≠ ¶ (g2 + e1) (1.6)

with (g2 + e2)
≠ ¶ (g1 + e2) œ G and (g2 + e2)

≠ ¶ (g2 + e1) œ E. In fact,

(g2 + e2)
≠ ¶ (g1 + e2) = (g2 + e2)

≠ ¶ e2 ¶ e≠
2 ¶ (g1 + e2) = fle2(g≠

2 ) ¶ (fle2(g≠
1 ))

≠ œ G

by 2. in Proposition 1.2.11. Moreover,

(g2 + e2)
≠ ¶ (g2 + e1) = ⁄(g2+e2)≠(e1) œ E

by 1. in Proposition 1.2.11. Now, we can prove that

g1 + e1 ≥I g2 + e2 ≈∆ g1 ≥I g2 and e1 ≥I e2, (1.7)

for all g1, g2 œ G and e1, e2 œ E. If g1 + e1 ≥I g2 + e2 then (g2 + e2)
≠ ¶ (g1 + e1) œ I

and by (1.6) we have

(g2 + e2)
≠ ¶ (g1 + e2) œ N (1.8)

(g2 + e2)
≠ ¶ (g2 + e1) œ F (1.9)

Note that

(g2 + e2)
≠ ¶ (g1 + e2) = (g2 + e2)

≠ ¶ g1 + (g2 + e2)
≠ ¶ (g2 + e2 + e2)

= (g2 + e2)
≠ ¶ g1 + (g2 + e2)

≠ ¶ (g2 + e2) = (g2 + e2)
≠ ¶ g1 + 0

= (g≠
1 ¶ (g2 + e2))

≠
+ 0 = (g≠

1 ¶ g2 + g≠
1 ¶ (g1 + e2))

≠
+ 0

= fl
g

≠
1 ¶(g1+e2)(g

≠
2 ¶ g1) ¶ (g≠

1 ¶ (g1 + e2))
≠

+ 0

= fl
g

≠
1 ¶(g1+e2)(g

≠
2 ¶ g1) + ⁄

fl
g≠

1 ¶(g1+e2)(g≠
2 ¶g1)((g

≠
1 ¶ (g1 + e2))

≠
) + 0

= fl
g

≠
1 ¶(g1+e2)(g

≠
2 ¶ g1) + 0 = fl

g
≠
1 ¶(g1+e2)(g

≠
2 ¶ g1).

By 3. in Definition 1.3.1 and (1.8), we have that

g≠
2 ¶ g1 = fl0(g≠

2 ¶ g1) = fl(g≠
1 ¶(g1+e2))≠(fl

g
≠
1 ¶(g1+e2)(g

≠
1 ¶ g2)) œ I,

i.e., g1 ≥I g2.
Furthermore,

(g2 + e2)
≠ ¶ (g2 + e1) = ⁄(g2+e2)≠(e1) = ⁄

fle2 (g≠
2 )¶e

≠
2

(e1)

= ⁄
fle2 (g≠

2 )(⁄e
≠
2

(e1)) = ⁄
fle2 (g≠

2 )(e
≠
2 ¶ e1).
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By (1.9) and 4. in Definition 1.3.1, we have that

e≠
2 ¶ e1 = ⁄(fle2 (g≠

2 ))≠(⁄
fle2 (g≠

2 )(e
≠
2 ¶ e1)) œ I,

i.e., e1 ≥I e2.
Conversely,

(g2 + e2)
≠ ¶ (g1 + e1) = fl

g
≠
1 ¶(g1+e2)(g

≠
2 ¶ g1) + ⁄(g2+e2)≠(e1) œ N + F = I

by 3. and 4. in Definition 1.3.1. Therefore, g1 + e1 ≥I g2 + e2.
Now, let g1, g2 œ G and e1, e2 œ E such that g1 ≥I g2 and e1 ≥I e2. By (1.7) we have
g1 + e1 ≥I g2 + e2.
Let g1, g2, g3, g4 be in G and e1, e2, e3, e4 be in E such that g1 + e1 ≥I g2 + e2 and
g3 + e3 ≥I g4 + e4. Note that g1 + e1 + g3 + e3 = g1 + g3 + e3 and g2 + e2 + g4 + e4 =

g2 + g4 + e4. Therefore, it suffices to prove that g1 + g3 ≥I g2 + g4. Observe that
N is an ideal of the skew left brace (G, +, ¶) and that if h, k œ G then h ≥I k if
and only if h ≥N k. Moreover, ≥N is a congruence of G respect to the sum. So
g1 +g3 ≥N g2 +g4, i.e., g1 +g3 ≥I g2 +g4. Therefore ≥I is a congruence of B respect
to the sum.

Definition 1.3.8. Let B1 and B2 be left semi-braces. A map Ï : B1 æ B2 is a
homomorphism from B1 into B2 if Ï is a homomorphism from the group (B1, ¶) into
the group (B2, ¶) and

Ï (a + b) = Ï (a) + Ï (b) ,

for all a, b œ B1.

First, note that if B is a left semi-brace and I is an ideal, then the quotient structure
of B respect to the relation ≥I is a right group respect to the sum. In fact, if
b, b1, b2 œ B such that b+b1 ≥I b+b2 then, by (1.7) in previous proposition, b1 ≥I b2.
Moreover, if b1 = g1 + e1 and b2 = g2 + e2 then, setting x := ≠g1 + g2 + e2, we have
b1 + x ≥I b2. Therefore, B/I is a left semi-brace and the canonical epimorphism
fi : B æ B/I, b ‘æ I ¶ b is an epimorphism of left semi-braces. Conversely, let B, C

be left semi-braces and Ï : B æ C a homomorphism of left semi-braces. Then
ker Ï := {b | b œ B Ï (b) = 0} is an ideal of B. In fact, clearly ker f is a normal
subgroup of the multiplicative group of B. Moreover, let E be the set of idempotents
of B and G = B + 0, N := ker Ï fl G and F := ker Ï fl E. Then N is a normal
subgroup of the group (G, +). In fact let g œ G and n œ N . It follows ≠g +n+g œ G

and

Ï (≠g + n + g) = ≠Ï (g) + Ï (n) + Ï (g) = ≠Ï (g) + 0 + Ï (g) = 0,
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i.e., ≠g + n + g œ N . Let, now, b œ B and n œ N . Then flb (n) œ ker Ï. In fact,

Ï (flb (n)) =

1
Ï (n)

≠
+ Ï (b)

2≠
¶ Ï (b) = (0 + Ï (b))

≠ ¶ Ï (b) = Ï (b)
≠ ¶ Ï (b) = 0,

i.e., flb (n) œ ker Ï. Finally, let g œ G and e œ F . Thus,

Ï (⁄g (e)) = Ï
!
g ¶

!
g≠

+ e
""

= Ï (g) ¶
1
Ï (g)

≠
+ Ï (e)

2
= Ï (g) ¶ Ï (g)

≠
= 0,

i.e., ⁄g (e) œ ker Ï.
Therefore, we may conclude that a subset I of a left semi-brace B is an ideal of B if
and only if I is the kernel of a certain homomorphism of left semi-braces.

Example 1.3.9. Let B1 := H + E1, B2 := N + E2 be left semi-braces, B a semidirect
product of B1 and B2 and J an ideal of B2, as in Corollary 2.1.5. Then I :=

{(h + e, t + j) | h + e œ B1, t + j œ J} is an ideal of B. In fact, let (h + e, t + j) œ I

and (h1 + e1, n1 + f1) œ B. Since J is a normal subgroup of B2, then I a normal
subgroup of (B, ¶). In fact,

(h1 + e1, n1 + f1)
≠ ¶ (h + e, t + j) ¶ (h1 + e1, n1 + f1)

=

1
(n1+f1)≠

(h1 + e1)
≠ , (n1 + f1)

≠
2

¶
1
(h + e) ¶ t+j

(h1 + e1) , (t + j) ¶ (n1 + f1)

2

=

1
(n1+f1)≠

(h1 + e1)
≠ ¶ (n1+f1)≠ 1

(h + e) ¶ t+j
(h1 + e1)

2
,

(n1 + f1)
≠ ¶ (t + j) ¶ (n1 + f1)

2
œ H.

Moreover, obviously I fl G is a normal subgroup of (G, +). Finally,

fl(h1+e1,n1+f1) (h, t) =

3
(n1+f1)≠

31
t
≠

h≠
+ h1 + e1

2≠
¶ (h1 + e1)

4
, fln1+f1(t)

4
œ I

for all (h1 + e1, n1 + f1) œ B and (h, t) œ J , and

⁄(h,n) (e, j) =
!
h ¶

!
h≠

+
ne

"
, ⁄n(j)

"
œ I

for all (h, n) œ G and (e, j) œ E fl I, since J is an ideal of B2. So J is an ideal of B.
In particular, when J = {0} the projection B1 := {(h + e, 0) | h + e œ B1} is an
ideal of B. Finally the quotient structure of B with respect to the ideal B1 is
isomorphic to the left semi-brace B2.

Now we introduce a particular kind of ideal, the socle. This ideal allows us to obtain
a new left semi-brace from a left semi-brace.

Definition 1.3.10. Let B be a left semi-brace. We call the set given by

Soc(B) := {a | a œ B ⁄a = ⁄0, fla = fl0 }

the socle of the left semi-brace B.
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Proposition 1.3.11. Let B be a left semi-brace. Then Soc(B) is an ideal of B.

Proof. First, Soc(B) is a subgroup of the multiplicative group (B, ¶). In fact, clearly
0 œ Soc(B). If x is in Soc(B), then

⁄x≠ = ⁄≠1
x = ⁄≠1

0 = ⁄0,

flx≠ = fl0¶x≠ = flx≠fl0 = flx≠flx = flx¶x≠ = fl0,

i.e., x≠ œ Soc(B). Now, if x, y are in Soc(B), then

⁄x¶y = ⁄x⁄y = ⁄0⁄0 = ⁄0¶0 = ⁄0,

flx¶y = flyflx = fl0fl0 = fl0¶0 = fl0,

i.e., x ¶ y œ Soc(B). Let a, b œ B and x œ Soc(B). Then,

⁄b≠¶x¶b(a) = ⁄b≠(⁄x(⁄b(a))) = ⁄b≠(⁄0(⁄b(a))) = ⁄b≠¶b(a) = ⁄0(a),

flb≠¶x¶b(a) = flb(flx(flb≠(a))) = flb(fl0(flb≠(a))) = flb¶b≠(a) = fl0(a),

i.e., Soc(B) is a normal subgroup of the multiplicative group of B. Moreover, if
x œ Soc(B), then x≠ ¶(x+b) = ⁄x≠(b) = ⁄0(b) = b, for every b œ B, i.e., x+b = x¶b,
for every b œ B. Note that

⁄x(0) = x ¶ (x≠
+ 0) = x ¶ (x≠ ¶ 0) = 0,

and so by 4. in Proposition 1.2.11, x œ G. Therefore Soc(B) is a subgroup of (G, +).
Further, note that, if x is in Soc(B), then (b + x)

≠ ¶ x = flx(b≠
) = fl0(b≠

) = (b + 0)
≠,

for every b œ B, i.e., b + x = x ¶ (b + 0), for every b œ B. Now, if x is in Soc(B) and
g is in G, then

≠g + x + g = x ¶ (≠g + 0) + g = x ¶ (≠g) + g = x + (≠g) + g = x + 0

= x œ Soc(B),

thus Soc(B) is a normal subgroup of (G, +). Let, next, b œ B and n œ Soc(B). Then

flb(n) = (n≠
+ b)

≠ ¶ b = (n≠ ¶ b)
≠ ¶ b = b≠ ¶ n ¶ b œ Soc(B).

Finally, let g œ G. Then, by 4. in Proposition 1.2.11, ⁄g(0) = 0 is in Soc(B). Thus
Soc(B) is an ideal of B.

Even if the additive structure of every ideal of a left semi-brace is a semigroup, the
additive structure of the socle of B is a group.
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Proposition 1.3.12. Let B be a left semi-brace. Then (Soc(B), +) is a subgroup of the
semigroup (B, +). In particular, ≠a = a≠, for every a œ B.

Proof. Let a be in Soc(B). Note that

a≠
+ a = a≠ ¶ ⁄a(a) = a≠ ¶ ⁄0(a) = a≠ ¶ a = 0

and since a≠ is in Soc(B), then Soc(B) is a subgroup of (B, +) where the opposite
of a is a≠.

The following proposition describes the socle of a left semi-brace only in terms of
the two operations of the left semi-brace.

Proposition 1.3.13. Let B be a left semi-brace, G = B + 0. Then

Soc(B) = {a | a œ G, ’ b œ B a + b = a ¶ b, ≠a + b + a = b + 0} .

Proof. For convenience, we set

S := {a | a œ G, ’ b œ B a + b = a ¶ b, ≠a + b + a = b + 0} .

Let a œ S and b œ B. Then,

⁄a(b) = a ¶
!
a≠

+ b
"

= a + a≠
+ b =

!
a ¶ a≠"

+ b = 0 + b = ⁄0(b).

Moreover,

fla(b) =
!
b≠

+ a
"≠ ¶ a =

!
a ≠ a + b≠

+ a
"≠ ¶ a =

!
a +

!
b≠

+ 0
""≠ ¶ a

=
!
a ¶

!
b≠

+ 0
""≠ ¶ a =

!
b≠

+ 0
"≠ ¶ a≠ ¶ a =

!
b≠

+ 0
"≠

= fl0(b).

Conversely, let a be in Soc(B). By previous proposition a œ G. Moreover, if b œ B,
then a≠ ¶ (a + b) = ⁄a≠(b) = ⁄0(b) = b, since a≠ œ Soc(B), and so a + b = a ¶ b.
Finally, by Proposition 1.3.12,

≠a + b + a = a≠
+ b + a = a≠ ¶ (b + a) =

!
fla

!
b≠""≠

=
!
fl0

!
b≠""≠

= b + 0.

Therefore, a is in S.

Remark 1.3.14. By Proposition 1.3.12, the socle of a left semi-brace is a skew left
brace, in particular, by Proposition 1.3.13, it is a zero skew left brace.

If B is a skew left brace then Definition 1.3.1 coincides with the definition of socle
in [19].
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Definition 1.3.15 (Definition 2.4 in [19]). Let B be a skew left brace, the socle is
the set

S = {a | a œ B, ’ b œ B a ¶ b = a + b, b + b ¶ a = b ¶ a + b} .

Proposition 1.3.16. Let B be a skew left brace. Then the Definition 1.3.10 and
Definition 1.3.15 coincide.

Proof. By Proposition 1.3.13, if B is seen as a left semi-brace

Soc(B) = {a | a œ B, ’ b œ B a ¶ b = a + b, b + a = a + b} .

If a œ S and b œ B, then

b + a = b ¶ b≠ ¶ (b + a) = b ¶
!
b≠ ¶ b ≠ b≠

+ b≠ ¶ a
"

= b ¶
!
≠b≠

+ b≠ ¶ a + 0
"

= b ¶
!
≠b≠

+ b≠ ¶ a + b≠ ≠ b≠"

= b ¶
!
≠b≠

+ b≠
+ b≠ ¶ a ≠ b≠"

= b ¶
!
b≠ ¶ a ≠ b≠"

= b ¶
!
b≠ ¶ a ≠ b≠

+ 0
"

= b ¶
!
b≠ ¶ a ≠ b≠

+ b≠ ¶ b
"

= b ¶ b≠ ¶ (a + b) = a + b,

i.e., a œ Soc(B). Conversely, let a œ Soc(B) and b œ B. Then,

b ¶ a + b = b + (≠b + b ¶ a) + b = b + (0 ≠ b + b ¶ a) + b

= b + (b ¶ b≠ ≠ b + b ¶ a) + b = b + b ¶ (b≠
+ a) + b

= b + b ¶ (a + b≠
) + b = b + b ¶ a ≠ b + b ¶ b≠

+ b

= b + b ¶ a ≠ b + b = b + b ¶ a,

i.e., a is in S.

Example 1.3.17. Let B be the left semi-brace in Example 1.1.4. Then

Soc(B) = Z(B) fl Im f,

where Z(B) is the centre of the group (B, ¶). In fact, let a be in Soc(B). By
Proposition 1.3.13, a lies in Im f , then there exists c œ B such that a = f(c).
Moreover a ¶ b = f(c) ¶ b = f(c) + b = b ¶ f2

(c) = b ¶ f(c) = b ¶ a, for every b œ B.
So a œ Z(B). Conversely, let a œ Z(B) fl Im f . Then there exists c œ B such that
a = f(c), a+b = f(c)+b = b¶f(c) = b¶a = a¶b and ≠a+b+a = a≠

+b+a = f(c)
≠

+

b + f(c) = b ¶ f(c)
≠

+ f(c) = f(c) ¶ f(b) ¶ f(c)
≠

= f(b) ¶ f(c) ¶ f(c)
≠

= f(b) = b + 0,
for every b œ B. Therefore a is in Soc(B).
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Definition 1.3.18. Let B be a left semi-brace, E the set of idempotents of (B, +), 0

the identity of (B, ¶) and G := B + 0. The annihilator of B is the set

Ann (B) := {a | a œ G, ’b œ B a + b = a ¶ b = b ¶ a, ≠a + b + a = b + 0} .

Remark 1.3.19. Let B be a left semi-brace, E the set of idempotents of (B, +), 0

the identity of (B, ¶) and G := B + 0. Then

Ann (B) = Soc (B) fl Z (B) ,

where Z (B) is the centre of the group (B, ¶).

Proposition 1.3.20. Let B be a left semi-brace, E the set of idempotents of (B, +), 0

the identity of (B, ¶) and G := B + 0. Then Ann (B) is an ideal of B.

Proof. By Remark 1.3.19, Ann (B) = Soc (B) fl Z (B) and so Ann (B) is a normal
subgroup of (B, ¶), since both Soc (B) and Z (B) are normal subgroups. Further
Ann (B) fl G = Ann (B) is a normal subgroup of (G, +). In fact, if a1, a2 œ Ann (B),
then a1 ≠ a2 = a1 ¶ a≠

2 œ Ann (B), moreover if a œ Ann (B) and g œ G, then

≠g + a + g = a ≠ g + 0 + g = a œ Ann (B) .

Finally, if a œ Ann (B) and b œ B, then

flb (a) =
!
a≠

+ b
"≠ ¶ b =

!
a≠ ¶ b

"≠ ¶ b = b≠ ¶ a ¶ b = a ¶ b≠ ¶ b = a œ Ann (B) .

Therefore, by Definition 1.3.1, Ann (B) is an ideal of B, since Ann (B) fl E = {0}
and condition 4. is trivially satisfied.

1.3.1 Extensions of skew left braces

This construction is a generalization to skew left braces of the construction of left
braces introduced by Bachiller in [2].

Recall that if (B, +) is a group and (I, +) is an abelian group, then a map · : B◊B æ
I is a 2-cocycle from (B, +) with values in (I, +) if the following conditions hold:

1. · (b1 + b2, b3) + · (b1, b2) = · (b1, b2 + b3) + · (b2, b3), for all b1, b2, b3 œ B;

2. · (b, 0) = · (0, b) = 0, for every b œ B.

Moreover if (B, ¶) is a group, (I, +) is an abelian group and ‡ : B æ Aut (I) is a
right action, then a map ◊ : B ◊ B æ I is a 2-cocycle from (B, ¶) with values in (I, +)

respect to ‡ if the following conditions hold
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1. ‡b3 (◊ (b1, b2)) + ◊ (b1 ¶ b2, b3) = ◊ (b1, b2 ¶ b3) + ◊ (b2, b3), for all b1, b2, b3 œ B;

2. ◊ (b, 0) = ◊ (0, b) = 0, for every b œ B.

Theorem 1.3.21. Let B be a skew left brace, I a zero left brace, ‡ : B æ Aut (I) a
right action from (B, ¶) into the group of automorphisms of (I, +), ‹ : B æ Aut (I)

a left action from (B, ¶) into the group of automorphisms of (I, +), · : B ◊ B æ I a
2-cocycle from (B, +) with values in (I, +) and ◊ : B ◊ B æ I a 2-cocycle from (B, ¶)

with values in (I, +) respect to ‡. If the following conditions hold:

‹b1+b2 (‡b1+b2 (i)) + i = ‹b1 (‡b1 (i)) + ‹b2 (‡b2 (i)) ; (1.10)

‹b1¶(b2+b3) (◊ (b1, b2 + b3)) + ‹b1 (· (b2, b3)) = ‹b1¶b2 (◊ (b1, b2))

+‹b1¶b3 (◊ (b1, b3)) ≠ · (b1, ≠b1 + b1 ¶ b3) + · (b1 ¶ b2, ≠b1 + b1 ¶ b3) ,
(1.11)

for all b, b1, b2, b3 œ B and i œ I, then B ◊ I is a skew left brace with the sum

(b1, i1) + (b2, i2) := (b1 + b2, i1 + i2 + · (b1, b2))

and the product

(b1, i1) ¶ (b2, i2) :=

1
b1 ¶ b2, ‹b1¶b2

1
‡b2

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i2) + ‹b1¶b2 (◊ (b1, b2))

2
,

for all (b1, i1) , (b2, i2) œ B ◊ I. Moreover, {0} ◊ I is an ideal of B ◊ I contained in the
centre of (B ◊ I, +) such that (B ◊ I) / ({0} ◊ I) ≥= B and {0} ◊ I is isomorphic to I.

Conversely, if B is a skew left brace, I is an ideal of B contained in the centre of (B, +)

such that I is a trivial left brace and B̄ := B/I, then B is isomorphic to a skew left
brace of the form described above, constructed from B̄ and I.

Proof. Since · is a 2-cocycle, then (B ◊ I) is a group with identity (0, 0) and inverse
(≠b, ≠i ≠ · (b, ≠b)), for every (b, i) œ B ◊ I. Further (B ◊ I, ¶) is a group with
identity (0, 0) and inverse (b≠, ≠‹b≠ (‡b≠ (‹b≠ (i))) ≠ ‹b≠ (◊ (b, b≠

))), for every (b, i) œ
B ◊ I. In fact, if b œ B and i œ I, then

(0, 0) ¶ (b, i) = (0 ¶ b, ‹0¶b (‡b (‹0 (0))) + ‹0 (i) + ‹0¶b (◊ (0, b))) = (b, i) ,

(b, i) ¶ (0, 0) = (b ¶ 0, ‹b¶0 (‡0 (‹b≠ (i))) + ‹b (0) + ‹b¶0 (◊ (b, 0))) = (b, i) .
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and

(b, i) ¶
!
b≠, ≠‹b≠ (‡b≠ (‹b≠ (i))) ≠ ‹b≠

!
◊

!
b, b≠"""

=
!
0, ‹0 (‡b≠ (‹b≠ (i))) + ‹b

!
≠‹b≠ (‡b≠ (‹b≠ (i))) ≠ ‹b≠

!
◊

!
b, b≠"""

+ ‹0
!
◊

!
b, b≠"""

=
!
0, ‡b≠ (‹b≠ (i)) ≠ ‡b≠ (‹b≠ (i)) ≠ ◊

!
b, b≠"

+ ◊
!
b, b≠""

= (0, 0) .

If b1, b2, b3 œ B and i1, i2, i3 œ I, then

(b1, i1) ¶ ((b2, i2) ¶ (b3, i3))

= (b1, i1) ¶
1
b2 ¶ b3, ‹b2¶b3

1
‡b3

1
‹

b
≠
2

(i2)

22
+ ‹b2 (i3) + ‹b2¶b3 (◊ (b2, b3))

2

=

1
b1 ¶ b2 ¶ b3, ‹b1¶b2¶b3

1
‡b2¶b3

1
‹

b
≠
1

(i1)

22
+ ‹b1

1
‹b2¶b3

1
‡b3

1
‹

b
≠
2

(i2)

22
+ ‹b2 (i3)

+‹b2¶b3 (◊ (b2, b3))) + ‹b1¶b2¶b3 (◊ (b1, b2 ¶ b3)))

=

1
b1 ¶ b2 ¶ b3, ‹b1¶b2¶b3

1
‡b2¶b3

1
‹

b
≠
1

(i1)

22
+ ‹b1¶b2¶b3

1
‡b3

1
‹

b
≠
2

(i2)

22
+ ‹b1¶b2 (i3)

+‹b1¶b2¶b3 (◊ (b2, b3)) + ‹b1¶b2¶b3 (◊ (b1, b2 ¶ b3)))

and

((b1, i1) ¶ (b2, i2)) ¶ (b3, i3)

=

1
b1 ¶ b2, ‹b1¶b2

1
‡b2

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i2) + ‹b1¶b2 (◊ (b1, b2))

2
¶ (b3, i3)

=

1
b1 ¶ b2 ¶ b3, ‹b1¶b2¶b3

1
‡b3

1
‹(b1¶b2)≠

1
‹b1¶b2

1
‡b2

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i2)

+‹b1¶b2 (◊ (b1, b2))))) + ‹b1¶b2 (i3) + ‹b1¶b2¶b3 (◊ (b1 ¶ b2, b3)))

=

1
b1 ¶ b2 ¶ b3, ‹b1¶b2¶b3

1
‡b2¶b3

1
‹

b
≠
1

(i1)

22
+ ‹b1¶b2¶b3

1
‡b3

1
‹

b
≠
2

(i2)

22

+‹b1¶b2¶b3 (‡b3 (◊ (b1, b2))) + ‹b1¶b2 (i3) + ‹b1¶b2¶b3 (◊ (b1 ¶ b2, b3)))

=

1
b1 ¶ b2 ¶ b3, ‹b1¶b2¶b3

1
‡b2¶b3

1
‹

b
≠
1

(i1)

22
+ ‹b1¶b2¶b3

1
‡b3

1
‹

b
≠
2

(i2)

22

+‹b1¶b2 (i3) + ‹b1¶b2¶b3 (‡b3 (◊ (b1, b2)) + ◊ (b1 ¶ b2, b3)))

=

1
b1 ¶ b2 ¶ b3, ‹b1¶b2¶b3

1
‡b2¶b3

1
‹

b
≠
1

(i1)

22
+ ‹b1¶b2¶b3

1
‡b3

1
‹

b
≠
2

(i2)

22

+‹b1¶b2 (i3) + ‹b1¶b2¶b3 (◊ (b2, b3) + ◊ (b1, b2 ¶ b3))) = (b1, i1) ¶ ((b2, i2) ¶ (b3, i3)) ,

i.e., the associativity of ¶ holds. If b1, b2, b3 œ B and i1, i2, i3 œ I, then

(b1, i1) ¶ ((b2, i2) + (b3, i3)) = (b1, i1) ¶ (b2 + b3, i2 + i3 + · (b2, b3))

=

1
b1 ¶ (b2 + b3) , ‹b1¶(b2+b3)

1
‡b2+b3

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i2 + i3 + · (b2, b3))

+‹b1¶(b2+b3) (◊ (b1, b2 + b3))

2
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moreover

≠ (b1, i1) + (b1, i1) ¶ (b3, i3) = (≠b1, ≠i1 ≠ · (b1, ≠b1))

+

1
b1 ¶ b3, ‹b1¶b3

1
‡b3

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i3) + ‹b1¶b3 (◊ (b1, b3))

2

=

1
≠b1 + b1 ¶ b3, ≠i1 ≠ · (b1, ≠b1) + ‹b1¶b3

1
‡b3

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i3)

+‹b1¶b3 (◊ (b1, b3)) + · (≠b1, b1 ¶ b3))

and

(b1, i1) ¶ (b2, i2) ≠ (b1, i1) + (b1, i1) ¶ (b3, i3)

=

1
b1 ¶ b2, ‹b1¶b2

1
‡b2

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i2) + ‹b1¶b2 (◊ (b1, b2))

2

+

1
≠b1 + b1 ¶ b3, ≠i1 ≠ · (b1, ≠b1) + ‹b1¶b3

1
‡b3

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i3)

+‹b1¶b3 (◊ (b1, b3)) + · (≠b1, b1 ¶ b3))

=

1
b1 ¶ (b2 + b3) , ‹b1¶b2

1
‡b2

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i2) + ‹b1¶b2 (◊ (b1, b2))

≠i1 ≠ · (b1, ≠b1) + ‹b1¶b3

1
‡b3

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i3) + ‹b1¶b3 (◊ (b1, b3))

+· (≠b1, b1 ¶ b3) + · (b1 ¶ b2, ≠b1 + b1 ¶ b3)) ,

so the first components are the same for the second ones we may apply conditions
(1.10) and (1.11) and we obtain the equality

‹b1¶b2

1
‡b2

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i2) + ‹b1¶b2 (◊ (b1, b2)) ≠ i1 ≠ · (b1, ≠b1)

+ ‹b1¶b3

1
‡b3

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i3) + ‹b1¶b3 (◊ (b1, b3)) + · (≠b1, b1 ¶ b3)

+ · (b1 ¶ b2, ≠b1 + b1 ¶ b3) = ‹b1

1
‹b2

1
‡b2

1
‹

b
≠
1

(i1)

22
≠ ‹

b
≠
1

(i1)

+‹b3

1
‡b3

1
‹

b
≠
1

(i1)

222
+ ‹b1 (i2 + i3) + ‹b1¶b2 (◊ (b1, b2)) + ‹b1¶b3 (◊ (b1, b3))

≠ · (b1, ≠b1) + · (≠b1, b1 ¶ b3) + · (b1 ¶ b2, ≠b1 + b1 ¶ b3)

= ‹b1¶(b2+b3)
1
‡b2+b3

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i2 + i3) + ‹b1¶b2 (◊ (b1, b2))

+ ‹b1¶b3 (◊ (b1, b3)) + · (0, b1 ¶ b3) ≠ · (b1, ≠b1 + b1 ¶ b3) + · (b1 ¶ b2, ≠b1 + b1 ¶ b3)

= ‹b1¶(b2+b3)
1
‡b2+b3

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i2 + i3) + ‹b1 (· (b2, b3))

+ ‹b1¶(b2+b3) (◊ (b1, b2 + b3))

hence (1.2) in Definition 1.1.5 holds. Therefore (B ◊ I, ¶, +) is a skew left brace.
Further the map Ï : B ◊ I æ B defined by Ï (b, i) := b, for every (b, i) œ B ◊ I is a
surjective homomorphism of skew left braces. Moreover the kernel of Ï is

ker Ï = {(0, i) | i œ I} = {0} ◊ I.
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Therefore (B ◊ I) / ({0} ◊ I) is isomorphic to B. Moreover, if b œ B, i, j œ I, then

(0, i) + (b, j) = (0 + b, i + j + · (0, b)) = (b, i + j) = (b + 0, j + i + · (b, 0))

= (b, j) + (0, i) ,

i.e., (0, i) lies in the centre of (B ◊ I, +).

On the other hand, let B be a skew left brace, I an ideal of B with zero structure
contained in the centre of (B, +). Set B̄ := B/I. First note that (I, +) is abelian.
Consider fi : B æ B̄ the projection map, s : B̄ æ B a map such that s

!
0̄
"

= 0 and
fi

1
s

1
b̄
22

= b̄, for every b̄ œ B̄. Consider the map · : B̄ ◊ B̄ æ I defined by

·
1
b̄1, b̄2

2
:= s

1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2
,

for all b̄1, b̄2 œ B̄, the map ◊ : B̄ ◊ B̄ æ I defined by

◊
1
b̄1, b̄2

2
:=

1
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2
,

for all b̄1, b̄2 œ B̄, the map ‡ : B̄ æ Aut (I) defined by

‡
b̄

: I æ I, i ‘æ
1
s

1
b̄
22≠

¶ i ¶ s
1
b̄
2

,

for every b̄ œ B̄ and the map ‹ : B̄ æ Aut (I) defined by

‹
b̄

: I æ I, i ‘æ ⁄
s(b̄)

(i) ,

for every b̄ œ B̄. Then B̄, I, ·, ◊, ‡, ‹ satisfy the first part of this theorem. First, since
I is an ideal, then

1
s

1
b̄
22≠

¶ i ¶ s
1
b̄
2

œ I, for all b̄ œ B̄ and i œ I, further if i œ I

and b̄1, b̄2 œ B̄, then

‡0̄ (i) =
!
s

!
0̄
""≠ ¶ i ¶ s

!
0̄
"

= 0 ¶ i ¶ 0 = i = idI (i)

and

‡
b̄1

1
‡

b̄2 (i)
2

=

1
s

1
b̄1

22≠
¶

31
s

1
b̄2

22≠
¶ i ¶ s

1
b̄2

24
¶ s

1
b̄1

2

=

1
s

1
b̄2 ¶ b̄1

22≠
¶ s

1
b̄2 ¶ b̄1

2
¶

1
s

1
b̄2

2
¶ s

1
b̄1

22≠
¶ i ¶ s

1
b̄2

2
¶ s

1
b̄1

2

=

1
s

1
b̄2 ¶ b̄1

22≠
¶

3
s

1
b̄2 ¶ b̄1

2
¶

1
s

1
b̄2

2
¶ s

1
b̄1

22≠
+ i

4
¶ s

1
b̄2

2
¶ s

1
b̄1

2

=

1
s

1
b̄2 ¶ b̄1

22≠
¶

3
i + s

1
b̄2 ¶ b̄1

2
¶

1
s

1
b̄2

2
¶ s

1
b̄1

22≠
4

¶ s
1
b̄2

2
¶ s

1
b̄1

2

=

1
s

1
b̄2 ¶ b̄1

22≠
¶

3
i ¶ s

1
b̄2 ¶ b̄1

2
¶

1
s

1
b̄2

2
¶ s

1
b̄1

22≠
4

¶ s
1
b̄2

2
¶ s

1
b̄1

2

=

1
s

1
b̄2 ¶ b̄1

22≠
¶ i ¶ s

1
b̄2 ¶ b̄1

2
= ‡

b̄2¶b̄1 (i) ,
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since s
1
b̄2 ¶ b̄1

2
¶

1
s

1
b̄2

2
¶ s

1
b̄1

22≠
œ I and I has trivial structure. Moreover if

i1, i2 œ I and b̄ œ B̄, then

‡
b̄
(i1 + i2) =

1
s

1
b̄
22≠

¶ (i1 + i2) ¶ s
1
b̄
2

=

1
s

1
b̄
22≠

¶ (i1 ¶ i2) ¶ s
1
b̄
2

=

1
s

1
b̄
22≠

¶ i1 ¶ s
1
b̄
2

¶
1
s

1
b̄
22≠

¶ i2 ¶ s
1
b̄
2

= ‡
b̄
(i1) ¶ ‡

b̄
(i2)

= ‡
b̄
(i1) + ‡

b̄
(i2) .

Hence ‡ is a right action from
1
B̄, ¶

2
into the group of automorphisms of (I, +).

First ‹
b̄
(i) = ⁄

s(b̄)
(i) œ I, since I is an ideal. Further, if i œ I, b̄1, b̄2 œ B̄, then

‹0̄ (i) = ⁄0 (i) = idI (i) ,

and

‹
b̄1

1
‹

b̄2 (i)
2

= ⁄
s(b̄1)

1
⁄

s(b̄2)
(i)

2
= ⁄

s(b̄1)¶s(b̄2)
(i)

= ⁄
s(b̄1¶b̄2)

3
⁄

(s(b̄1¶b̄2))
≠

1
⁄

s(b̄1)¶s(b̄2)
(i)

24
= ⁄

s(b̄1¶b̄2)

3
⁄

(s(b̄1¶b̄2))
≠¶s(b̄1)¶s(b̄2)

(i)
4

= ⁄
s(b̄1¶b̄2)

31
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2
¶

31
s

1
b̄2

22≠
¶

1
s

1
b̄1

22≠
¶ s

1
b̄1 ¶ b̄2

2

+i)) = ⁄
s(b̄1¶b̄2)

(i) = ‹
b̄1¶b̄2 (i) ,

since
1
s

1
b̄2

22≠
¶

1
s

1
b̄1

22≠
¶ s

1
b̄1 ¶ b̄2

2
œ I and so

1
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2
¶

31
s

1
b̄2

22≠
¶

1
s

1
b̄1

22≠
¶ s

1
b̄1 ¶ b̄2

2
+ i

4

=

1
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2
¶

31
s

1
b̄2

22≠
¶

1
s

1
b̄1

22≠
¶ s

1
b̄1 ¶ b̄2

2
¶ i

4
= i.

Further if b̄ œ B̄ and i1, i2 œ I, then

‹
b̄
(i1 + i2) = ⁄

s(b̄)
(i1 + i2) = ⁄

s(b̄)
(i1) + ⁄

s(b̄)
(i2) = ‹

b̄
(i1) + ‹

b̄
(i2) ,

by Proposition 1.2.1. Hence ‹ is a left action from
1
B̄, ¶

2
into the group of automor-

phisms of (I, +).
If b̄ œ B̄, then

·
1
b̄, 0̄

2
= s

1
b̄
2

+ s
!
0̄
"

≠ s
1
b̄ + 0̄

2
= s

1
b̄
2

≠ s
1
b̄
2

= 0,

·
1
0̄, b̄

2
= s

!
0̄
"

+ s
1
b̄
2

≠ s
1
0̄ + b̄

2
= s

1
b̄
2

≠ s
1
b̄
2

= 0,
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further if b̄1, b̄2, b̄3 œ B̄, then

·
1
b̄1 + b̄2, b̄3

2
+ ·

1
b̄1, b̄2

2

= s
1
b̄1 + b̄2

2
+ s

1
b̄3

2
≠ s

1
b̄1 + b̄2 + b̄3

2
+ s

1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2

= s
1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2
+ s

1
b̄1 + b̄2

2
+ s

1
b̄3

2
≠ s

1
b̄1 + b̄2 + b̄3

2

= s
1
b̄1

2
+ s

1
b̄2

2
+ s

1
b̄3

2
≠ s

1
b̄1 + b̄2 + b̄3

2

= s
1
b̄1

2
+ s

1
b̄2

2
+ s

1
b̄3

2
≠ s

1
b̄2 + b̄3

2
+ s

1
b̄2 + b̄3

2
≠ s

1
b̄1 + b̄2 + b̄3

2

= s
1
b̄2

2
+ s

1
b̄3

2
≠ s

1
b̄2 + b̄3

2
+ s

1
b̄1

2
+ s

1
b̄2 + b̄3

2
≠ s

1
b̄1 + b̄2 + b̄3

2

= ·
1
b̄2, b̄3

2
+ ·

1
b̄1, b̄2 + b̄3

2
.

Hence · is a 2-cocycle from
1
B̄, +

2
with values in (I, +).

Moreover if b̄ œ B̄, then

◊
1
b̄, 0̄

2
=

1
s

1
b̄ ¶ 0̄

22≠
¶ s

1
b̄
2

¶ s
!
0̄
"

=

1
s

1
b̄
22≠

¶ s
1
b̄
2

= 0

◊
1
0̄, b̄

2
=

1
s

1
0̄ ¶ b̄

22≠
¶ s

!
0̄
"

¶ s
1
b̄
2

=

1
s

1
b̄
22≠

¶ s
1
b̄
2

= 0

and if b̄1, b̄2, b̄3 œ B̄, then

‡
b̄3

1
◊

1
b̄1, b̄2

22
+ ◊

1
b̄1 ¶ b̄2, b̄3

2

=

1
s

1
b̄3

22≠
¶

31
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

24
¶ s

1
b̄3

2

+

1
s

1
b̄1 ¶ b̄2 ¶ b̄3

22≠
¶ s

1
b̄1 ¶ b̄2

2
¶ s

1
b̄3

2

=

1
s

1
b̄1 ¶ b̄2 ¶ b̄3

22≠
¶ s

1
b̄1 ¶ b̄2

2
¶ s

1
b̄3

2

+

1
s

1
b̄3

22≠
¶

31
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

24
¶ s

1
b̄3

2

=

1
s

1
b̄1 ¶ b̄2 ¶ b̄3

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2
¶ s

1
b̄3

2

=

1
s

1
b̄1 ¶ b̄2 ¶ b̄3

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2 ¶ b̄3

2
¶

1
s

1
b̄2 ¶ b̄3

22≠
¶ s

1
b̄2

2
¶ s

1
b̄3

2

=

1
s

1
b̄1 ¶ b̄2 ¶ b̄3

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2 ¶ b̄3

2
+

1
s

1
b̄2 ¶ b̄3

22≠
¶ s

1
b̄2

2
¶ s

1
b̄3

2

= ◊
1
b̄1, b̄2 ¶ b̄3

2
+ ◊

1
b̄2, b̄3

2
.

Further ‹ and ‡ satisfy the condition (1.10). In fact, since

‹
b̄
(‡

b̄
(i)) = ⁄

s(b̄)

31
s

1
b̄
22≠

¶ i ¶ s
1
b̄
24

= ≠s
1
b̄
2

+ s
1
b̄
2

¶
1
s

1
b̄
22≠

¶ i ¶ s
1
b̄
2

= ≠s
1
b̄
2

+ i ¶ s
1
b̄
2

,

1.3 Ideals, socle and annihilator of a left semi-brace 25



and also, since I is the centre of (B, +),

‹
b̄
(‡

b̄
(i)) = ⁄

s(b̄)

31
s

1
b̄
22≠

¶ i ¶ s
1
b̄
24

= s
1
b̄
2

¶
31

s
1
b̄
22≠

+

1
s

1
b̄
22≠

¶ i ¶ s
1
b̄
24

= s
1
b̄
2

¶
31

s
1
b̄
22≠

¶ i ¶ s
1
b̄
2

+

1
s

1
b̄
22≠

4
= i ¶ s

1
b̄
2

≠ s
1
b̄
2

,

for every b̄ œ B̄ and i œ I. Hence if b̄1, b̄2 œ B̄ and i œ I, then

‹
b̄1

1
‡

b̄1 (i)
2

≠ i + ‹
b̄2

1
‡

b̄2 (i)
2

= ≠s
1
b̄1

2
+ i ¶ s

1
b̄1

2
≠ i + i ¶ s

1
b̄2

2
≠ s

1
b̄2

2

= ≠s
1
b̄1

2
+ i ¶

1
s

1
b̄1

2
+ s

1
b̄2

22
≠ s

1
b̄2

2

= ≠s
1
b̄1

2
+ i ¶

1
s

1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2
+ s

1
b̄1 + b̄2

22
≠ s

1
b̄2

2

= ≠s
1
b̄1

2
+ i ¶

1
s

1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

22
≠ i + i ¶ s

1
b̄1 + b̄2

2
≠ s

1
b̄2

2

= ≠s
1
b̄1

2
+ i + s

1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2
≠ i + i ¶ s

1
b̄1 + b̄2

2
≠ s

1
b̄2

2

= s
1
b̄2

2
≠ s

1
b̄1 + b̄2

2
+ i ¶ s

1
b̄1 + b̄2

2
≠ s

1
b̄2

2

= s
1
b̄2

2
+ ‹

b̄1+b̄2

1
‡

b̄1+b̄2 (i)
2

≠ s
1
b̄2

2

= ‹
b̄1+b̄2

1
‡

b̄1+b̄2 (i)
2

+ s
1
b̄2

2
≠ s

1
b̄2

2
= ‹

b̄1+b̄2

1
‡

b̄1+b̄2 (i)
2

,

i.e., ‹
b̄1

1
‡

b̄1 (i)
2

+ ‹
b̄2

1
‡

b̄2 (i)
2

= ‹
b̄1+b̄2

1
‡

b̄1+b̄2 (i)
2

+ i.

Finally, ‹, ◊, · satisfy condition (1.11). Note that ‹
b̄1¶b̄2

1
◊

1
b̄1, b̄2

22
= ≠s

1
b̄1 ¶ b̄2

2
+

s
1
b̄1

2
¶ s

1
b̄2

2
and

‹
b̄1¶b̄2

1
◊

1
b̄1, b̄2

22
= ⁄

s(b̄1¶b̄2)

31
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

24

= s
1
b̄1 ¶ b̄2

2
¶

31
s

1
b̄1 ¶ b̄2

22≠
+

1
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

24

= s
1
b̄1 ¶ b̄2

2
¶

31
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2
+

1
s

1
b̄1 ¶ b̄2

22≠
4

= s
1
b̄1

2
¶ s

1
b̄2

2
≠ s

1
b̄1 ¶ b̄2

2
,
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for all b̄1, b̄2 œ B̄, since I is in the centre of (B, +). Then, if b̄1, b̄2, b̄3 œ B̄

‹
b̄1¶b̄2

1
◊

1
b̄1, b̄2

22
+ ‹

b̄1¶b̄3

1
◊

1
b̄1, b̄3

22
≠ ·

1
b̄1, ≠b̄1 + b̄1 ¶ b̄3

2

+ ·
1
b̄1 ¶ b̄2, ≠b̄1 + b̄1 ¶ b̄3

2
= ≠s

1
b̄1 ¶ b̄2

2
+ s

1
b̄1

2
¶ s

1
b̄2

2
+ s

1
b̄1

2
¶ s

1
b̄3

2

≠ s
1
b̄1 ¶ b̄3

2
+ s

1
b̄1 ¶ b̄3

2
≠ s

1
≠b̄1 + b̄1 ¶ b̄3

2
≠ s

1
b̄1

2
+ s

1
b̄1 ¶ b̄2

2

+ s
1
≠b̄1 + b̄1 ¶ b̄3

2
≠ s

1
b̄1 ¶

1
b̄2 + b̄3

22
= ≠s

1
b̄1 ¶ b̄2

2
+ s

1
b̄1

2
¶ s

1
b̄2

2

+ s
1
b̄1

2
¶ s

1
b̄3

2
≠ s

1
≠b̄1 + b̄1 ¶ b̄3

2
≠ s

1
b̄1

2
+ s

1
b̄1

2
¶ s

1
b̄3

2

≠ s
1
b̄1

2
¶ s

1
b̄3

2
+ s

1
b̄1 ¶ b̄2

2
+ s

1
≠b̄1 + b̄1 ¶ b̄3

2
≠ s

1
b̄1 ¶

1
b̄2 + b̄3

22

= s
1
b̄1

2
¶ s

1
b̄3

2
≠ s

1
b̄1

2
¶ s

1
b̄3

2
+ s

1
b̄1 ¶ b̄2

2
≠ s

1
b̄1 ¶ b̄2

2
+ s

1
b̄1

2
¶ s

1
b̄2

2

+ s
1
≠b̄1 + b̄1 ¶ b̄3

2
≠ s

1
≠b̄1 + b̄1 ¶ b̄3

2
≠ s

1
b̄1

2
+ s

1
b̄1

2
¶ s

1
b̄3

2

≠ s
1
b̄1 ¶

1
b̄2 + b̄3

22
= s

1
b̄1

2
¶ s

1
b̄2

2
≠ s

1
b̄1

2
+ s

1
b̄1

2
¶ s

1
b̄3

2

≠ s
1
b̄1 ¶

1
b̄2 + b̄3

22
= s

1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

22
≠ s

1
b̄1 ¶

1
b̄2 + b̄3

22

= s
1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

22
≠ s

1
b̄1 ¶

1
b̄2 + b̄3

22
+ s

1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

22

≠ s
1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

22
= ≠s

1
b̄1 ¶

1
b̄2 + b̄3

22
+ s

1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

22

+ s
1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

22
≠ s

1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

22
= ≠s

1
b̄1 ¶

1
b̄2 + b̄3

22

+ s
1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

22
= ‹

b̄1¶(b̄2+b̄3)

1
◊

1
b̄1, b̄2 + b̄3

22
+ ‹

b̄1

1
·

1
b̄2, b̄3

22
,

since

‹
b̄1¶(b̄2+b̄3)

1
◊

1
b̄1, b̄2 + b̄3

22
+ ‹

b̄1

1
·

1
b̄2, b̄3

22

= ⁄
s(b̄1¶(b̄2+b̄3))

31
s

1
b̄1 ¶

1
b̄2 + b̄3

222≠
¶ s

1
b̄1

2
¶ s

1
b̄2 + b̄3

24

+ ⁄
s(b̄1)

1
s

1
b̄2

2
+ s

1
b̄3

2
≠ s

1
b̄2 + b̄3

22
= ≠s

1
b̄1 ¶

1
b̄2 + b̄3

22

+ s
1
b̄1

2
¶ s

1
b̄2 + b̄3

2
≠ s

1
b̄1

2
+ s

1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

2
≠ s

1
b̄2 + b̄3

22

= ≠s
1
b̄1 ¶

1
b̄2 + b̄3

22
+ s

1
b̄1

2
¶

1
s

1
b̄2 + b̄3

2
+ s

1
b̄2

2
+ s

1
b̄3

2
≠ s

1
b̄2 + b̄3

22

= ≠s
1
b̄1 ¶

1
b̄2 + b̄3

22
+ s

1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

2
≠ s

1
b̄2 + b̄3

2
+ s

1
b̄2 + b̄3

22

= ≠s
1
b̄1 ¶

1
b̄2 + b̄3

22
+ s

1
b̄1

2
¶

1
s

1
b̄2

2
+ s

1
b̄3

22
.

Hence we may consider the extension of the skew left brace B̄ with the zero left
brace I. Consider the map Â : B̄ ◊ I æ B defined by Â

1
b̄, i

2
:= s

1
b̄
2

+ i, for every
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b œ B, where b = s
1
b̄
2

+ i. We may check that Â is an isomorphism. In fact Â is
bijective and if b̄1, b̄2 œ B̄ and i1, i2 œ I, then

Â
1
b̄1, i1

2
+ Â

1
b̄2, i2

2
= s

1
b̄1

2
+ i1 + s

1
b̄2

2
+ i2

= s
1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2
+ s

1
b̄1 + b̄2

2
+ i1 + i2

= s
1
b̄1 + b̄2

2
+ i1 + i2 + ·

1
b̄1, b̄2

2
= Â

1
b̄1 + b̄2, i1 + i2 + ·

1
b̄1, b̄2

22

= Â
11

b̄1, i1
2

+

1
b̄2, i2

22

since ·
1
b̄1, b̄2

2
œ I and I is in the centre of (B, +). Moreover note that, if b̄1, b̄2 œ B̄

and i œ I, then

⁄
s(b̄1)¶s(b̄2)

(i) = ⁄
s(b̄1¶b̄2)¶(s(b̄1¶b̄2))

≠¶s(b̄1)¶s(b̄2)
(i)

= ⁄
s(b̄1¶b̄2)

A1
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2
¶

A31
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

24≠

+i)) = ⁄
s(b̄1¶b̄2)

(i) ,

since
1
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2
, i œ I and I is a zero left brace. Hence we have

Â
11

b̄1, i1
2

¶
1
b̄2, i2

22
= Â

11
b̄1 ¶ b̄2, ‹

b̄1¶b̄2

1
‡

b̄2

1
‹

b̄
≠
1

(i1)

22
+ ‹

b̄1 (i2) + ‹
b̄1¶b̄2

1
◊

1
b̄1, b̄2

2222

= s
1
b̄1 ¶ b̄2

2
+ ⁄

s(b̄1¶b̄2)

31
s

1
b̄2

22≠
¶ ⁄≠1

s(b̄1)
(i1) ¶ s

1
b̄2

24
+ ⁄

s(b̄1)
(i2)

+ ⁄
s(b̄1¶b̄2)

3
s

1
b̄1 ¶ b̄2

2≠
¶ s

1
b̄1

2
¶ s

1
b̄2

24

= s
1
b̄1 ¶ b̄2

2
¶

31
s

1
b̄2

22≠
¶ ⁄≠1

s(b̄1)
(i1) ¶ s

1
b̄2

2

+⁄
(s(b̄1¶b̄2))

≠¶(b̄1)
(i2) + s

1
b̄1 ¶ b̄2

2≠
¶ s

1
b̄1

2
¶ s

1
b̄2

24

= s
1
b̄1 ¶ b̄2

2
¶

3
s

1
b̄1 ¶ b̄2

2≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2

+

1
s

1
b̄2

22≠
¶ ⁄≠1

s(b̄1)
(i1) ¶ s

1
b̄2

2
+ ⁄

(s(b̄1¶b̄2))
≠¶(b̄1)

(i2)

4

= s
1
b̄1 ¶ b̄2

2
¶ s

1
b̄1 ¶ b̄2

2≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2

¶
1
s

1
b̄2

22≠
¶ ⁄≠1

s(b̄1)
(i1) ¶ s

1
b̄2

2
¶ ⁄

(s(b̄1)¶s(b̄2))
≠¶(b̄1)

(i2)

= s
1
b̄1

2
¶ ⁄

s(b̄1)
(i1) ¶ s

1
b̄2

2
¶ ⁄

(b̄2)
≠ (i2)

=

1
s

1
b̄1

2
+ i1

2
¶

1
s

1
b̄2

2
+ i2

2
= Â

1
s

1
b̄1

2
, i1

2
¶ Â

1
s

1
b̄2

2
, i2

2
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Remark 1.3.22. In the previous construction, {0} ◊ I lies in the socle of B ◊ I if
and only if ‹b (‡b (i)) = i for all i œ I and b œ B. In fact (0, i) œ {0} ◊ I lies in
Soc (B ◊ I) if and only if (0, i) + (b, j) = (0, i) ¶ (b, j), i.e.,

(b, i + j) = (b, ‹b (‡b (i)) + j) ,

for every (b, j) œ B ◊ I. In this case the condition (1.10) becomes ‹b (‡b (i)) = i, for
all b œ B and i œ I and the product is given by

(b1, i1) ¶ (b2, i2) =

1
b1 ¶ b2, ‹b1

1
‹b2

1
‡b2

1
‹

b
≠
1

(i1)

222
+ ‹b1 (i2) + ‹b1¶b2 (◊ (b1, b2))

2

=

1
b1 ¶ b2, ‹b1

1
‹

b
≠
1

(i1)

2
+ ‹b1 (i2) + ‹b1¶b2 (◊ (b1, b2))

2

= (b1 ¶ b2, i1 + ‹b1 (i2) + ‹b1¶b2 (◊ (b1, b2))) ,

for all (b1, i1) , (b2, i2) œ B ◊ I.

Recall that if (B, +), (I, +) are abelian groups, then a map · : B ◊ B æ I is a
symmetric 2-cocycle from (B, +) with values in (I, +) if · is a 2-cocycle and moreover
the following condition holds:

3. · (b1, b2) = · (b2, b1), for all b1, b2 œ B.

Corollary 1.3.23 (Theorem 3.3 in [2]). Let B be a left brace, I a zero left brace,
‡ : B æ Aut (I) a right action from (B, ¶) into the group of automorphisms of
(I, +), ‹ : B æ Aut (I) a left action from (B, ¶) into the group of automorphisms of
(I, +), · : B ◊ B æ I a symmetric 2-cocycle from (B, +) with values in (I, +) and
◊ : B ◊B æ I a 2-cocycle from (B, ¶) with values in (I, +) respect to ‡. If the following
conditions hold:

‹b1+b2 (‡b1+b2 (i)) + i = ‹b1 (‡b1 (i)) + ‹b2 (‡b2 (i)) ; (1.12)

‹b1¶(b2+b3) (◊ (b1, b2 + b3)) + ‹b1 (· (b2, b3)) + · (b1 ¶ (b2 + b3) , b1)

= ‹b1¶b2 (◊ (b1, b2)) + ‹b1¶b3 (◊ (b1, b3)) + · (b1 ¶ b2, b1 ¶ b3) ,
(1.13)

for all b, b1, b2, b3 œ B and i œ I, then B ◊ I is a left brace with the sum

(b1, i1) + (b2, i2) := (b1 + b2, i1 + i2 + · (b1, b2))

and the product

(b1, i1) ¶ (b2, i2) :=

1
b1 ¶ b2, ‹b1¶b2

1
‡b2

1
‹

b
≠
1

(i1)

22
+ ‹b1 (i2) + ‹b1¶b2 (◊ (b1, b2))

2
,

for all (b1, i1) , (b2, i2) œ B ◊ I. Moreover, {0} ◊ I is an ideal of B ◊ I isomorphic to I

such that (B ◊ I) / ({0} ◊ I) ≥= B.
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Conversely, if B is a left brace, I is an ideal of B such that I is a trivial left brace and
B̄ := B/I, then B is isomorphic to a left brace of the form described above, constructed
from B̄ and I.

Proof. First note that (1.13) is equivalent to (1.11). In fact if b1, b2, b3 œ B, then

≠· (b1, ≠b1 + b1 ¶ b3) + · (b1 ¶ b2, ≠b1 + b1 ¶ b3)

= ≠ · (b1, ≠b1 + b1 ¶ b3) + · (b1 ¶ b2, ≠b1 + b1 ¶ b3 + b1)

+ · (≠b1 + b1 ¶ b3, b1) ≠ · (b1 ¶ b2 ≠ b1 + b1 ¶ b3, b1)

= ≠ · (b1, ≠b1 + b1 ¶ b3) + · (b1 ¶ b2, b1 ¶ b3)

+ · (b1, ≠b1 + b1 ¶ b3) ≠ · (b1 ¶ (b2 + b3) , b1)

=· (b1 ¶ b2, b1 ¶ b3) ≠ · (b1 ¶ (b2 + b3) , b1) .

Hence

‹b1¶(b2+b3) (◊ (b1, b2 + b3)) + ‹b1 (· (b2, b3)) = ‹b1¶b2 (◊ (b1, b2)) + ‹b1¶b3 (◊ (b1, b3))

+ · (b1 ¶ b2, b1 ¶ b3) ≠ · (b1 ¶ (b2 + b3) , b1) = ‹b1¶b2 (◊ (b1, b2)) + ‹b1¶b3 (◊ (b1, b3))

≠ · (b1, ≠b1 + b1 ¶ b3) + · (b1 ¶ b2, ≠b1 + b1 ¶ b3) ,

for all b1, b2, b3 œ B. Therefore, by Theorem 1.3.21, (B ◊ I, +, ¶) is a skew left brace
and {0} ◊ I is an ideal of B ◊ I isomorphic to I such that (B ◊ I) / ({0} ◊ I) ≥= I.
Further

(b1, i1) + (b2, i2) = (b1 + b2, i1 + i2 + · (b1, b2)) = (b2 + b1, i2 + i1 + · (b2, b1))

= (b2, i2) + (b2, i2) ,

for all b1, b2 œ B and i1, i2 œ I, i.e., (B ◊ I, +) is an abelian group ad so (B ◊ I, +, ¶)

is a left brace.
On the other hand let B be a left brace, I an ideal of B with zero structure. As
in Theorem 1.3.21, set B̄ := B/I and consider fi : B æ B̄ the projection map,
s : B̄ æ B a map such that s

!
0̄
"

= 0 and fi
1
s

1
b̄
22

= b̄, for every b̄ œ B̄. Consider

maps · : B̄ ◊ B̄ æ I defined by ·
1
b̄1, b̄2

2
:= s

1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2
, for all

b̄1, b̄2 œ B̄, ◊ : B̄ ◊ B̄ æ I defined by ◊
1
b̄1, b̄2

2
:=

1
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2
,

for all b̄1, b̄2 œ B̄, ‡ : B̄ æ Aut (I) defined by ‡
b̄

: I æ I, i ‘æ
1
s

1
b̄
22≠

¶ i ¶ s
1
b̄
2

,

for every b̄ œ B̄ and ‹ : B̄ æ Aut (I) defined by ‹
b̄

: I æ I, i ‘æ ⁄
s(b̄)

(i) , for every

b̄ œ B̄. Then B̄, I, ·, ◊, ‡, ‹ satisfy Theorem 1.3.21. Moreover B̄ is a brace and

·
1
b̄1, b̄2

2
= s

1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2
= s

1
b̄2

2
+ s

1
b̄1

2
≠ s

1
b̄2 + b̄1

2

= ·
1
b̄2, b̄1

2
,
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for all b1, b2 œ B, i.e., · is a symmetric 2-cocycle. So B̄, I, ·, ◊, ‡, ‹ satisfy condition
(1.13). Therefore we may consider the left brace obtained from B̄ and I and we
have that it is isomorphic to B.

1.3.2 Skew left braces with non-trivial annihilator

By Theorem 1.3.21, we may describe all skew left braces with non trivial annihilator.
Note that if B is a skew left brace then the annihilator is the ideal

Ann (B) = {a | a œ B ’b œ B a ¶ b = a + b = b + a = b ¶ a} .

Definition 1.3.24. Let (B, +, ¶) be a skew left brace, (I, +) an abelian group. A
pair (·, ◊) such that · : B ◊ B æ I is a 2-cocycle from (B, +) with values in I,
◊ : B ◊ B æ A is a 2-cocycle of (B, ¶) with values in I and they satisfy

◊ (b1, b2 + b3) + · (b2, b3) = ◊ (b1, b2) + ◊ (b1, b3) ≠ · (b1, ≠b1 + b1 ¶ b3)

+· (b1 ¶ b2, ≠b1 + b1 ¶ b3) ,
(1.14)

for all b1, b2, b3 œ B, is said a Hochschild pair of the skew left brace B with values in I.

Proposition 1.3.25. Let (B, +, ¶) be a skew left brace, (I, +) an abelian group and
(·, ◊) a Hochschild pair of B with values in I. If we define on the cartesian product
B ◊ I

(b1, i1) + (b2, i2) := (b1 + b2, i1 + i2 + · (b1, b2)) , (1.15)

(b1, i1) ¶ (b2, i2) := (b1 ¶ b2, i1 + i2 + ◊ (b1, b2)) , (1.16)

for all b1, b2 œ B, i1, i2 œ I, then (B ◊ I, +, ¶) is a skew left brace.

Proof. Since (I, +) is an abelian group we may review it as a zero left brace, more-
over consider ‡ : B æ Aut (I) and ‹ : B æ Aut (I) as trivial actions. Then ◊, ‡, ‹, ·

satisfy the conditions of Theorem 1.3.21. In fact ◊ is a 2-cocycle of (B, ¶) with values
in (I, +) respect to the trivial action ‡, further · is a 2-cocycle of (B, +) with values
in (I, +) by assumption. Clearly, conditions (1.10) and (1.11) hold. Therefore we
may consider the extension of the skew left brace B by I where the sum and the
product are given by

(b1, i1) + (b2, i2) = (b1 + b2, i1 + i2 + · (b1, b2)) ,

(b1, i1) ¶ (b2, i2) = (b1 ¶ b2, i1 + i2 + ◊ (b1, b2)) ,

i.e., the thesis.
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Definition 1.3.26. Let (B, +, ¶) be a skew left brace, (I, +) an abelian group, (·, ◊)

a Hochschild pair of the skew left brace B with values in I. We call the skew left
brace constructed in previous proposition the Hochschild product of B by I (via · and
◊).

Theorem 1.3.27. Let B be a skew left brace such that Ann (B) ”= 0 and I := Ann (B).
Then there exists a Hochschild pair (·, ◊) of the skew left brace B̄ := B/I with values
in I such that B is isomorphic to the Hochschild product of B̄ by I (via · and ◊).

Proof. By proof of Theorem 1.3.21, consider fi : B æ B̄ the projection map and
s : B̄ æ B a map such that s

!
0̄
"

= 0 and fi
1
s

1
b̄
22

= b̄, for every b̄ œ B̄. Then the

right action ‡ : B̄ æ Aut (I) from
1
B̄, ¶

2
into the group of automorphisms of (I, +)

is

‡
b̄

: I æ I, i ‘æ
1
s

1
b̄
22≠

¶ i ¶ s
1
b̄
2

= i,

for every b̄ œ B̄, since I is the annihilator of B and, in particular, I is in the centre of
(B, ¶). The left action ‹ : B̄ æ Aut (I) from

1
B̄, ¶

2
into the group of automorphisms

of (I, +) is

‹
b̄

: I æ I, i ‘æ ⁄
s(b̄)

(i) = ≠s
1
b̄
2

+ s
1
b̄
2

¶ i = ≠s
1
b̄
2

+ s
1
b̄
2

+ i = i,

for every b̄ œ B̄, since i lies in the annihilator of B. Moreover, the 2-cocycle from1
B̄, +

2
with values in (I, +), · : B̄ ◊ B̄ æ I is

·
1
b̄1, b̄2

2
= s

1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2
,

for all b̄1, b̄2 œ B̄. Further, ◊ : B̄ ◊ B̄ æ A, defined by

◊
1
b̄1, b̄2

2
=

1
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2
,

is a 2-cocycle from
1
B̄, ¶

2
with values in I, since it is a 2-cocycle from

1
B̄, ¶

2
with

values in I respect to the trivial action. Hence (·, ◊) is a Hochschild pair and the
extension of the skew left brace B̄ by I is the Hochschild product of B̄ by I (via · and
◊). Finally, Â : B̄ ◊ I æ B, defined by Â

1
b̄, i

2
= s

1
b̄
2

+ i, for every
1
b̄, i

2
œ B̄ ◊ I,

is an isomorphism from B̄ ◊ I into B .

1.3.3 Left braces with non-trivial annihilator

We may describe all left braces with non-trivial annihilator.
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Proposition 1.3.28. Let (B, +, ¶) be a left brace, (I, +) an abelian group, (·, ◊) a
Hochschild pair of the left brace B with values in I, with · symmetric. Then the
Hochschild product of B by I (via · and ◊) is a left brace.

Proof. By Proposition 1.3.25, (B ◊ I, +, ¶) is a skew left brace with the sum and the
product given by

(b1, i1) + (b2, i2) = (b1 + b2, i1 + i2 + · (b1, b2)) ,

(b1, i1) ¶ (b2, i2) = (b1 ¶ b2, i1 + i2 + ◊ (b1, b2)) ,

for all b1, b2 œ B and i1, i2 œ I. Moreover (B ◊ I, +) is an abelian group, since
(B, +) and (I, +) are abelian and · is a symmetric 2-cocycle.

Theorem 1.3.29. Let B be a left brace such that Ann (B) ”= 0 and I := Ann (B).
Then there exists a Hochschild pair (·, ◊) of the left brace B̄ := B/I with values in I,
with · symmetric, such that B is isomorphic to the Hochschild product of B̄ by I (via ·

and ◊).

Proof. By Theorem 1.3.27, there exists a Hochschild pair (·, ◊) of the skew left brace
B̄ with values in I such that B is isomorphic to the Hochschild product of B̄ by I.

Moreover · is symmetric. In fact, if b̄1, b̄2 œ B̄ then

·
1
b̄1, b̄2

2
= s

1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2
= s

1
b̄2

2
+ s

1
b̄1

2
≠ s

1
b̄2 + b̄1

2

= ·
1
b̄2, b̄1

2
.

1.3.4 Left F -braces with non-trivial annihilator

As consequence of previous results we may find the description of all left F -braces
with non-trivial F -annihilator as in [9].

Definition 1.3.30 (see [9]). Let F be a field, B a left F -brace. The F -annihilator of
B is the set

AnnF (B) := {a | a œ B ’b œ B ’µ œ F (µa) ¶ b = (µa) + b = b ¶ (µa)} .

Proposition 1.3.31. Let F be a field and B a left F -brace. Then AnnF (B) is an ideal
of the left brace B, a subspace of the vector space B and it is contained in Ann (B).

1.3 Ideals, socle and annihilator of a left semi-brace 33



Proof. Clearly, AnnF (B) is not empty, since 0 œ AnnF (B). If i œ AnnF (B), then
i + b = i ¶ b, for every b œ B, i.e., i œ Soc (B), further i ¶ b = b ¶ i, i.e., i œ Z (B).
Hence AnnF (B) ™ Ann (B). Moreover, if i œ AnnF (B), then ≠i = i≠, so (µi≠

)¶b =

(≠µi) ¶ b = (≠µi) + b = (µi≠
) + b, and (µi≠

) ¶ b = (≠µi) ¶ b = b ¶ (≠µi) = b ¶ (µi≠
),

for all µ œ F and b œ B. Hence ≠i = i≠ œ AnnF (B). If i1, i2 œ AnnF (B), then

(µ (i1 + i2)) + b = (µi1) + (µi2) + b = (µi1) + ((µi2) ¶ b) = (µi1) ¶ (µi2) ¶ b

= ((µi1) + (µi2)) ¶ b = (µ (i1 + i2)) ¶ b

and

(µ (i1 + i2)) ¶ b = (µ (i1 + i2)) + b = (µi1) + (µi2) + b = ((µi1) + b) ¶ (µi2)

= b ¶ (µi1) ¶ (µi2) = b ¶ ((µi1) ¶ (µi2)) = b ¶ ((µi1) + (µi2))

= b ¶ (µ (i1 + i2)) ,

for all µ œ F and b œ B. Therefore i1 + i2 œ AnnF (B) and AnnF (B) is a subgroup
of (B, +). If i1, i2 œ AnnF (B), then i1 ¶ i2 = i1 + i2, and so AnnF (B) is a subgroup
of (B, ¶). Further if i œ AnnF (B), b≠ ¶ i ¶ b = b≠ ¶ b ¶ i = i œ AnnF (B), for every
b œ B, i.e., AnnF (B) is a normal subgroup of (B, ¶). Moreover, if i œ AnnF (B),
then

flb (i) =
!
i≠

+ b
"≠ ¶ b =

!
b ¶ i≠"≠ ¶ b = i ¶ b≠ ¶ b = i œ AnnF (B) ,

for every b œ B. Hence AnnF (B) is an ideal of the brace B. Finally, if i œ AnnF (B)

and ⁄ œ F , then

(µ (⁄i)) ¶ b = ((µ⁄) i) ¶ b = ((µ⁄) i) + b = (µ (⁄i)) + b

and

(µ (⁄i)) ¶ b = ((µ⁄) i) + b = b ¶ ((µ⁄) i) = b ¶ (µ (⁄i)) ,

for all µ œ F and b œ B, i.e., AnnF (B) is a subspace of the vector space B over the
field F .

Proposition 1.3.32. Let F be a field, B a left F -brace and I an ideal and a subspace
of B. Then B/I is a left F -brace. In particular, B̄ := B/ AnnF (B) is a left F -brace.
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Proof. We have that B/I is a left brace, since I is an ideal of B. Further B/I is a
vector space over F , since I is a subspace of the vector space B. Finally, if b1, b2 œ B

and µ œ F , then

µ ((b1 + I) ¶ (b2 + I)) = µ ((b1 ¶ b2) + I) = (µ (b1 ¶ b2)) + I

= (b1 ¶ (µb2) + (µ ≠ 1) b1) + I = (b1 + I) ¶ (µb2 + I) + ((µ ≠ 1) b1 + I) .

Hence B/I is a left F -brace.

Definition 1.3.33. Let F be a field, (B, +, ¶) a left F -brace and (V, +) a vector space
over F . A map ◊ : B ◊ B æ V such that

1. ◊ (a, µb + ‹c) = µ◊ (a, b) + ‹◊ (a, c),

2. ◊ (a ¶ b, c) + ◊ (a, b) = ◊ (b, c) + ◊ (a, b ¶ c),

for all a, b, c œ B and µ, ‹ œ F is called 2-cocycle of left F -brace B with values in V .

In particular ◊ is a 2-cocycle of (B, ¶) with values in V . In fact if a œ B, then

◊ (a, 0) = ◊ (a, 0 + 0) = ◊ (a, 0) + ◊ (a, 0) ,

and so ◊ (a, 0) = 0, since (V, +) is a group, moreover

◊ (0, a) = ◊ (0 ¶ 0, a) = ≠◊ (0, 0) + ◊ (0, 0 ¶ a) + ◊ (0, a) = ◊ (0, a) + ◊ (0, a) ,

i.e., ◊ (0, a) = 0.

Example 1.3.34. Let N be the zero algebra of dimension n over a field F , (e1, . . . , en)

a basis of N and · an endomorphism of the additive group of F . The map
◊ : N ◊ N æ F such that

◊

A
nÿ

i=1
xiei,

nÿ

i=1
yiei

B

= ·

A
nÿ

i=1
xi

B A
nÿ

i=1
yi

B

,
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for all x1, . . . , xn, y1, . . . , yn œ F is a 2-cocycle of the left F -brace N , but it is a
2-cocyle of the F -algebra N if and only if · is linear.
In fact, if x1, . . . , xn, y1, . . . , yn, z1, . . . , zn œ F , then

◊

A
nÿ

i=1
xiei, µ

nÿ

i=1
yiei + ‹

nÿ

i=1
ziei

B

= ◊

A
nÿ

i=1
xiei,

nÿ

i=1
(µyi + ‹zi) ei

B

= ·

A
nÿ

i=1
xi

B A
nÿ

i=1
(µyi + ‹zi)

B

= ·

A
nÿ

i=1
xi

B A

µ
nÿ

i=1
yi + ‹

nÿ

i=1
zi

B

= µ·

A
nÿ

i=1
xi

B A
nÿ

i=1
yi

B

+ ‹·

A
nÿ

i=1
xi

B A
nÿ

i=1
zi

B

= µ◊

A
nÿ

i=1
xiei,

nÿ

i=1
yiei

B

+ ‹◊

A
nÿ

i=1
xiei,

nÿ

i=1
ziei

B

,

◊

AA
nÿ

i=1
xiei

B

¶
A

nÿ

i=1
yiei

B

,
nÿ

i=1
ziei

B

+ ◊

A
nÿ

i=1
xiei,

nÿ

i=1
yiei

B

= ◊

AA
nÿ

i=1
xiei

B

+

A
nÿ

i=1
yiei

B

,
nÿ

i=1
ziei

B

+ ◊

A
nÿ

i=1
xiei,

nÿ

i=1
yiei

B

= ◊

A
nÿ

i=1
(xi + yi) ei,

nÿ

i=1
ziei

B

+ ◊

A
nÿ

i=1
xiei,

nÿ

i=1
yiei

B

= ·

A
nÿ

i=1
(xi + yi)

B A
nÿ

i=1
zi

B

+ ·

A
nÿ

i=1
xi

B A
nÿ

i=1
yi

B

=

A

·

A
nÿ

i=1
xi

B

+ ·

A
nÿ

i=1
yi

BB A
nÿ

i=1
zi

B

+ ·

A
nÿ

i=1
xi

B A
nÿ

i=1
yi

B

= ·

A
nÿ

i=1
xi

B A
nÿ

i=1
zi

B

+ ·

A
nÿ

i=1
yi

B A
nÿ

i=1
zi

B

+ ·

A
nÿ

i=1
xi

B A
nÿ

i=1
yi

B

and

◊

A
nÿ

i=1
yiei,

nÿ

i=1
ziei

B

+ ◊

A
nÿ

i=1
xiei,

A
nÿ

i=1
yiei

B

¶
A

nÿ

i=1
ziei

BB

= ◊

A
nÿ

i=1
yiei,

nÿ

i=1
ziei

B

+ ◊

A
nÿ

i=1
xiei,

A
nÿ

i=1
yiei

B

+

A
nÿ

i=1
ziei

BB

= ◊

A
nÿ

i=1
yiei,

nÿ

i=1
ziei

B

+ ◊

A
nÿ

i=1
xiei,

nÿ

i=1
yiei

B

+ ◊

A
nÿ

i=1
xiei,

nÿ

i=1
ziei

B

= ·

A
nÿ

i=1
yi

B A
nÿ

i=1
zi

B

+ ·

A
nÿ

i=1
xi

B A
nÿ

i=1
yi

B

+ ·

A
nÿ

i=1
xi

B A
nÿ

i=1
zi

B

Hence ◊ is a 2-cocycle of N with values in F .
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Proposition 1.3.35. Let N be the zero algebra of dimension one over a field F with a
basis (e1) and let ◊ a 2-cocycle on N , as left F -brace. Then there exists an endomorphism
· of (F, +) such that

◊ (x1e1, y1e1) = · (x1) y1,

for all x1, y1 œ F .

Proof. Let

· : F ≠æ F, x ‘≠æ ◊ (xe1, e1) .

It follows that

· (x + y) = ◊ ((x + y) e1, e1) = ◊ (xe1 + ye1, e1) = ◊ ((xe1) ¶ (ye1) , e1)

= ◊ (ye1, e1) + ◊ (xe1, (ye1) ¶ e1) ≠ ◊ (xe1, ye1)

= · (y) + ◊ (xe1, ye1 + e1) ≠ · (x) y = · (y) + · (x) y + · (x) ≠ · (x) y

= · (x) + · (y) .

for all x, y œ F , i.e., · is an endomorphism of the additive group of F . Moreover

◊ (x1e1, y1e1) = y1◊ (x1e1, e1) = · (x1) y1,

for all x1, y1 œ F .

This result shows that maps in Example 1.3.34 are the unique 2-cocycles of a 1-
dimensional zero algebra.

Proposition 1.3.36. Let F be a field, B a left F -brace, V a vector space over F and
◊ : B ◊ B æ V a 2-cocycle of the left F -brace B with values in V . If we define on the
cartesian product B ◊ V

µ (a, v) := (µa, µv)

(a, v) + (b, w) := (a + b, v + w)

(a, v) ¶ (b, w) := (a ¶ b, v + w + ◊ (a, b)) ,

for all µ œ F , a, b œ B and v, w œ V , then (B ◊ V, +, ¶) is a left F -brace.
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Proof. Consider · : B ◊ B æ V , defined by · (b1, b2) := 0, for all b1, b2 œ B. Then
· is a symmetric 2-cocycle from (B, +) with values in V . Moreover if b1, b2, b3 œ B,
then

◊ (b1, b2 + b3) + · (b2, b3) = ◊ (b1, b2 + b3) = ◊ (b1, b2) + ◊ (b1, b3)

= ◊ (b1, b2) + ◊ (b1, b3) ≠ · (b1, ≠b1 + b1 ¶ b3) + · (b1 ¶ b2, ≠b1 + b1 ¶ b3) ,

i.e., (·, ◊) is a Hochschild pair from the left brace B with values in V with ·

symmetric. By Proposition 1.3.28, B ◊ V respect to the sum and the product given
by

(a, v) + (b, w) = (a + b, v + w)

(a, v) ¶ (b, w) = (a ¶ b, v + w + ◊ (a, b)) ,

for all a, b œ B and v, w œ V is a left brace. Finally if µ œ F , a, b œ B, v, w œ V , then,
since B is a left F -brace and ◊ is a 2-cocylce of the left F -brace B with values in V ,

µ ((a, v) ¶ (b, w)) = µ (a ¶ b, v + w + ◊ (a, b)) = (µ (a ¶ b) , µv + µw + µ◊ (a, b))

= (a ¶ (µb) + (µ ≠ 1) a, µv + µw + ◊ (a, µb)) = (a ¶ (µb) , v + µw + ◊ (a, µb))

+ ((µ ≠ 1) a, (µ ≠ 1) v) = (a, v) ¶ (µ (b, w)) + (µ ≠ 1) (a, v) .

Hence, by Definition 1.1.12, the Hochschild product of B by V (via · and ◊) is a left
F -brace.

Definition 1.3.37. Let F be a field, (B, +, ¶) a left F -brace, V a vector space over
F and ◊ : B ◊ B æ V a 2-cocycle of the left F -brace B with values in V . The left
F -brace in previous proposition is called a Hochschild product of the left F -brace B

by V (via ◊).

Theorem 1.3.38. Let F be a field B, a left F -brace such that AnnF (B) ”= {0} and
V := AnnF (B). Then there exists a 2-cocycle ◊ of the left F -brace B̄ := B/V with
values in V such that B is isomorphic to the Hochschild product of B̄ by V (via ◊).

Proof. As in Theorem 1.3.21, let V := AnnF (B), B̄ := B/ AnnF (B), fi : B æ B̄

the projection map and choose a linear map s : B̄ æ B, from the vector space B̄ into
the vector space B such that fi

1
s

1
b̄
22

= b̄, for every b̄ œ B̄. The map · : B̄ ◊ B̄ æ V

is

·
1
b̄1, b̄2

2
:= s

1
b̄1

2
+ s

1
b̄2

2
≠ s

1
b̄1 + b̄2

2
= 0,
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for all b̄1, b̄2 œ B̄, since s is a linear map, the map ◊ : B̄ ◊ B̄ æ V is

◊
1
b̄1, b̄2

2
:=

1
s

1
b̄1 ¶ b̄2

22≠
¶ s

1
b̄1

2
¶ s

1
b̄2

2

= ≠s
1
b̄1 ¶ b̄2

2
+ s

1
b̄1

2
¶ s

1
b̄2

2
,

for all b̄1, b̄2 œ B̄, the right action ‡ : B̄ æ Aut (B) is

‡
b̄

: V æ V, i ‘æ
1
s

1
b̄
22≠

¶ i ¶ s
1
b̄
2

= i,

for every b̄ œ B̄, since AnnF (B) is contained in the centre of (B, ¶) and the left
action ‹ : B̄ æ Aut (B) is

‹
b̄

: I æ I, i ‘æ ≠s
1
b̄
2

+ s
1
b̄
2

¶ i = i,

for every b̄ œ B̄, since i lies in AnnF (B). In particular ◊ is a 2-cocycle from
1
B̄, ¶

2

with values in V respect to the trivial action, further if µ, ‹ œ F and b̄1, b̄2, b̄3 œ B̄,
then

µ◊
1
b̄1, b̄2

2
+ ‹◊

1
b̄1, b̄3

2
= ≠µs

1
b̄1 ¶ b̄2

2
+ µ

1
s

1
b̄1

2
¶ s

1
b̄2

22

≠ ‹s
1
b̄1 ¶ b̄3

2
+ ‹

1
s

1
b̄1

2
¶ s

1
b̄3

22

= ≠s
1
µ

1
b̄1 ¶ b̄2

22
+ s

1
b̄1

2
¶ s

1
µb̄2

2
+ (µ ≠ 1) s

1
b̄1

2

≠ s
1
‹

1
b̄1 ¶ b̄3

22
+ s

1
b̄1

2
¶ s

1
‹b̄3

2
+ (‹ ≠ 1) s

1
b̄1

2

= ≠s
1
b̄1 ¶

1
µb̄2

22
≠ (µ ≠ 1) s

1
b̄1

2
+ s

1
b̄1

2
¶ s

1
µb̄2

2
+ (µ ≠ 1) s

1
b̄1

2

≠ s
1
b̄1 ¶

1
‹b̄3

22
≠ (‹ ≠ 1) s

1
b̄1

2
+ s

1
b̄1

2
¶ s

1
‹b̄3

2
+ (‹ ≠ 1) s

1
b̄1

2

= ≠s
1
b̄1 ¶

1
µb̄2

22
+ s

1
b̄1

2
¶ s

1
µb̄2

2
≠ s

1
b̄1 ¶

1
‹b̄3

22
+ s

1
b̄1

2
¶ s

1
‹b̄3

2

+ s
1
b̄1

2
≠ s

1
b̄1

2
= ≠s

1
b̄1 ¶

1
µb̄2

2
≠ b̄1 + b̄1 ¶

1
‹b̄3

22
+ s

1
b̄1

2
¶ s

1
µb̄2

2

≠ s
1
b̄1

2
+ s

1
b̄1

2
¶ s

1
‹b̄3

2
= ≠s

1
b̄1 ¶

1
µb̄2 + ‹b̄3

22
+ s

1
b̄1

2
¶

1
s

1
µb̄2

2
+ s

1
‹b̄3

22

= ≠s
1
b̄1 ¶

1
µb̄2 + ‹b̄3

22
+ s

1
b̄1

2
¶ s

1
µb̄2 + ‹b̄3

2
= ◊

1
b̄1, µb̄2 + ‹b̄3

2
,

i.e., ◊ is a 2-cocycle of the left F -brace B̄ with values in V . Therefore we may
consider the left F -brace Hochschild product of B by V (via ◊), by 1.3.36. Finally
Â : B̄ ◊ A æ B, defined by Â

1
b̄, i

2
= s

1
b̄
2

+ i, for every
1
b̄, i

2
œ B̄ ◊ V , is an

isomorphism from the left brace Hochschild product of B by V (via ◊) into the left
brace B. Finally, Â is linear. In fact, if µ œ F and

1
b̄, i

2
œ B̄ ◊ V , then

µÂ
1
b̄, i

2
= µ

1
s

1
b̄
2

+ i
2

= s
1
µb̄

2
+ µi = Â

1
µb̄, µi

2
= Â

1
µ

1
b̄, i

22
.

Hence Â is an isomorphism from the left F -brace Hochschild product of B by V (via
◊) into the left F -brace B.
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1.4 Bijective 1-cocycles and left semi-braces

As for left braces (developed in [29] and already contained in [16]) and for skew
left braces (see [19]), we have a natural one-to-one correspondence between left
semi-braces and bijective 1-cocycles (to appear in [8]).

Definition 1.4.1. Let (G, ·) be a group, (B, +) a semigroup and ◊ : G æ Aut(B) a
homomorphism from the group G into the group of automorphisms of the semigroup
B. A function ” : G æ B is said a 1-cocycle from G into B if

” (g · h) = ” (g) + ◊ (g) (” (h)) ,

for all g, h œ G.

Proposition 1.4.2. Let (B, +) be a right group, (B, ·) a group, ◊ : B æ Aut (B) a
homomorphism from the group (B, ·) into the group of automorphisms of (B, +) and
” : B æ B a bijective 1-cocycle. Then, the operation over B given by

a ¶ b := ”
1
”≠1

(a) · ”≠1
(b)

2
= a + ◊

1
”≠1

(a)

2
(b) ,

for all a, b œ B, define a structure of group isomorphic to (B, ·) such that (B, +, ¶) is a
left semi-brace.

Proof. The structure (B, ¶) is a group with identity 0 := ”(1) where 1 is the identity
of (B, ·). In fact

a ¶ 0 = ”
1
”≠1

(a) · 1

2
= a = ”

1
1 · ”≠1

(a)

2
= 0 ¶ a,

for every a œ B, moreover if a œ B, setting b := ”
1!

”≠1
(a)

"≠12
, we have

a ¶ b = ”
3

”≠1
(a) ·

1
”≠1

(a)

2≠14
= ” (1) = 0

and

b ¶ a = ”
31

”≠1
(a)

2≠1
· ”≠1

(a)

4
= ” (1) = 0.

Note that

a + b = a ¶ ◊
31

”≠1
(a)

2≠14
(b), (1.17)
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for all a, b œ B. Furthermore, by previous relation,

a ¶ (b + c) = a + ◊
1
”≠1

(a)

2
(b + c) = a + ◊

1
”≠1

(a)

2
(b) + ◊

1
”≠1

(a)

2
(c)

= a ¶ b + ◊
1
”≠1

(a)

2
(c) = a ¶ b + a ¶

!
a≠

+ c
"

,

for all a, b, c œ B. Therefore, (B, +, ¶) is a left semi-brace.

Conversely, a left semi-brace determines a bijective 1-cocycle.

Proposition 1.4.3. Let (B, +, ¶) be a left semi-brace. Then, the function idB is a
bijective 1-cocycle, from the group (B, ¶) into the right group (B, +).

Proof. By Proposition 1.2.1 we have that ⁄ : B æ Aut (B) , b ‘æ ⁄b is a homomor-
phism from the group (B, ¶) into the group of automorphisms of (B, +). Moreover,
a + b = a ¶ ⁄a≠ (b), for all a, b œ B and it follows that

idB (a ¶ b) = a ¶ b = a ¶ ⁄a≠ (⁄a (b)) = a + ⁄a (b) = idB (a) + ⁄a (idB (b)) ,

and so idB is a 1-cocycle from the group (B, ¶) into the right group (B, +).

Theorem 1.4.4. Let (B, +) be a right group. Then, there exists a group (B, ¶) on B

such that (B, +, ¶) is a left semi-brace if and only if there exists a group (B, ·) and a
bijective 1-cocycle ” : B æ B, from the group (B, ·) into the right group (B, +).

In particular, if (B, +) is a group we obtain, as corollary of previous theorem, the
one-to-one correspondence between skew left braces and bijective 1-cocycle, see
[19].

Theorem 1.4.5. Let (B, +) be a group. Then, there exists a group (B, ¶) on B such
that (B, +, ¶) is a skew left brace if and only if there exists a group (B, ·) and a bijective
1-cocycle ” : B æ B from the group (B, ·) into the group (B, +).

Moreover if (B, +) is an abelian group, we obtain the analogue of this result for left
braces.

Theorem 1.4.6. Let (B, +) be an abelian group. Then, there exists a group (B, ¶)

on B such that (B, +, ¶) is a left brace if and only if there exists a group (B, ·) and a
bijective 1-cocycle ” : B æ B from the group (B, ·) into the abelian group (B, +).

1.5 Linear semi-cycle sets

Another algebraic structure strictly linked to left braces is linear cycle set, introduced
by Rump in [28]. In [8] we introduce a generalization of this structure, the linear
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semi-cycle set, and show a natural correspondence between left semi-braces and
linear semi-cycle sets.

Definition 1.5.1. Let (X, +) be a right group, • an operation on X. Then, (X, +, •)

is said to be a (right) linear semi-cycle set if the following hold:

1. ’ a œ X ”a : X æ X, x ‘æ x • a is bijective;

2. ÷ 0 œ X 0 • 0 = 0;

3. ’ a œ X a • a + 0 = a • a;

4. ’ a, b, c œ X (a + b) • c = a • c + b • c;

5. ’ a, b, c œ X a • (b + c) = (a • b) • (c • b).

Let us note that a (right) linear cycle set (see Definition 1.5.12) is a (right) linear
semi-cycle set. In fact, if (X, +) is an abelian group, then clearly 3. in Definition 1.5.1
is satisfied and, by the right distributivity of the sum respect to •, 0 • 0 = 0.

Example 1.5.2. Let X be a group and f an endomorphism of X such that f2
= f .

Then, set for all a, b œ X, a + b := bf(a) and a • b := b≠1af(b), the structure
(X, +, •) is a linear semi-cycle set. In fact, (X, +) is a right group. Clearly, the map
”b : X æ X, x ‘æ x • b is bijective. If 1 is the identity of X, 1 • 1 = 1

≠1
1f(1) = 1.

Moreover,

a • a + 1 = a≠1af (a) + 1 = f (a) + 1 = 1f2
(a) = f (a) = a • a.

Further,

a • c + b • c = c≠1af (c) + c≠1bf (c) = c≠1bf (c) f
1
c≠1af (c)

2

= c≠1bf (c) f
1
c≠1

2
f (a) f2

(c) = c≠1bf (a) f (c)

= c≠1
(a + b) f (c) = (a + b) • c

and finally

(a • b) • (c • b) =

1
b≠1af (b)

2
•

1
b≠1cf (b)

2

=

1
b≠1cf (b)

2≠1 1
b≠1af (b)

2
f

1
b≠1cf (b)

2

= f (b)
≠1 c≠1b

1
b≠1af (b)

2
f

1
b≠1

2
f (cf (b))

= (cf (b))
≠1 af (cf (b)) = a • (cf (b))

= a • (b + c) .
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Definition 1.5.3. Let (X, +, •) be linear semi-cycle set. Then the operation

a ¶ b := a + ”≠1
a (b) = a +

ab,

for all a, b œ X, is called the adjoint operation of X.

The following lemma contains basic properties of a linear semi-cycle set that are
useful tools in the study of this structure.

Lemma 1.5.4. Let (X, +, •) be a linear semi-cycle set and E (X) the set of idempotents
of (X, +). Set ab := ”≠1

a (b), the following hold:

1. ’ a, b, c œ X a
(b + c) =

ab +
ac;

2. ’ a, b, c œ X a
(
bc) =

a¶bc;

3. 0 œ E(X);

4. ”0 = idX .

Proof. Let a, b, c œ X. Then,

”a (
ab +

ac) = (
ab +

ac) • a =
ab • a +

ac • a = b + c,

and so

ab +
ac = ”≠1

a (b + c) =
a

(b + c) .

Moreover,

a
1

bc
2

• (a ¶ b) =
a

1
bc

2
• (a +

ab) =

1
a

1
bc

2
• a

2
• (

ab • a) =
bc • b = c

and so

a
1

bc
2

= ”≠1
a¶b

(c) =
a¶bc.

Moreover, by 2. and 3. in Definition 1.5.1,

0 + 0 = 0 • 0 + 0 = 0 • 0 = 0,

i.e., 0 œ E(X). Now, since

”0 (a) = a • 0 = a • (0 + 0) = (a • 0) • (0 • 0) = (a • 0) • 0 = ”0 (”0 (a)) ,

we have ”0 (a) = a, i.e., ”0 = idX .
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Proposition 1.5.5. Let (X, +, •) be linear semi-cycle set. Then the structure (X, ¶) is
a group. For every a œ X, we denote the inverse of a by a≠.

Proof. Let a, b, c œ X. Then,

a ¶ (b ¶ c) = a +
a

1
b +

bc
2

= a +
ab +

a
1

bc
2

= a ¶ b +
a¶bc = (a ¶ b) ¶ c,

i.e., ¶ is associative.
Moreover, 0 is the identity element of (X, ¶). In fact, by 3. and 4. in Lemma 1.5.4,

0 ¶ a = 0 +
0a = 0 + a = a.

Note that by 1. in Lemma 1.5.4 and 3. in Definition 1.5.1,

a =
a

(a • a) =
a

(a • a + 0) =
a

(a • a) +
a
0 = a +

a
0 = a ¶ 0,

i.e, 0 is identity respect to ¶.
Since (X, +) is a right group, there exists t œ X such that a + t = 0. So, a ¶ (t • a) =

a +
a

(t • a) = a + t = 0, i.e., t • a is a right inverse for a respect to ¶. Therefore,
(X, ¶) is a group.

Theorem 1.5.6. Let (X, +, •) be a linear semi-cycle set and ¶ its adjoint operation.
Then, (X, +, ¶) is a left semi-brace. On the other hand, if (X, +, ¶) is a left semi-brace,
set a • b := b≠ ¶ (b + a), for all a, b œ X, then the structure (X, +, •) is a linear
semi-cycle set.

Proof. First, if (X, +, •) is a linear semi-cycle set, note that by previous proposition
(X, ¶) is a group. Moreover, let a, b, c œ X and t œ X such that a + t = 0. Then,

a ¶ b + a ¶
!
a≠

+ c
"

= a +
ab + a +

a
(t • a + c) = a +

ab + a +
a

(t • a) +
ac

= a +
ab + a + t +

ac = a +
ab + 0 +

ac

= a +
a

(b + c) = a ¶ (b + c) .

Therefore, X satisfies the condition (1.1) in Definition 1.1.1.
Conversely, if (X, +, ¶) is a left semi-brace, by Proposition 1.2.4, (X, +) is a right
group and clearly, for all b œ X, ”b = ⁄b≠ so ”b is bijective. Let 0 be the identity of
(X, ¶). Then,

0 • 0 = ”0 (0) = ⁄0 (0) = 0 ¶ (0 + 0) = 0.
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If a œ X, then,

a • a + 0 = ”a (a) + 0 = ⁄a≠ (a) + 0 = ⁄a≠ (a + ⁄a (0))

= ⁄a≠ (a ¶ 0) = ⁄a≠ (a) = a • a.

Moreover, property 4. follows from Proposition 1.2.1.
Finally if a, b, c œ X, then,

a • (b + c) = ⁄≠1
b+c

(a) = ⁄≠1
b¶⁄b≠ (c) (a) = ⁄≠1

⁄b≠ (c)

1
⁄≠1

b

2
(a)

= ””b(c) (”b (a)) = (a • b) • (c • b) .

Therefore, (X, +, •) is a linear semi-cycle set.

1.5.1 Linear skew cycle sets

Here we introduce the concept of linear skew cycle set and we show the connection
with skew left braces.

Definition 1.5.7. Let (X, +) be a group and • an operation on X. Then (X, +, •) is
said to be a (right) linear skew cycle set if

1. ’a œ X ”a : X æ X, x ‘æ x • a is bijective;

2. ’a, b, c œ X (a + b) • c = a • c + b • c;

3. ’a, b, c œ X a • (b + c) = (a • b) • (c • b).

Example 1.5.8. Let (X, +) be a group and • an operation on X such that a • b := a,
for all a, b œ X. Then (X, +, •) is a linear skew cycle set. In fact, clearly ”a (x) =

x • a = x = idX (x) is bijective and if a, b, c œ X, then

(a + b) • c = a + b = a • c + b • c;

a • (b + c) = a = (a • b) • (c • b) .

Proposition 1.5.9. Let (X, +, •) be a linear skew cycle set. If 0 is the identity of (X, +),
then 0 • 0 = 0.

Proof. By 2. in Definition 1.5.7, we have

0 • 0 = (0 + 0) • 0 = 0 • 0 + 0 • 0,

and, since (X, +) is a group, 0 • 0 = 0.
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Remark 1.5.10. If (X, +, •) is a linear skew cycle set, by previous proposition,
(X, +, •) is a linear semi-cycle set. Conversely if (X, +, •) is a linear semi-cycle set
with (X, +) a group, then it is a linear skew brace.

By previous remark we obtain the following result as a corollary of the Theorem 1.5.6.
Also for linear skew cycle set X we may consider the adjoint operation of X as for
linear semi-cycle set, i.e.,

a ¶ b := a + ”≠1
a (b) = a +

ab,

for all a, b œ X.

Theorem 1.5.11. Let (X, +, •) be a linear skew cycle set and ¶ its adjoint operation.
Then (X, +, ¶) is a skew left brace. On the other hand, if (X, +, ¶) is a skew left brace,
then setting a • b := b≠ ¶ (b + a), for all a, b œ X, we have that (X, +, •) is a linear
skew cycle set.

Proof. If (X, +, •) is a linear skew cycle set, then by previous remark it is also a linear
semi-cycle set and, by Theorem 1.5.6, (X, +, ¶) is a left semi-brace. Further (X, +)

is a group and so (X, +, ¶) is a skew left brace. Conversely if (X, +, ¶) is a skew left
brace, in particular it is a left semi-brace, then (X, +, •) is a linear semi-cycle set and
by previous remark it is a linear skew cycle set.

1.5.2 Linear cycle sets

Now we recall the definition of linear cycle set.

Definition 1.5.12 (see [29]). Let (X, +) be an abelian group and • an operation on
X. Then (X, +, •) is said to be a (right) linear cycle set if

1. ’a œ X ”a : X æ X, x ‘æ x • a is bijective;

2. ’a, b, c œ X (a + b) • c = a • c + b • c;

3. ’a, b, c œ X a • (b + c) = (a • b) • (c • b).

Example 1.5.13. Let R be an unitary ring and I a left ideal of R contained in J (R),
the Jacobson radical of R. Every element of I is quasiregular, then on I we may
consider the following operation

a • b := (1 + b)
≠1 a,

for all a, b œ I. Then (I, +, •) is a linear cycle set. In fact, clearly (I, +) is an abelian
group. Moreover let a œ I. If x, y œ I satisfy ”a (x) = ”a (y), then (1 + a)

≠1 x =
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(1 + a)
≠1 y and so x = y, i.e., ”a is injective. If y œ I then set x := (1 + a) y œ I,

”a (x) = y. Hence ”a is a bijection. Further, if a, b, c œ I, then

(a + b) • c = (1 + c)
≠1

(a + b) = (1 + c)
≠1 a + (1 + c)

≠1 b = a • c + b • c

and

(a • b) • (c • b) =

1
(1 + b)

≠1 a
2

•
1
(1 + b)

≠1 c
2

=

1
1 + (1 + b)

≠1 c
2≠1

(1 + b)
≠1 a

=

1
(1 + b)

1
1 + (1 + b)

≠1 c
22≠1

a = (1 + b + c)
≠1 a = a • (b + c) .

Therefore (I, +, •) is a linear cycle set.

Clearly a linear cycle set is a linear skew cycle set and a left skew brace with additive
group abelian is a left brace. Therefore following result holds.

Theorem 1.5.14. Let (X, +, •) be a linear cycle set and ¶ its adjoint operation. Then
(X, +, ¶) is a left brace. On the other hand, if (X, +, ¶) is a left brace, then setting
a • b := b≠ ¶ (b + a), for all a, b œ X, we have that (X, +, •) is a linear cycle set.
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2The asymmetric product

2.1 The asymmetric product of left semi-braces

We focus on a construction: the asymmetric product of left semi-braces. This
construction can be found in [11] and in [9] by Catino, Stefanelli and myself for left
semi-braces and for left braces and for left F -braces, respectively. In the asymmetric
product, we mix two left semi-braces, using classical tools, to obtain another one.
Although in the general case the condition of compatibility is complicated we provide
examples of some particular cases that simplify this request.

Let B be a left semi-brace, E the set of idempotents of (B, +), 0 the identity of (B, ¶)

and G := B + 0. Since B = G + E, by Proposition 1.2.5 , every element b œ B may
be written in a unique way as b = g + e, with g œ G and e œ E; we call g the group
part of b and e the idempotent part of b.
In our construction it is essential to be able to distinguish the group and idempotent
parts of every element. For this purpose we provide the following lemma.

Lemma 2.1.1. Let B = G + E be a left semi-brace. If g, g1, g2 œ G, e, e1, e2 œ E then

1. (g + e)
≠

= (g + e)
≠¶e+(g + e)

≠¶g, with (g + e)
≠¶e œ G and (g + e)

≠¶g œ E;

2. (g1 + e1)¶(g2 + e2) = (g1 + e1)¶g2+0+⁄(g1+e1) (e2), with (g1 + e1)¶g2+0 œ G

and ⁄(g1+e1) (e2) œ E.

Proof. 1. If g + e is in G + E, then

(g + e)
≠

= (g + e)
≠ ¶ (e + 0) = (g + e)

≠ ¶ e + (g + e)
≠ ¶ (g + e + 0)

= (g + e)
≠ ¶ e + (g + e)

≠ ¶ g

and (g + e)
≠ ¶ e = fle (g≠

) œ G, by 2. in Proposition 1.2.11, and (g + e)
≠ ¶ g =

!
⁄g≠ (e)

"≠ œ E, by 1. in Proposition 1.2.11 and 2. in Proposition 1.2.7.
2. If g1 + e1, g2 + e2 are in G + E, then

(g1 + e1) ¶ (g2 + e2) = (g1 + e1) ¶ g2 + (g1 + e1) ¶
1
(g1 + e1)

≠
+ e2

2

= (g1 + e1) ¶ g2 + 0 + ⁄(g1+e1) (e2) ,

with (g1 + e1) ¶ g2 + 0 œ G, and, by 1. in Proposition 1.2.11, ⁄(g1+e1) (e2) œ E.
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Definition 2.1.2. Let (H, +), (N, +) be groups, c : H◊H æ N and – : H æ Aut(N).
Set nh

:= –(h)(n) for all h œ H, n œ N , if

1.
1
nh1

2
h2

= ≠c (h1, h2) + nh1+h2 + c (h1, h2),

2. c (h1 + h2, h3) + c (h1, h2)
h3

= c (h1, h2 + h3) + c (h2, h3),

3. c (h1, 0) = c (0, h2) = 0,

hold, for all n œ N , h1, h2, h3 œ H, then the structure over the cartesian product
H ◊ N with the sum given by

(h1, n1) + (h2, n2) :=

1
h1 + h2, c (h1, h2) + n1

h2 + n2
2

is a group with identity (0, 0), known as Schreier’s extension of N by H (via – and c)
[see Theorem 15.1.1 in 21]. We briefly call the couple (–, c) a cocycle from H into N .

We may extend the definition of cocycle between two groups to one between additive
structures of two left semi-braces.

Proposition 2.1.3. Let B1 = H + E and B2 = N + F be left semi-brace, where E

is the set of idempotents of (B1, +), F is the set of idempotents of (B2, +), 0B1 is the
identity of (B1, ¶), H := B1 + 0B1 , 0B2 is the identity of (B2, ¶), N := B2 + 0B2 and
(–, c) a cocycle from H into N . Then the sum over the cartesian product B1 ◊ B2 given
by

(h1 + e1, n1 + f1) + (h2 + e2, n2 + f2)

:=

1
h1 + h2 + e2, c (h1, h2) + n1

h2 + n2 + f2
2

,

for all h1, h2 œ H, n1, n2 œ N , e1, e2 œ E and f1, f2 œ F , defines a structure of right
group.

Proof. If h1 + e1, h2 + e2, h3 + e3 œ B1 and n1 + f1, n2 + f2, n3 + f3 œ B2 then

(h1 + e1, n1 + f1) + ((h2 + e2, n2 + f2) + (h3 + e3, n3 + f3))

= (h1 + e1, n1 + f1) +

1
h2 + h3 + e3, c (h2, h3) + n2

h3 + n3 + f3
2

=

1
h1 + h2 + h3 + e3, c (h1, h2 + h3) + n1

h2+h3 + c (h2, h3) + nh3
2 + n3 + f3

2

=

3
h1 + h2 + h3 + e3, c (h1, h2 + h3) + c (h2, h3) +

1
nh2

1
2

h3
+ nh3

2 + n3 + f3

4

=

3
h1 + h2 + h3 + e3, c (h1 + h2, h3) + c (h1, h2)

h3
+

1
nh2

1
2

h3
+ nh3

2 + n3 + f3

4

=

3
h1 + h2 + h3 + e3, c (h1 + h2, h3) +

1
c (h1, h2) + nh2

1 + n2
2

h3
+ n3 + f3

4
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=

1
h1 + h2 + e2, c (h1, h2) + n1

h2 + n2 + f2
2

+ (h3 + e3, n3 + e3)

= ((h1 + e1, n1 + f1) + (h2 + e2, n2 + f2)) + (h3 + e3, n3 + e3)

If h1 + e1, h2 + e2, h3 + e3 œ B1 and n1 + f1, n2 + f2, n3 + f3 œ B2 such that

(h1 + e1, n1 + e1) + (h2 + e2, n2 + e2) = (h1 + e1, n1 + e1) + (h3 + e3, n3 + e3) ,

then
Y
]

[
h1 + h2 + e2 = h1 + h3 + e3

c (h1, h2) + nh2
1 + n2 + f2 = c (h1, h3) + nh3

1 + n3 + f3

it follows

h2 = h3, e2 = e3, n2 = n3, f2 = f3,

i. e., (B1 ◊ B2, +) is a left cancellative semigroup. Moreover if h1 + e1, h3 + e3 œ B1
and n1 + f1, n3 + f3 œ B2, set h2 := ≠h1 + h3, e2 := e3, n2 := ≠n≠h1+h3

1 ≠
c (h1, ≠h1 + h3) + n3 and f2 := f3, then

(h1 + e1, n1 + f1) + (h2 + e2, n2 + f2)

=

1
h1 + h2 + e2, c (h1, h2) + n1

h2 + n2 + f2
2

= (h1 + (≠h1 + h3) + e3,

c (h1, ≠h1 + h3) + n1
≠h1+h3 +

1
≠n≠h1+h3

1 ≠ c (h1, ≠h1 + h3) + n3
2

+ f3
2

= (h3 + e3, n3 + f3) .

Hence (B1 ◊ B2, +) is a right group.

Theorem 2.1.4. Let B1 = H + E, B2 = N + F be left semi-braces, (–, c) a cocyle from
H into N and — : B2 æ Aut(B1) a homomorphism from the group (B2, ¶) into the
group of automorphisms of the left semi-brace B1. Set (n+f)

(h + e) := —(n + f)(h + e)

for all h + e œ B1, n + f œ B2, if

c
1
(h1 + e1) ¶ (n1+f1)h2 + 0, ⁄(h1+e1)

1
(n1+f1)h3

2
+ 0

2

+ ((n1 + f1) ¶ n2 + 0)
⁄(h1+e1)(

(n1+f1)
h3)+0

+ (n1 + f1) ¶
3
c

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

, h3
2

+

1
flf1

1
n≠

1
22

h3
4

= (n1 + f1) ¶
1
c (h2, h3) + n2h3

2

(2.1)
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holds for all h1, h2, h3 œ H, e1 œ E, n1, n2 œ N , f1 œ F , then the sum and the
multiplication over the cartesian product B1 ◊ B2 given by

(h1 + e1, n1 + f1) + (h2 + e2, n2 + f2)

:=

1
h1 + h2 + e2, c (h1, h2) + n1

h2 + n2 + f2
2

(h1 + e1, n1 + f1) ¶ (h2 + e2, n2 + f2)

:=

1
(h1 + e1) ¶ (n1+f1)

(h2 + e2) , (n1 + f1) ¶ (n2 + f2)

2

define a structure of left semi-brace. We call this structure the asymmetric product of
B1 and B2 (via –, c and —) and denote it by B1 o¶ B2.

Proof. By Proposition 2.1.3, (B1 ◊ B2, +) is a right group. Moreover, (B1 ◊ B2, ¶)

is a group since it is the semidirect product of the groups (B1, ¶) and (B2, ¶) by —.
To prove relation (1.1) in Definition 1.1.1, first we note that if h1 + e1, h2 + e2 œ B1
and n1 + f1, n2 + f2 œ B2, then

(h1 + e1, n1 + f1) ¶ (h2 + e2, n2 + f2)

=

1
(h1 + e1) ¶ (n1+f1)

(h2 + e2) , (n1 + f1) ¶ (n2 + f2)

2

=

1
(h1 + e1) ¶ (n1+f1)h2 + 0 + ⁄(h1+e1)

1
(n1+f1)e2

2
,

(n1 + f1) ¶ n2 + 0 + ⁄(n1+f1) (f2)

2
,

by Lemma 2.1.1. Now, let (h1 + e1, n1 + f1), (h2 + e2, n2 + f2), (h3 + e3, n3 + f3) be
in B1 ◊ B2. Then we have

L := (h1 + e1, n1 + f1) ¶ ((h2 + e2, n2 + f2) + (h3 + e3, n3 + f3))

= (h1 + e1, n1 + f1) ¶
1
h2 + h3 + e3, c (h2, h3) + nh3

2 + n3 + f3
2

=

1
(h1 + e1) ¶ (n1+f1)

(h2 + h3) + 0 + ⁄(h1+e1)
1

(n1+f1)e3
2

,

(n1 + f1) ¶
1
c (h2, h3) + nh3

2 + n3
2

+ 0 + ⁄(n1+f1) (f3)

2
.

Moreover, by the Lemma 2.1.1 and by propositions 1.2.7 and 1.2.11,

(h1 + e1, n1 + f1)
≠

+ (h3 + e3, n3 + f3)

=

1
(n1+f1)≠

(h1 + e1)
≠ , (n1 + f1)

≠
2

+ (h3 + e3, n3 + f3)

=

3
(n1+f1)≠

3
fle1

1
h≠

1
2

+

1
⁄

h
≠
1

(e1)

2≠
4

,

flf1

1
n≠

1
2

+

1
⁄

n
≠
1

(f1)

2≠
4

+ (h3 + e3, n3 + f3)

=

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

+ h3 + e3,

c
1

(n1+f1)≠ 1
fle1

1
h≠

1
22

, h3
2

+

1
flf1

1
n≠

1
22

h3
+ n3 + f3

4
.
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This implies that

(h1 + e1, n1 + f1) ¶
1
(h1 + e1, n1 + f1)

≠
+ (h3 + e3, n3 + f3)

2

=

1
(h1 + e1) ¶ (n1+f1)

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

+ h3
2

+ 0 + ⁄(h1+e1)
1

(n1+f1)e3
2

,

(n1 + f1) ¶
3
c

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

, h3
2

+

1
flf1

1
n≠

1
22

h3
+ n3

4
+

0 + ⁄(n1+f1) (f3)

2
.

Therefore

R := (h1 + e1, n1 + f1) ¶ (h2 + e2, n2 + f2) + (h1 + e1, n1 + f1)

¶
1
(h1 + e1, n1 + f1)

≠
+ (h3 + e3, n3 + f3)

2
=

1
(h1 + e1) ¶ (n1+f1)h2

+ (h1 + e1) ¶ (n1+f1)
1

(n1+f1)≠ 1
fle1

1
h≠

1
22

+ h3
2

+ 0 + ⁄(h1+e1)
1

(n1+f1)e3
2

,

c
1
(h1 + e1) ¶ (n1+f1)h2 + 0, (h1 + e1) ¶ (n1+f1)

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

+ h3
2

+ 0

2

+ ((n1 + f1) ¶ n2 + 0)
(h1+e1)¶(n1+f1)

1
(n1+f1)≠

(fle1(h
≠
1 ))+h3

2
+0

+ (n1 + f1) ¶
3
c

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

, h3
2

+

1
flf1

1
n≠

1
22

h3
+ n3

4

+0 + ⁄(n1+f1) (f3)

2
.

Since the idempotent components of the two first projections are the same, we
may compare the component in H of the first projection of R with that of L using
Lemma 2.1.1,

(h1 + e1) ¶ (n1+f1)h2 + (h1 + e1) ¶ (n1+f1)
1

(n1+f1)≠ 1
fle1

1
h≠

1
22

+ h3
2

+ 0

= (h1 + e1) ¶ (n1+f1)h2 + (h1 + e1) ¶
1
fle1

1
h≠

1
2

+
(n1+f1)h3

2
+ 0

= (h1 + e1) ¶ (n1+f1)h2 + (h1 + e1) ¶
3

fle1

1
h≠

1
2

+

1
⁄

h
≠
1

(e1)

2≠
+

(n1+f1)h3

4
+ 0

= (h1 + e1) ¶ (n1+f1)h2 + (h1 + e1) ¶
1
(h1 + e1)

≠
+

(n1+f1)h3
2

+ 0

= (h1 + e1) ¶
1

(n1+f1)h2 +
(n1+f1)h3

2
+ 0 = (h1 + e1) ¶ (n1+f1)

(h2 + h3) + 0.
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So the first projections coincide. For the second projections, idempotent components
are the same. So we compare components in N . For R the component in N is

c
1
(h1 + e1) ¶ (n1+f1)h2 + 0, (h1 + e1) ¶ (n1+f1)

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

+ h3
2

+ 0

2

+ ((n1 + f1) ¶ n2 + 0)
(h1+e1)¶(n1+f1)

1
(n1+f1)≠

(fle1(h
≠
1 ))+h3

2
+0

+ (n1 + f1) ¶
3
c

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

, h3
2

+

1
flf1

1
n≠

1
22

h3
+ n3

4
+ 0

= c
1
(h1 + e1) ¶ (n1+f1)h2 + 0, (h1 + e1) ¶

11
fle1

1
h≠

1
22

+
(n1+f1)h3

2
+ 0

2

+ ((n1 + f1) ¶ n2 + 0)
(h1+e1)¶((fle1(h

≠
1 ))+(n1+f1)

h3)+0

+ (n1 + f1) ¶
3
c

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

, h3
2

+

1
flf1

1
n≠

1
22

h3
+ n3

4
+ 0

= c
1
(h1 + e1) ¶ (n1+f1)h2 + 0, ⁄(h1+e1)

1
(n1+f1)h3

2
+ 0

2

+ ((n1 + f1) ¶ n2 + 0)
⁄(h1+e1)(

(n1+f1)
h3)+0

+ (n1 + f1) ¶
3
c

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

, h3
2

+

1
flf1

1
n≠

1
22

h3
+ n3

4
+ 0

and by (2.1) we have that it is equal to the component in N of the second projection
of L.

We obtain the semidirect product of two left semi-brace, a generalization of the
semidirect product of groups, as particular case of the asymmetric product.

Corollary 2.1.5. Let B1 and B2 be left semi-braces. Let — : B2 æ Aut(B1) be a
homomorphism from the group (B2, ¶) into the group of automorphism of the left
semi-brace (B1, +, ¶). Define on B1 ◊ B2

(h1 + e1, n1 + f1) + (h2 + e2, n2 + f2) := (h1 + h2 + e2, n1 + n2 + f2)

(h1 + e1, n1 + f1) ¶ (h2 + e2, n2 + f2)

:=

1
(h1 + e1) ¶ (n1+f1)

(h2 + e2) , (n1 + f1) ¶ (n2 + f2)

2
.

Then (B1 ◊ B2, +, ¶) is a left semi-brace. We call this structure the semidirect product
of B1 and B2 (via —) and we denote it by B1 o B2.
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Proof. Let B1 = H + E and B2 = N + F , – : H æ Aut(N) such that – (h) = idN ,
for every h œ H, and c : H ◊ H æ N such that c (h1, h2) = 0, for all h1, h2 œ H.
Then (–, c) is a cocycle from H into N and

c
1
(h1 + e1) ¶ (n1+f1)h2 + 0, ⁄(h1+e1)

1
(n1+f1)h3

2
+ 0

2

+ ((n1 + f1) ¶ n2 + 0)
⁄(h1+e1)(

(n1+f1)
h3)+0

+ (n1 + f1) ¶
3
c

1
(n1+f1)≠ 1

fle1

1
h≠

1
22

, h3
2

+

1
flf1

1
n≠

1
22

h3
4

= ((n1 + f1) ¶ n2 + 0) + (n1 + f1) ¶
1
flf1

1
n≠

1
22

= (n1 + f1) ¶ n2 + (n1 + f1) ¶
1
flf1

1
n≠

1
2

+ 0

2

= (n1 + f1) ¶ n2 + (n1 + f1) ¶ flf1

1
n≠

1
2

+ (n1 + f1) ¶
1
(n1 + f1)

≠
+ 0

2

= (n1 + f1) ¶ n2 + f1 + (n1 + f1) ¶
1
(n1 + f1)

≠
+ 0

2

= (n1 + f1) ¶ n2 + (n1 + f1) ¶
1
(n1 + f1)

≠
+ 0

2

= (n1 + f1) ¶ (n2 + 0) = (n1 + f1) ¶ n2 = (n1 + f1) ¶
1
c (h2, h3) + n2

h3
2

holds for all h1, h2, h3 œ H, e1 œ E, n1, n2 œ N and f1 œ F . Therefore condition
(2.1) in Theorem 2.1.4 is satisfied and as a consequence (B1 ◊ B2, +, ¶) is a left
semi-brace.

Example 2.1.6. Let G be a group. Let B1 be the zero left semi-brace with G as
additive (and multiplicative) structure (see Example 1.1.6), B2 the trivial left semi-
brace with G as multiplicative structure (see Example 1.1.3), and — : B2 æ Aut(B1)

a group homomorphism. The semidirect product of B1 o B2 by — is given by

(h1, f1) + (h2, f2) = (h1 + h2, f2)

and

(h1, f1) ¶ (h2, f2) = (h1 +
f1 h2, f2)

for all h1, h2 œ B1 and f1, f2 œ B2.
Let us note that this left semi-brace is not a trivial left semi-brace neither a zero left
semi-brace.

Finally, notice that if B1 is a trivial left semi-brace, B2 a left semi-brace and —

a homomorphism from the group (B2, ¶) into the group of automorphisms of the
group (B1, ¶), since Aut(B1, ¶) ™ Aut(B1, +, ¶), then we may consider the semidirect
product of left semi-braces B1 o B2 via —. So the semidirect product over B1 ◊ B2 is
given by

(e1, n1 + f1) + (e2, n2 + f2) = (e2, n1 + n2 + f2)
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and

(e1, n1 + f1) ¶ (e2, n2 + f2) = (e1 ¶ n1+f1e2, (n1 + f1) ¶ (n2 + f2)),

for all e1, e2 œ B1 and n1 + f1, n2 + f2 œ B2.

2.2 The asymmetric product of skew left braces

Corollary 2.2.1. Let H, N be skew left braces, (–, c) a cocycle from H into N and
— : N æ Aut(H) a homomorphism from the group (N, ¶) into the group of automor-
phisms of the skew left brace H such that

n1 ¶ c (h2, h3) ≠
1
n1 ¶ (≠n2)

h3
2

= c (h1 ¶ n1h2, ≠h1 + h1 ¶ n1h3) + (n1 ¶ n2 ≠ n1)
≠h1+h1¶n1 h3

≠c (h1, ≠h1 + h1 ¶ n1h3) ,

(2.2)

holds for all n1, n2 œ N , h1, h2, h3 œ H. Then the sum and the multiplication over the
cartesian product H ◊ N respectively given by

(h1, n1) + (h2, n2) :=

1
h1 + h2, c (h1, h2) + n1

h2 + n2
2

(h1, n1) ¶ (h2, n2) := (h1 ¶ n1h2, n1 ¶ n2)

define a structure of skew left brace, called the asymmetric product of H by N (via –,
— and c) and denoted by H o¶ N .

Proof. Let h1, h2, h3 œ H and n1, n2 œ N . First, notice that in this case the condition
(2.1) becomes

n1 ¶
1
c (h2, h3) + nh3

2
2

= c (h1 ¶ n1h2, ⁄h1 (
n1h3)) + (n1 ¶ n2)

⁄h1 (n1 h3)

+ n1 ¶
3
c

1
n

≠
1 h≠

1 , h3
2

+

1
n≠

1
2

h3
4

.

Now, by (2.2) and by 1. in Proposition 1.2.7, we have that

n1 ¶
3
c

1
n

≠
1 h≠

1 , h3
2

+

1
n≠

1
2

h3
4

= n1 ¶ c
1

n
≠
1 h≠

1 , h3
2

+ ⁄n1

31
n≠

1
2

h3
4

= c
1
h1 ¶ n1

1
n

≠
1 h≠

1
2

, ⁄h1 (
n1h3)

2
+

1
n1 ¶ n≠

1 ≠ n1
2

⁄h1 (n1 h3)
≠ c (h1, ⁄h1 (

n1h3))

+ n1 ¶
3

≠
1
n≠

1
2

h3
4

+ ⁄n1

31
n≠

1
2

h3
4

= c (0, ⁄h1 (
n1h3)) + (≠n1)

⁄h1 (n1 h3)

≠ c (h1, ⁄h1 (
n1h3)) + n1 ¶

3
≠

1
n≠

1
2

h3
+

1
n≠

1
2

h3
4

= (≠n1)
⁄h1 (n1 h3) ≠ c (h1, ⁄h1 (

n1h3)) + n1.
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Hence, by (2.2),

c (h1 ¶ n1h2, ⁄h1 (
n1h3)) + (n1 ¶ n2)

⁄h1 (n1 h3)
+ n1 ¶

3
c

1
n

≠
1 h≠

1 , h3
2

+

1
n≠

1
2

h3
4

= c (h1 ¶ n1h2, ⁄h1 (
n1h3)) + (n1 ¶ n2)

⁄h1 (n1 h3)
+ (≠n1)

⁄h1 (n1 h3)

≠ c (h1, ⁄h1 (
n1h3)) + n1 = n1 ¶ c (h2, h3) ≠

1
n1 ¶ (≠n2)

h3
2

+ n1

= n1 ¶ c (h2, h3) ≠ n1 +

1
n1 ¶ (n2)

h3
2

≠ n1 + n1

= n1 ¶
1
c (h2, h3) + nh3

2
2

and so the condition (2.1) is satisfied and H o¶ N is a left semi-brace by The-
orem 2.1.4. Moreover, (H ◊ N, +) is a group and then H o¶ N is a skew left
brace.

Example 2.2.2. Let H, N be a zero left semi-braces with N abelian. If c : H◊H æ N

is such that c(h1, h2) = 0, for all h1, h2 œ H, and – : H æ Aut(N) is a group
homomorphism from the group (H, +) into the group of the automorphisms of the
group (N, +) and — : N æ Aut(H) is such that —(n) = idH , for every n œ N , then
(–, c) is a cocycle from H into N and

c (h1 ¶ n1h2, ≠h1 + h1 ¶ n1h3) + (n1 ¶ n2 ≠ n1)
≠h1+h1¶n1 h3

≠c (h1, ≠h1 + h1 ¶ n1h3)

= 0 + (n1 + n2 ≠ n1)
≠h1+h1+h3

= nh3
2 = n1 ≠ n1 + nh3

2
= n1 ¶ 0 ≠

1
n1 + (≠n2)

h3
2

= n1 ¶ c (h2, h3) ≠
1
n1 ¶ (≠n2)

h3
2

.

Therefore, the hypotheses of previous corollary are satisfied. In particular, the sum
and the product over H ◊ N are given by

(h1, n1) + (h2, n2) :=

1
h1 + h2, n1

h2 + n2
2

(h1, n1) ¶ (h2, n2) := (h1 + h2, n1 + n2) .

This is the same example provided in Example 1.5 in [19].

Corollary 2.2.3. Let H and N be skew left braces. Let — : N æ Aut (H) be a
homomorphism from the group (N, ¶) into the group of automorphism of the skew left
brace (H, +, ¶). Define on H ◊ N

(h1, n1) + (h2, n2) := (h1 + h2, n1 + n2)

(h1, n1) ¶ (h2, n2) := (h1 ¶ n1h2, n1 ¶ n2) .

Then (H ◊ N, +, ¶) is a skew left brace. We call this structure the semidirect product
of H and N (via —) and we denote it by H o N .
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Proof. As in Corollary 2.1.5, let – : H æ Aut (N) such that – (h) = idN , for every
h œ H and c : H ◊ H æ N such that c (h1, h2) = 0, for all h1, h2 œ H. Then (–, c) is
a cocycle from H into N . Moreover, note that if B is a skew left brace, then

a = a ¶ 0 = a ¶ (b ≠ b) = a ¶ b ≠ a + a ¶ (≠b) ,

for all a, b œ B, i.e., ≠a ¶ (≠b) = ≠a + a ¶ b ≠ a, for all a, b œ B. Hence

n1 ¶ c (h2, h3) ≠
1
n1 ¶ (≠n2)

h3
2

= n1 ¶ 0 ≠ n1 + n1 ¶ n2 ≠ n1

= n1 ≠ n1 + n1 ¶ n2 ≠ n1 = n1 ¶ n2 ≠ n1

= c (h1 ¶ n1h2, ≠h1 + h1 ¶ n1h3) + (n1 ¶ n2 ≠ n1)
≠h1+h1¶n1 h3 ≠ c (h1, ≠h1 + h1 ¶ n1h3)

holds for all h1, h2, h3 œ H and n1, n2 œ N . Therefore the condition (2.2) in
Corollary 2.2.1 is satisfied and so (H ◊ N, +, ¶) is a skew left brace.

2.3 The asymmetric product of left braces

Remark 2.3.1. Let H, N be abelian groups, c : H◊H æ N a symmetric cocycle from
H with values in N (see Section 1.3.1). Note that if we consider – : H æ Aut (N),
such that – (h) = idN , for every h œ H, then (–, c) is a cocycle from H into N as in
Definition 2.1.2.

Corollary 2.3.2. Let H, N be left braces, c a symmetric cocycle from H into N and — :

N æ Aut(H) a homomorphism from the group (N, ¶) into the group of automorphisms
of the left brace H such that

n ¶ c (h2, h3) + c (h1 ¶ n
(h2 + h3) , h1) = c (h1 ¶ nh2, h1 ¶ nh3) + n (2.3)

holds for all h1, h2, h3 œ H and n œ N . Then the sum and the multiplication over the
cartesian product H ◊ N respectively given by

(h1, n1) + (h2, n2) := (h1 + h2, c (h1, h2) + n1 + n2)

(h1, n1) ¶ (h2, n2) := (h1 ¶ n1h2, n1 ¶ n2)

define a structure of left brace, called the asymmetric product of H by N (via – and c)
and denoted by H o¶ N .
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Proof. Let – : H æ Aut (N), such that – (h) = idN , for every h œ H, then (–, c)

is a cocycle from H into N as in Remark 2.3.1. Moreover if n1, n2 œ N and
h1, h2, h3 œ H, by (2.3), then

c (h1 ¶ n1h2, ≠h1 + h1 ¶ n1h3) + n1 ¶ n2 ≠ n1 ≠ c (h1, ≠h1 + h1 ¶ n1h3)

= ≠c (h1 ¶ n1h2 ≠ h1 + h1 ¶ n1h3, h1) + c (h1 ¶ n1h2, h1 ¶ n1h3) + n1 ¶ n2 ≠ n1

= ≠c (h1 ¶ n1 (h2 + h3) , h1) + c (h1 ¶ n1h2, h1 ¶ n1h3) + n1 ¶ n2 ≠ n1

= n1 ¶ c (h2, h3) ≠ n1 + n1 ¶ n2 ≠ n1

= n1 ¶ c (h2, h3) ≠ (n1 ¶ (≠n2)) ,

i.e., the condition (2.2) is satisfied. Hence, by Corollary 2.2.1, H o¶ N is a skew left
brace. Moreover, if h1, h2 œ H and n1, n2 œ N , then

(h1, n1) + (h2, n2) = (h1 + h2, c (h1, h2) + n1 + n2)

= (h2 + h1, c (h2, h1) + n2 + n1)

= (h2, n2) + (h1, n1) ,

i.e., (H ◊ N, +) is an abelian group. Therefore H o¶ N is a left brace.

Example 2.3.3. Let H be the left brace with additive group (Z, +) in Example 1.1.10
and N := Z/Z2 the zero left brace with additive and multiplicative structure the
cyclic group of 2 elements. We may consider — : N æ Aut (H) such that — (0) = idH

and — (1) = ≠ idH and c : H ◊ H æ N , such that c (h1, h2) = h1h2. If h1, h2, h3 œ H

and n œ N , then

c (h1 ¶ nh2, h1 ¶ nh3) + n = c
1
h1 + (≠1)

h1+n h2, h1 + (≠1)
h1+n h3

2
+ n

=

1
h1 + (≠1)

h1+n h2
2 1

h1 + (≠1)
h1+n h3

2
+ n

= h2
1 + h2h3 + (≠1)

h1+n
(h2 + h3) h1 + n

= n + h2h3 +

1
h1 + (≠1)

h1+n
(h2 + h3)

2
h1

= n ¶ c (h2, h3) + c (h1 ¶ n
(h2 + h3) , h1) ,

i.e., condition (2.3) holds. Therefore H, N, —, c satisfy the assumption of Corol-
lary 2.3.2. In particular, the sum and product over H ◊ N are given by

(h1, n1) + (h2, n2) = (h1 + h2, h1h2 + n1 + n2) ,

(h1, n1) ¶ (h2, n2) =

1
h1 + (≠1)

h1+n1 h2, n1 + n2
2

,

for all h1, h2 œ H and n1, n2 œ N .

Example 2.3.4. Let H be the left brace with additive group (Z/Z6, +) in Exam-
ple 1.1.11, N := Z/Z2 the zero left brace with additive and multiplicative structure
the cyclic group of 2 elements. We may consider — : N æ Aut (H) such that
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— (0) = idH , — (1) = (1 5) (2 4) and c : H ◊ H æ N , such that c (h1, h2) = h1 ú h2,
where h1 ú h2 is the canonical image of h1h2 in F2. Then, clearly, — is a group ho-
momorphism and c is a symmetric cocycle, in fact, c is a symmetric map, c (0, 0) = 0

and

c (h1 + h2, h3) + c (h1, h2) = (h1 + h2) ú h3 + h1 ú h2 = h1 ú h3 + h2 ú h3 + h1 ú h2

= h1 ú (h2 + h3) + h2 ú h3 = c (h1, h2 + h3) + c (h2, h3) ,

for all h1, h2, h3 œ H. Moreover, as in the previous example, (2.3) holds. Therefore
H, N, c, — satisfy the assumptions of the Corollary 2.3.2 and we may construct the
asymmetric product of H by N . Explicitly the sum and the product over H ◊ N are
given by

(h1, n1) + (h2, n2) = (h1 + h2, h1 ú h2 + n1 + n2)

and

(h1, n1) ¶ (h2, n2) =

Y
_______]

_______[

(h1 + h2, n1 + n2) if n1 = 0 and h1 œ {0, 2, 4}

or n1 = 1 and h1 œ {1, 3, 5}

(h1 + 5h2, n1 + n2) if n1 = 0 and h1 œ {1, 3, 5}

or n1 = 1 and h1 œ {0, 2, 4}

for all h1, h2 œ H and n1, n2 œ N .

Remark 2.3.5. Note that Z6◊0 is an ideal of the left brace Ho¶ N in Example 2.3.3.
In fact, (Z6, 0) is a normal subgroup of (H ◊ N, ¶) and

⁄(h,n) (6x, 0) = ≠ (h, n) + (h, n) ¶ (6x, 0) =

1
≠h, h2 ≠ n

2
+

1
h + (≠1)

h+n
6x, n

2

=

1
≠h + h + (≠1)

h+n
6x, ≠h

1
h + (≠1)

h+n
6x

2
+ h2 ≠ n + n

2

=

1
(≠1)

h+n
6x, 0

2
œ Z6 ◊ 0,

for all h, x œ Z and n œ Z/Z2. Therefore the left brace in Example 2.3.4 is the
quotient of H o¶ N by this ideal.

Example 2.3.6. Let H := Z/Zp2 be the left brace with multiplication given by

h1 ¶ h2 = h1 + h2 + ph1h2,

for all h1, h2 œ H and N := Z/Zp the zero left brace over the cyclic group of p

elements. We may consider — : N æ Aut (H) defined by nh = (1 + pn) h and
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c : H ◊ H æ N such that c (h1, h2) = h1 ú h2, where h1 ú h2 is the canonical image
of h1h2 in Fp. Then — is a group homomorphism, c is a symmetric cocycle and

c (h1 ¶ nh2, h2 ¶ nh3) + n = (h1 + (1 + pn) h2 + ph1 (1 + pn) h2) ú (h1 + (1 + pn) h3

+ph1 (1 + pn) h3) + n

= (h1 + h2) ú (h1 + h3) + n

= (h1 + h2 + h3) ú h1 + h2 ú h3 + n

=n + h2 ú h3 + (h1 + (1 + pn) (h2 + h3)

+ph1 (1 + pn) (h2 + h3)) ú h1

=n ¶ c (h2, h3) + c (h1 ¶ n
(h2 + h3) , h1) ,

for all h1, h2, h3 œ H and n œ N . Then H, N, —, c satisfy the assumption of Corol-
lary 2.3.2, explicitly the sum and the multiplication over H ◊ N are given by

(h1, n1) + (h2, n2) = (h1 + h2, h1 ú h2 + n1 + n2)

(h1, n1) ¶ (h2, n2) = (h1 + (1 + pn1) h2 + ph1h2, n1 + n2) ,

for all h1, h2 œ H, n1, n2 œ N . Note that this left brace can be found in [1].

As consequence of the asymmetric product for left braces we find the semidirect
product of left braces, introduced in [30], as reformulated in [13].

Corollary 2.3.7. Let H and N be left braces. Let — : N æ Aut (H) be a homomor-
phism from the group (N, ¶) into the group of automorphism of the left brace (H, +, ¶).
Define on H ◊ N

(h1, n1) + (h2, n2) := (h1 + h2, n1 + n2)

(h1, n1) ¶ (h2, n2) := (h1 ¶ n1h2, n1 ¶ n2) .

Then (H ◊ N, +, ¶) is a left brace. We call this structure the semidirect product of H

and N (via —) and we denote it by H o N .

Proof. As in Corollary 2.2.3, let – : H æ Aut (N) such that – (h) = idN , for every
h œ H and c : H ◊ H æ N such that c (h1, h2) = 0, for all h1, h2 œ H. Then (–, c) is
a cocycle from H into N . Further

n ¶ c (h2, h3) + c (h1 ¶ n
(h2 + h3) , h1) = c (h1 ¶ nh2, h1 ¶ nh3) + n

holds for all h1, h2, h3 œ H and n œ N . Therefore the condition (2.3) in Corol-
lary 2.3.2 is satisfied and so (H ◊ N, +, ¶) is a left brace.
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2.4 The asymmetric product of left F -braces

The following corollary gives a condition to obtain a left F -brace as asymmetric
product of left F -braces.

Corollary 2.4.1. Let F be a field of characteristic p ”= 2, and H, N left F -braces. Let
b : H ◊ H æ N be bilinear and symmetric map, — : N æ Aut (H) a homomorphism
of the multiplicative group of N into the group of the automorphism of the left F -brace
H that satisfy the condition

n ¶ b (h2, h3) + b (h1 ¶ n
(h2 + h3) , h1) = b (h1 ¶ nh2, h1 ¶ nh3) + n, (2.4)

for all h1, h2, h3 œ H and n œ N . Then the asymmetric product of H by N is a left
F -brace with the scalar multiplication given by

µ (h, n) =

3
µh,

µ (µ ≠ 1)

2
b (h, h) + µn

4
, (2.5)

for all h œ H, n œ N and µ œ F .

Proof. By Corollary 2.3.2, H o¶ N is a left brace. Further (H ◊ N, +) equipped with
the scalar multiplication in (2.5) is a F -vector space. Finally, the scalar multiplication
is compatible with ¶. In fact, if µ œ F , h1, h2 œ H, n1, n2 œ N , then

(h1, n1) ¶ (µ (h2, n2)) + (µ ≠ 1) (h1, n1)

= (h1, n1) ¶
3

µh2,
µ (µ ≠ 1)

2
b (h2, h2) + µn2

4

+

3
(µ ≠ 1) h1,

(µ ≠ 1) (µ ≠ 2)

2
b (h1, h1) + (µ ≠ 1) n1

4

=

3
h1 ¶ n1 (µh2) , n1 ¶

3
µ (µ ≠ 1)

2
b (h2, h2) + µn2

44

+

3
(µ ≠ 1) h1,

(µ ≠ 1) (µ ≠ 2)

2
b (h1, h1) + (µ ≠ 1) n1

4

= (h1 ¶ n1 (µh2) + (µ ≠ 1) h1, b (h1 ¶ n1 (µh2) , (µ ≠ 1) h1)

+n1 ¶
3

µ (µ ≠ 1)

2
b (h2, h2) + µn2

4
+

(µ ≠ 1) (µ ≠ 2)

2
b (h1, h1) + (µ ≠ 1) n1

4

and

µ ((h1, n1) ¶ (h2, n2)) = µ (h1 ¶ n1h2, n1 ¶ n2)

=

3
µ (h1 ¶ n1h2) ,

µ (µ ≠ 1)

2
b (h1 ¶ n1h2, h1 ¶ n1h2) + µ (n1 ¶ n2)

4

2.4 The asymmetric product of left F -braces 61



since H is a left F -brace, the first components are the same, also second components
are the same in fact we have

b (h1 ¶ n1 (µh2) , (µ ≠ 1) h1) + n1 ¶
3

µ (µ ≠ 1)

2
b (h2, h2) + µn2

4

+
(µ ≠ 1) (µ ≠ 2)

2
b (h1, h1) + (µ ≠ 1) n1

= b (µ (h1 ¶ n1h2) ≠ (µ ≠ 1) h1, (µ ≠ 1) h1) + n1 ¶
3

µ (µ ≠ 1)

2
b (h2, h2)

4

≠ n1 + n1 ¶ (µn2) +
(µ ≠ 1) (µ ≠ 2)

2
b (h1, h1) + (µ ≠ 1) n1

= µ (µ ≠ 1) b (h1 ¶ n1h2, h1) ≠ (µ ≠ 1)
2 b (h1, h1) +

µ (µ ≠ 1)

2
(n1 ¶ b (h2, h2))

≠
3

µ (µ ≠ 1)

2
≠ 1

4
n1 ≠ n1 +

(µ ≠ 1) (µ ≠ 2)

2
b (h1, h1) + µ (n1 ¶ n2)

= µ (µ ≠ 1) b (h1 ¶ n1h2, h1) ≠ (µ ≠ 1)
2 b (h1, h1)

+
µ (µ ≠ 1)

2
(b (h1 ¶ n1h2, h1 ¶ n1h2) + n1 ≠ b (h1 ¶ n1 (h2 + h2) , h1))

≠ µ (µ ≠ 1)

2
n1 +

(µ ≠ 1) (µ ≠ 2)

2
b (h1, h1) + µ (n1 ¶ n2)

=
µ (µ ≠ 1)

2
b (h1 ¶ n1h2, h1 ¶ n1h2) + µ (n1 ¶ n2)

Therefore H o¶ N is a left F -brace.

In order to have that (2.5) in previous result is a scalar multiplication the bilinearity
of b is necessary as the following example shows.

Example 2.4.2. Let F9 := È1Í ü ÈÊÍ be the field with 9 elements, where Ê is a root
of the irreducible polynomial x2

+ 2x + 2 œ F3 [x], and H = N := F9 the zero left
F9-braces. Let — : N æ Aut (H) be the trivial action and b : H ◊ H æ N defined by

b (a1 + b1Ê, a2 + b2Ê) = a1a2 + b1b2 + 2 ((a1 + b1) b2 + a2b1) Ê,

for all a1, a2, b1, b2 œ F3. The map b is a symmetric cocycle from H into N that
satisfies (2.3) but it is not a bilinear map. In fact, if a1, a2, a3, b1, b2, b3 œ F3, then
b (0, 0) = 0,

b (a1 + b1Ê, a2 + b2Ê) = a1a2 + b1b2 + 2 ((a1 + b1) b2 + a2b1) Ê

= a2a1 + b2b1 + 2 (a2b1 + b2b1 + a1b2) Ê

= b (a2 + b2Ê, a1 + b1Ê) ,
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b ((a1 + b1Ê) + (a2 + b2Ê) , a3 + b3Ê) + b (a1 + b1Ê, a2 + b2Ê)

= b (a1 + a2 + (b1 + b2) Ê, a3 + b3Ê) + a1a2 + b1b2 + 2 ((a1 + b1) b2 + a2b1) Ê

= (a1 + a2) a3 + (b1 + b2) b3 + 2 ((a1 + a2 + b1 + b2) b3 + a3 (b1 + b2)) Ê

+ a1a2 + b1b2 + 2 ((a1 + b1) b2 + a2b1) Ê

= a1a2 + a1a3 + b1b2 + b1b3 + a2a3 + b2b3

+ 2 (a1b2 + a1b3 + b1b2 + b1b3 + a2b1 + a3b1 + a2b3 + b2b3 + a3b2) Ê

= a1 (a2 + a3) + b1 (b2 + b3) + 2 ((a1 + b1) (b2 + b3) + (a2 + a3) b1) Ê

+ a2a3 + b2b3 + 2 ((a2 + b2) b3 + a3b2) Ê

= b (a1 + b1Ê, a2 + a3 + (b2 + b3) Ê) + b (a2 + b2Ê, a3 + b3Ê)

= b (a1 + b1Ê, (a2 + b2Ê) + (a3 + b3Ê)) + b (a2 + b2Ê, a3 + b3Ê) ,

and

b (a2 + b2Ê, a3 + b3Ê) + b (a1 + b1Ê + a2 + b2Ê + a3 + b3Ê, a1 + b1Ê)

= a2a3 + b2b3 + 2 ((a2 + b2) b3 + a2b3) Ê + (a1 + a2 + a3) a1 + (b1 + b2 + b3) b1

+ 2 ((a1 + a2 + a3 + b1 + b2 + b3) b1 + a1 (b1 + b2 + b3)) Ê

= (a1 + a2) (a1 + a3) + (b1 + b2) (b1 + b3)

+ 2 ((a1 + a2 + b1 + b2) (b1 + b3) + (a1 + a3) (b1 + b2)) Ê

= b (a1 + b1Ê + a2 + b2Ê, a1 + b1Ê + a3 + b3Ê) .

Hence, by Corollary 2.3.2, H o¶ N is a left brace. Suppose that (2.5) is a scalar
multiplication then

(1 + Ê) (2 + Ê, 1) = (Ê, 0)

and

(2 + Ê, 1) + Ê (2 + Ê, 1) = (Ê, 1 + Ê) ,

a contradiction. Therefore (H ◊ N, +) is not a F9-vector space.

Moreover, if the characteristic of the field F is 2, then conditions in Corollary 2.4.1
are not sufficient to obtain an F -brace as the following example shows.

Example 2.4.3. Let F2 be the field with 2 elements, H := F2 ◊ F2 and N := F2
the 2-dimensional and 1-dimensional F2-vector space seen as left F2-braces. Set
b : H ◊ H æ N such that

b ((b1, c1) , (b2, c2)) = b1b2 + c1c2,
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for all b1, b2, c1, c2 œ F2 and — : N æ Aut (H) such that — (0) = idH and — (1) : H æ
H such that — (1) (b1, c1) = (c1, b1), for all b1, c1 œ F2. The map b is bilinear and if
b1, b2, b3, c1, c2, c3 œ F2, then

b
1
(b1, c1) +

0
(b2, c2) , (b1, c1) +

0
(b3, c3)

2
= (b1 + b2) (b1 + b3) + (c1 + c2) (c1 + c3)

= b2b3 + c2c3 + (b1 + b2 + b3) b1 + (c1 + c2 + c3) c1

= b ((b2, c2) , (b3, c3)) + b
1
(b1, c1) +

0
((b2, c2) + (b3, c3)) , (b1, c1)

2

and

b
1
(b1, c1) +

1
(b2, c2) , (b1, c1) +

1
(b3, c3)

2
+ 1

= (b1 + c2) (b1 + c3) + (c1 + b2) (c1 + b3) + 1

= 1 + b2b3 + c21c3 + (b1 + c2 + c3) b1 + (c1 + b2 + b3) c1

= 1 + b ((b2, c2) , (b3, c3)) + b
1
(b1, c1) +

1
((b2, c2) + (b3, c3)) , (b1, c1)

2
.

Hence H, N, b, — satisfy the assumptions of Corollary 2.3.2. Nevertheless the asym-
metric product of H by N is not a left F2-brace, in fact

((1, 0) , 1) + ((1, 0) , 1) = ((0, 0) , 1) ,

((0, 0) , 1) + ((1, 0) , 1) = ((1, 0) , 0) ,

((1, 0) , 0) + ((1, 0) , 1) = ((0, 0) , 0) ,

i.e., the element ((1, 0) , 1) has order 4.

For a field of characteristic 2 we have the following partial result where the second
left F -brace as vector space over F has dimension 1 and the bilinear form comes
from a quadratic one.

Corollary 2.4.4. Let F be a field of characteristic 2, and H a left F -brace, N a left
F -brace with additive group (F, +). Let q be a quadratic form on H, b the polar form
of q, — : N æ Aut (H) a homomorphism of the multiplicative group of N , into the
group of automorphisms of the left F -brace H that satisfy the condition

b (h1 ¶ nh2, h1) = n ¶ q (h2) + n + q (h1) + q (h1 ¶ nh2) (2.6)

for all h1, h2 œ H and n œ N . Then the asymmetric product of H by N is a left F -brace
with the scalar multiplication given by

µ (h, n) = (µh, µ (µ + 1) q (h) + µn) , (2.7)

for all h œ H, n œ N and µ œ F .
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Proof. First, (2.6) implies (2.3) in Corollary 2.3.2. In fact, if h1, h2, h3 œ H and
n œ N , then

b (h1 ¶ nh2, h1 ¶ nh3) + n = q (h1 ¶ nh2 + h1 ¶ nh3) + q (h1 ¶ nh2) + q (h1 ¶ nh3) + n

= q (h1 ¶ nh2 + h1 ¶ nh3) + n ¶ q (h2) + n + q (h1) + b (h1 ¶ nh2, h1)

+ n ¶ q (h3) + n + q (h1) + b (h1 ¶ nh3, h1) + n

= q (h1 ¶ nh2 + h1 ¶ nh3) + b (h1 ¶ nh2 + h1 ¶ nh3, h1) + n ¶ (q (h2) + q (h3))

= q (h1 ¶ nh2 + h1 ¶ nh3 + h1) + q (h1) + n ¶ (b (h2, h3) + q (h2 + h3))

= q (h1 ¶ n
(h2 + h3)) + q (h1) + n ¶ b (h2, h3) + n + n ¶ q (h2 + h3)

= n ¶ b (h2, h3) + b (h1 ¶ n
(h2 + h3) , h1) .

Hence H o¶ N is a left brace. Moreover (H ◊ N, +) with the scalar multiplication
(2.7) is a vector space over F .

Finally, if µ œ F , h1, h2 œ H and n1, n2 œ N , then

(h1, n1) ¶ (µ (h2, n2)) + (µ + 1) (h1, n1)

= (h1, n1) ¶ (µh2, µ (µ + 1) q (h2) + µn2)

+ ((µ + 1) h1, (µ + 1) µq (h1) + (µ + 1) n1)

= (h1 ¶ n1 (µh2) , n1 ¶ (µ (µ + 1) q (h2) + µn2))

+ ((µ + 1) h1, (µ + 1) µq (h1) + (µ + 1) n1)

= (h1 ¶ n1 (µh2) + (µ + 1) h1, b (h1 ¶ n1 (µh2) , (µ + 1) h1)

+n1 ¶ (µ (µ + 1) q (h2) + µn2) + (µ + 1) µq (h1) + (µ + 1) n1)

= (µ (h1 ¶ n1h2) , µ (µ + 1) b (h1 ¶ n1h2, h1) + µ (µ + 1) (n1 ¶ q (h2))

+ (µ (µ + 1) + 1) n1 + n1 + n1 ¶ (µn2) + µ (µ + 1) q (h1) + (µ + 1) n1)

= (µ (h1 ¶ n1h2) , µ (µ + 1) (b (h1 ¶ n1h2, h1) + n1 ¶ q (h2) + n1 + q (h1))

+µ (n1 ¶ n2)) = (µ (h1 ¶ n1h2) , µ (µ + 1) q (h1 ¶ n1h2) + µ (n1 ¶ n2))

= µ (h1 ¶ n1h2, n1 ¶ n2) = µ ((h1, n1) ¶ (h2, n2)) .

Therefore (H ◊ N, +, ¶) is a left F -brace.
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3The matched product

3.1 The matched product of left semi-braces

We introduce the matched product of left semi-braces, a construction of left semi-
braces (to appear in [12]) that generalizes the matched product of left braces
introduced in [2] and [4], and includes also the semidirect product of left semi-
braces (Corollary 2.1.5).

In this chapter, if B1, B2 are groups and ” : B1 æ Sym (B2) a right action of the
group (B1, ¶) on the set B2 and ‡ : B2 æ Aut (B1) a left action of the group (B2, ¶)

on the set B1, then we denote by

xa
:= ”a (x) and xa := ‡x (a) ,

for all a œ B1 and x œ B2.

Theorem 3.1.1. Let B1, B2 be left semi-braces, ” : B1 æ Sym (B2) a right action
of the group (B1, ¶) on the set B2 and ‡ : B2 æ Aut (B1) a left action of the group
(B2, ¶) on the set B1 and ‡x is an automorphism of the semigroup (B1, +), for every
x œ B2, such that

1. x
(a ¶ b) = (

xa) ¶
!

x
a
b
"
;

2. x
0 = 0;

3. (x ¶ y)
a

= x
y

a ¶ ya;

4. 0
a

= 0;

5.
11

(x + y)
≠

2
a
2≠

=
!
(x≠

)
a"≠

+
!
(y≠

)
a"≠,

hold for all a, b œ B1 and x, y œ B2. Then the sum and the multiplication over the
cartesian product B1 ◊ B2 given by

(a, x) + (b, y) := (a + b, x + y)

(a, x) ¶ (b, y) :=

Q

aa ¶ ((x
≠)

a
)

≠
b, x ¶

Q

a!
y≠"

1
x≠

a

2≠R

b
≠R

b
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define a structure of left semi-brace. We call this structure the matched product of
the left semi-brace B1 and the left semi-brace B2 by ” and ‡ and we denote it by
B1 ÛÙ B2.

Proof. Clearly the structure (B1 ◊ B2, +) is a left cancellative semigroup. To prove
that (B1 ◊ B2, ¶) is a group, first note that the structure (B1 ◊ B2, ·) where

(a, x) · (b, y) =

1
a ¶ xb, xb ¶ y

2
,

is a group with identity (0, 0), since it is the matched product of the groups (B1, ¶)

and (B2, ¶) obtained by the actions ‡ and ”. In fact, if a, b, c œ B1 and x, y, z œ B2,
then, by conditions 1. and 3., we have that

(a, x) · ((b, y) · (c, z)) = (a, x) · (b ¶ yc, yc ¶ z) =

1
a ¶ x

(b ¶ yc) , xb¶y
c ¶ (yc ¶ z)

2

=

3
a ¶ xb ¶ x

b
(
yc) ,

1
xb

2y
c

¶ yc ¶ z
4

=

1
(a ¶ xb) ¶ x

b¶yc,
1
xb ¶ y

2
c

¶ z
2

=

1
a ¶ xb, xb ¶ y

2
· (c, z) = ((a, x) · (b, y)) · (c, z) .

By condition 2., we have

(a, x) · (0, 0) =

1
a ¶ x

0, x0 ¶ 0

2
= (a ¶ 0, x ¶ 0) = (a, x) ,

by condition 4.,

(0, 0) · (a, x) =

1
0 ¶ 0a, 0

a ¶ x
2

= (0 ¶ a, 0 ¶ x) = (a, x)

and, since ” and ‡ are actions,

(a, x) ·
A

x
≠ !

a≠"
,
3

x
x≠

(a
≠)

4≠
B

=

A

a ¶ x
1

x
≠ !

a≠"2
, x

x≠
(a

≠) ¶
3

x
x≠

(a
≠)

4≠
B

= (a ¶ a≠, 0) = (0, 0) .

Moreover, the map Ï : B1 ◊ B2 æ B1 ◊ B2 given by

Ï (a, x) :=

A

a,
3!

x≠"a
≠

4≠
B

,

for every (a, x) œ B1 ◊ B2 is an isomorphism from the group (B1 ◊ B2, ·) into
(B1 ◊ B2, ¶).
First note that, if c œ B1 and z œ B2, then 0 =

z
(c≠ ¶ c) =

zc≠ ¶ z
c≠

c, that is,
(
zc≠

)
≠

=
z

c≠
c and in particular

(zc)≠
(
zc)

≠
=

(zc)≠ 1
z

c
c≠

2
=

(zc)≠¶(zc) !
c≠"

= c≠.
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Similarly, if c œ B1 and z œ B2, it follows that 0 = (z ¶ z≠
)
c

= z
z≠

c ¶ (z≠
)
c, i.e.,

!
(z≠

)
c"≠

= z
z≠

c in particular

1
(zc

)
≠

2(z
c)≠

=

1!
z≠"z

c
2(z

c)≠

= z≠.

If a, b œ B1 and x, y œ B2, then

Ï (a, x) ¶ Ï (b, y) =

A

a,
3!

x≠"a
≠

4≠
B

¶
A

b,
3!

y≠"b
≠

4≠
B

=

Q

cccccca
a ¶

11
(x

≠)
a≠2a2≠

b,
3!

x≠"a
≠

4≠
¶

Q

cccccca

3!
y≠"b

≠
4

Q

a
1
(x≠

)
a≠2

a

R

b
≠R

ddddddb

≠R

ddddddb

=

Q

aa ¶ xb,
3!

x≠"a
≠

4≠
¶

Q

a
3!

y≠"b
≠

4x≠
a

≠
R

b
≠R

b

and

Ï ((a, x) · (b, y)) = Ï
1
a ¶ xb, xb ¶ y

2
=

Q

aa ¶ xb,

A31
xb ¶ y

2≠
4(a¶x

b)≠B≠R

b

=

Q

aa ¶ xb,

A3
y≠ ¶

1
xb

2≠
4(a¶x

b)≠B≠R

b

=

Q

aa ¶ xb,

A
!
y≠"(xb

)
≠

(a¶x
b)≠

¶
31

xb
2≠

4(a¶x
b)≠B≠R

b

=

Q

cccaa ¶ xb,

Q

ccca
!
y≠"(xb

)
≠

(x
b)≠¶

1
(xb

)
≠

2(xb)≠

a
≠

¶
1!

x≠"x
b
2(x

b)≠¶a
≠

R

dddb

≠R

dddb

=

A

a ¶ xb,
3!

y≠"b
≠¶x≠

a
≠

¶
!
x≠"a

≠
4≠B

=

Q

aa ¶ xb,
3!

x≠"a
≠

4≠
¶

Q

a
3!

y≠"b
≠

4x≠
a

≠
R

b
≠R

b .

Hence Ï is a homomorphism from the group (B1 ◊ B2, ·) into (B1 ◊ B2, ¶). Further,

Â : B1 ◊B2 æ B1 ◊B2, given by Â (a, x) :=

3
a,

1
x

≠
a

2≠
4

, for all a œ B1 and x œ B2,

is the inverse of Ï, so Ï is bijective.

Finally, note that

(a, x)
≠

=

31
x

≠
a

2≠
,
!
x≠"a

4
,
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for every (a, x) œ B1 ◊ B2. If a, b, c œ B1 and x, y, z œ B2, then, by 1., 2., 4. and
since ‡ is a left action f the group (B2, ¶) on the left semi-brace B1, we have that

(a, x) ¶ (b, y) + (a, x) ¶
1
(a, x)

≠
+ (c, z)

2

=

Q

aa ¶ ((x
≠)

a
)

≠
b, x ¶

Q

a!
y≠"

1
x≠

a

2≠R

b
≠R

b + (a, x) ¶
31

x
≠

a
2≠

+ c,
!
x≠"a

+ z
4

=

Q

aa ¶ ((x
≠)

a
)

≠
b, x ¶

Q

a!
y≠"

1
x≠

a

2≠R

b
≠R

b

+

Q

caa ¶ ((x
≠)

a
)

≠
31

x
≠

a
2≠

+ c
4

, x ¶

Q

ca
31!

x≠"a
+ z

2≠
4

1
x≠

a

2≠R

db

≠R

db

=

3
a ¶ ((x

≠)
a
)

≠
b + a ¶

3
((x

≠)
a
)

≠ 1
(x

≠)
a

a≠
2

+
((x

≠)
a
)

≠
c
4

,

x ¶

Q

a!
y≠"

1
x≠

a

2≠R

b
≠

+ x ¶

Q

ca

Q

a
1!

x≠"a
2≠

1
x≠

a

2≠R

b
≠

+

Q

a!
z≠"

1
x≠

a

2≠R

b
≠

R

db

R

db

=

3
a ¶ ((x

≠)
a
)

≠
b + a ¶

3
a≠

+
((x

≠)
a
)

≠
c
4

,

x ¶

Q

a!
y≠"

1
x≠

a

2≠R

b
≠

+ x ¶

Q

ax≠
+

Q

a!
z≠"

1
x≠

a

2≠R

b
≠R

b

R

b

=

Q

aa ¶ ((x
≠)

a
)

≠
(b + c) , x ¶

Q

a

Q

a!
y≠"

1
x≠

a

2≠R

b
≠

+

Q

a!
z≠"

1
x≠

a

2≠R

b
≠R

b

R

b

=

Q

aa ¶ ((x
≠)

a
)

≠
(b + c) , x ¶

Q

a(y + z)
≠

1
x≠

a

2≠R

b
≠R

b = (a, x) ¶ ((b, y) + (c, z)) .

Therefore the property (1.1) in Definition 1.1.1 is satisfied and so B1 ÛÙ B2 is a left
semi-brace.

Remark 3.1.2. Let B be the matched product of left semi-braces B1 and B2. If E1
and E2 are the set of idempotents of (B1, +) and (B2, +) respectively, then the set
E of idempotents of (B1 ÛÙ B2, +) is E1 ◊ E2. In fact, if e œ E1 and f œ E2, then
(e, f) + (e, f) = (e + e, f + f) = (e, f), i.e., (e, f) œ E. Conversely, if (a, x) œ E,
then (a, x) = (a, x) + (a, x) = (a + a, x + x), i.e., a = a + a and x + x = x. Moreover,
since (0, 0) is the identity of (B1 ÛÙ B2, ¶), the group G := B + (0, 0) is equal to the
direct sum of the groups G1 := B1 + 0 and G2 := B2 + 0.

Remark 3.1.3. Let B1 and B2 be left semi-braces. If — : B2 æ Aut (B1) is a left
action of the group (B2, ¶) on the left semi-brace B1, then, by the Corollary 2.1.5
we have that B1 o B2 is a left semi-brace. Note that this construction can be see
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as a corollary of the previous theorem. In fact, set ‡ := —, and ” : B1 æ Sym (B2)

defined by ” (a) = idB2 , for every a œ B1. Then conditions 1., 2., 3. and 4. are
satisfied. Moreover the sum and the product over the cartisian product are

(a, x) + (b, y) = (a + b, x + y)

(a, x) ¶ (b, y) = (a ¶ xb, x ¶ y)

for all a, b œ B2 and x, y œ B2. Exactly the same obtained in Corollary 2.1.5.

Lemma 3.1.4. Let B be a left semi-brace, E the set of idempotents of (B, +), 0 the
identity of (B, ¶) and G := B + 0. The following statements hold:

1. if H is a subgroup of (G, +) such that flb (H) ™ H, for every b œ B, then (H, +, ¶)

is a skew left brace;

2. if N is a subgroup of (G, +) such that ⁄b (N) ™ N + E, for every b œ B, then
(N + E, +, ¶) is a left semi-brace.

Proof. 1. First note that H is not empty. If h œ H, then

h≠
=

1
0 + h + (≠h) ¶ (≠h)

≠
2≠

=

1
(≠h) ¶

1
(≠h)

≠
+ (≠h)

≠
22≠

=

1
(≠h)

≠
+ (≠h)

≠
2

¶ (≠h)
≠

= fl(≠h)≠ (≠h) œ H.

Moreover if h1, h2 œ H, then

1
fl

h
≠
1

1
h≠

2
22≠

+ h1 =

31
h2 + h≠

1
2≠

¶ h≠
1

4≠
+ h1 = h1 ¶

1
h2 + h≠

1
2

+ h1

= h1 ¶ h2 ≠ h1 + h1 ¶ h≠
1 + h1 = h1 ¶ h2 + 0 = h1 ¶ h2,

i.e., h1 ¶ h2 œ H. Hence (H, ¶) is a subgroup of (B, ¶). Finally the property (1.1) in
Definition 1.1.1 holds. Therefore (H, +, ¶) is a skew left brace, since, by assumption,
(H, +) is a group.
2. Clearly (N + E, +) is a right group, in particular is a left cancellative semigroup.
First if n œ N , then n≠

= ≠⁄n≠ (n) œ (N + E) fl G = N and so if e œ E we have
that

(n + e)
≠

= (n ¶ ⁄n≠ (e))
≠

= (⁄n≠ (e))
≠ ¶ n≠

= (⁄n≠ (e))
≠

+ ⁄
(⁄n≠ (e))≠

!
n≠"

= ⁄
(⁄n≠ (e))≠

!
n≠"

œ N + E.

Further, if n1, n2 œ N and e1, e2 œ N , then

(n1 + e1) ¶ (n2 + e2) = (n1 + e1) + ⁄n1+e1 (n2 + e2)

= n1 + ⁄n1+e1 (n2) + ⁄n1+e1 (e2) œ N + E.
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Hence (N + E, ¶) is a subgroup of (B, ¶), moreover (N + E, +, ¶) satisfies (1.1) in
Definition 1.1.1. Therefore (N + E, +, ¶) is a left semi-brace.

Theorem 3.1.5. Let B be a left semi-brace, E the set of idempotents of (B, +), 0

the identity of (B, ¶), G := B + 0, H and N normal subgroups of (G, +) such that
flb (H) ™ H and ⁄b (N) ™ N + E, for every b œ B. If H fl N = {0} and H + N = G,
then B is isomorphic to the matched product of the left semi-braces H and N + E.

Proof. By Lemma 3.1.4, H is a skew left brace and N + E is a left semi-brace. First
note that

1
⁄h≠

1
(n + e)

≠
22≠

=

1
⁄h≠

1
(n + e)

≠ ¶ e
2

+ ⁄h≠

1
(n + e)

≠ ¶ n
22≠

œ N + E,

by Lemma 2.1.1.1 and

1
fl(n+e)≠

!
h≠"2

œ H,

for all h œ H, n œ N , e œ E. Let ”h : N + E æ N + E the map defined by

”h (n + e) :=

1
⁄h≠

1
(n + e)

≠
22≠

,

for every h œ H and ‡n+e : H æ H the map defined by

‡n+e (h) :=

1
fl(n+e)≠

!
h≠"2≠

,

for every n + e œ N + E. Moreover ”h and ‡n+e are bijective. In fact,

”0 (n + e) =

1
⁄0

1
(n + e)

≠
22≠

=

1
0 ¶

1
0 + (n + e)

≠
22≠

= n + e,

for every n + e œ N + E, i.e., ”0 = idN+E and if h1, h2 œ H then

”h2 (”h1 (n + e)) =

1
⁄

h
≠
2

1
⁄

h
≠
1

(n + e)

22≠
=

1
⁄

h
≠
2 ¶h

≠
1

1
(n + e)

≠
22≠

=

1
⁄(h1¶h2)≠

1
(n + e)

≠
22≠

= ”h1¶h2 (n + e) ,

by Proposition 1.2.1, for every n + e œ N + E, hence ”h is bijective, for every h œ H.
Further, if h œ H

‡0 (h) =
!
fl0

!
h≠""≠

=

1
(h + 0)

≠ ¶ 0

2≠
= h,

since h œ G and

‡n1+e1 (‡n2+e2 (h)) =

1
fl(n1+e1)≠

1
fl(n2+e2)≠

!
h≠"22≠

=

1
fl(n2+e2)≠¶(n1+e1)≠

!
h≠"2≠

=

1
fl((n1+e1)¶(n2+e2))≠

!
h≠"2≠

= ‡(n1+e1)¶(n2+e2) (h) ,
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by Proposition 1.2.9, for all n1 + e1, n2 + e2 œ N + E. Hence ‡n+e is bijective for
every n + e œ N + E. Moreover if n + e œ N + E and h1, h2 œ H then

‡n+e (h1) + ‡n+e (h2) =

1
fl(n+e)≠

1
h≠

1
22≠

+

1
fl(n+e)≠

1
h≠

2
22≠

= (n + e) ¶
1
h1 + (n + e)

≠
2

+ (n + e) ¶
1
h2 + (n + e)

≠
2

= (n + e) ¶ h1 + (n + e) ¶
1
(n + e)

≠
+ (n + e)

≠
2

+ (n + e) + (n + e) ¶
1
(n + e)

≠
+ h2 + (n + e)

≠
2

= (n + e) ¶ h1 + (n + e) ¶
1
(n + e)

≠
+ h2 + (n + e)

≠
2

= (n + e) ¶
1
h1 + h2 + (n + e)

≠
2

=

1
fl(n+e)≠

1
(h1 + h2)

≠
22≠

= ‡n+e (h1 + h2) ,

since (n + e) ¶
1
(n + e)

≠
+ (n + e)

≠
2

+ (n + e) œ E in fact

1
(n + e) ¶

1
(n + e)

≠
+ (n + e)

≠
2

+ (n + e)

2
+

1
(n + e) ¶

1
(n + e)

≠
+ (n + e)

≠
2

+ (n + e)) = (n + e) ¶
1
(n + e)

≠
+ (n + e)

≠
2

+ (n + e) ¶
1
0 + (n + e)

≠
2

+ (n + e)

= (n + e) ¶
1
(n + e)

≠
+ (n + e)

≠
2

+ 0 + (n + e)

= (n + e) ¶
1
(n + e)

≠
+ (n + e)

≠
2

+ (n + e) ,

i.e., ‡n+e œ Aut (H) is an automorphism of the group (H, +). Therefore we may
define a right action ” : H æ Sym (N + E) of the group (H, ¶) on the set N + E

defined by (n + e)
h

:= ”h (n + e), for every n + e œ N + E and a left action ‡ :

N + E æ Aut (H) of the group (N + E, ¶) on the se H with ‡n+e an automorphism
of the group (H, +), defined by (n+e)h := ‡n+e (h). Further if n + e œ N + E,
h1, h2 œ H, then

1
(n+e)h1

2
¶

1
(n+e)h1

h2
2

=

1
fl(n+e)≠

1
h≠

1
22≠

¶
A

fl
⁄

h≠
1

((n+e)≠
)

1
h≠

2
2B≠

= (n + e) ¶
1
h1 + (n + e)

≠
2

¶
1
h1 + (n + e)

≠
2≠

¶ h1 ¶
1
h2 + h≠

1 ¶
1
h1 + (n + e)

≠
22

= (n + e) ¶ h1 ¶ h≠
1 ¶

1
h1 ¶ h2 + (n + e)

≠
2

=

31
h1 ¶ h2 + (n + e)

≠
2≠

¶ (n + e)
≠

4≠

=

1
fl(n+e)≠

1
(h1 ¶ h2)

≠
22

=
(n+e)

(h1 ¶ h2) ,

i.e., condition 1. in Theorem 3.1.1 holds. For 2., if n + e œ N + E, then

(n+e)
0 =

1
fl(n+e)≠ (0)

2≠
=

31
0 + (n + e)

≠
2≠

¶ (n + e)
≠

4≠
= 0.
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Moreover if n1 + e1, n2 + e2 œ N + E and h œ H, then

(n1 + e1)
(n2+e2)

h ¶ (n2 + e2)
h

=

1
⁄fl(n2+e2)≠ (h≠)

1
(n1 + e1)

≠
22≠

¶
1
⁄h≠

1
(n2 + e2)

≠
22≠

=

3
h≠ ¶

1
h + (n2 + e2)

≠
2

¶
1
h + (n2 + e2)

≠
2≠

¶ (n2

+e2)
≠ ¶

1
(n2 + e2) ¶

1
h + (n2 + e2)

≠
2

+ (n1 + e1)
≠

22≠

=

1
h≠ ¶ (n2 + e2)

≠ ¶
1
(n2 + e2) ¶

1
h + (n2 + e2)

≠
2

+ (n1 + e1)
≠

22≠

=

1
h≠ ¶

1
h + (n2 + e2)

≠
+ (n2 + e2)

≠ ¶
1
(n2 + e2) + (n1 + e1)

≠
222≠

=

1
h≠ ¶

1
h + (n2 + e2)

≠ ¶ (n1 + e1)
≠

22

=

1
⁄h≠

1
((n1 + e1) ¶ (n2 + e2))

≠
22≠

= ((n1 + e1) ¶ (n2 + e2))
h,

i.e., condition 3. in Theorem 3.1.1 holds. Furthermore for condition 4. if h œ H, then

0
h

= (⁄h≠ (0))
≠

=
!
h≠ ¶ (h + 0)

"≠
= 0.

Finally if n1 + e1, n2 + e2 œ N + E and h œ H, then

31
((n1 + e1) + (n2 + e2))

≠
2

h
4≠

= ⁄h≠ (n1 + e1 + n2 + e2)

= ⁄h≠ (n1 + e1) + ⁄h≠ (n2 + e2)

=

31
(n1 + e1)

≠
2

h
4≠

+

31
(n2 + e2)

≠
2

h
4≠

,

i.e., condition 5. in Theorem 3.1.1 holds. Finally, Ï : H ◊ (N + E) æ B defined by

Ï (h, n + e) := h + n + e

is an isomorphism from the left semi-brace H ÛÙ (N + E) into the left semi-brace B.
In fact, if (h1, n1 + e1) , (h2, n2 + e2) œ H ◊ (N + E), then

Ï (h1, n1 + e1) + Ï (h2, n2 + e2) = h1 + n1 + e1 + h2 + n2 + e2

= h1 + n1 + h2 + n2 + e2 = h1 + h2 + n1 + n2 + e2 = Ï (h1 + h2, n1 + n2 + e2)

= Ï ((h1, n1 + e1) + (h2, n2 + e2)) ,

since, by assumptions, n2 + h2 = h2 + n2, moreover
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Ï ((h1, n1 + e1) ¶ (h2, n2 + e2))

= Ï

Q

ah1 ¶
1
((n1+e1)≠

)
h1

2≠

h2, (n1 + e1) ¶

Q

a
1
(n2 + e2)

≠
2

1
(n1+e1)≠

h1

2≠R

b
≠R

b

= Ï

Q

ah1 ¶

Q

afl1
⁄

h≠
1

(n1+e1)
2≠

1
h≠

2
2

R

b
≠

, (n1 + e1) ¶
3

⁄
(fln1+e1(h

≠
1 ))

≠ (n2 + e2)

4R

b

= Ï
1
h1 ¶ h≠

1 ¶ (h1 + n1 + e1) ¶
1
h2 + (h1 + n1 + e1)

≠ ¶ h1
2

,

(n1 + e1) ¶ (n1 + e1)
≠ ¶ (h1 + n1 + e1) ¶

1
(h1 + n1 + e1)

≠ ¶ (n1 + e1) + n2 + e2
22

= (h1 + n1 + e1) ¶
1
h2 + (h1 + n1 + e1)

≠ ¶ h1
2

+ (h1 + n1 + e1) ¶ ((h1 + n1

+e1)
≠

+ (h1 + n1 + e1)
≠ ¶ ((h1 + n1 + e1) + (n1 + e1)) + n2 + e2

2

= (h1 + n1 + e1) ¶
1
h2 + (h1 + n1 + e1)

≠ ¶ h1 + (h1 + n1 + e1)
≠ ¶ ((h1 + n1 + e1)

+n1 + e1) + n2 + e2)

= (h1 + n1 + e1) ¶
1
h2 + (h1 + n1 + e1)

≠ ¶ (h1 + n1 + e1) + n2 + e2
2

= (h1 + n1 + e1) ¶ (h2 + n2 + e2) = Ï (h1, n1 + e1) ¶ Ï (h2, n2 + e2) .

Hence Ï is a homomorphism from H ÛÙ (N + E) into B. Further if h1, h2 œ
H, n1, n2 œ N and e1, e2 œ E such that Ï (h1, n1 + e1) = Ï (h2, n2 + e2), then
h1 + n1 + e1 = h2 + n2 + e2. It follows that h1 + n1 = h2 + n2, i.e., h1 ≠ h2 = n2 ≠ n1
and so h1 = h2 and n1 = n2, since H fl N = {0}, moreover e1 = e2. Hence Ï is
injective. If b œ B, then, by Proposition 1.2.4, there exist g œ G and e œ E such
that b = g + e, further there exist h œ H and n œ N , such that g = h + n, since
G = H + N . Hence

Ï (h, n + e) = h + n + e = g + e = b,

i.e., Ï is surjective. Therefore B is isomorphic to H ÛÙ (N + E).

3.2 The matched product of skew left braces

Corollary 3.2.1. Let B1, B2 be skew left braces, ” : B1 æ Sym (B2) a right action of
the group (B1, ¶) on the set B2 and ‡ : B2 æ Aut (B1) a left action of the group (B2, ¶)

on the set B1 and ‡h is an automorphism of the group (B1, +), for every h œ B2, such
that

1. h
(g1 ¶ g2) =

1
hg1

2
¶

1
h

g1 g2
2
;

2. (h1 ¶ h2)
g

= h1
h2 g ¶ h2

g;
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3.
11

(h1 + h2)
≠

2
g
2≠

=

1!
h1

≠"g
2≠

+

1!
h2

≠"g
2≠

,

hold for all g, g1, g2 œ B1 and h, h1, h2 œ B2. Then the sum and the multiplication over
the cartesian product B1 ◊ B2 given by

(g1, h1) + (g2, h2) := (g1 + g2, h1 + h2)

(g1, h1) ¶ (g2, h2) :=

Q

ag1 ¶ ((h1≠
)

g1
)

≠
g2, h1 ¶

Q

a!
h2

≠"
1

h1≠
g1

2≠R

b
≠R

b

define a structure of skew left brace. We call this structure the matched product of
the skew left brace B1 and the skew left brace B2 by ” and ‡ and we denote it by
B1 ÛÙ B2.

Proof. If h œ B2, then, since ‡ is an action of the group (B2, ¶) on the group (B2, +),

h
0 =

h
(0 + 0) =

h
0 +

h
0,

i.e., h
0 = 0, and so the condition 2. in Theorem 3.1.1 is satisfied. Moreover, if g œ B1,

then by condition 3.,

0
g

=
!
0

≠"g
=

1
(0 + 0)

≠
2

g

=

31!
0

≠"g
2≠

+

1!
0

≠"g
2≠

4≠

=

1
(0

g
)
≠

+ (0
g
)
≠

2≠
,

that is (0
g
)
≠

= (0
g
)
≠

+ (0
g
)
≠ and, since (B2, +) is a group, 0

g
= 0. Hence the

condition 4. in Theorem 3.1.1 is satisfied. Therefore we may consider the matched
product B1 ÛÙ B2 of the skew left braces B1 and B2 by ” and ‡ . In particular, the
left semi-brace B1 ÛÙ B2 is a skew left brace, by Corollary 1.2.8, since (B1 ÛÙ B2, +)

is a group.

We may also provide suitable conditions for certain subgroups (G, +) and (H, +) of
the additive group of a skew left brace B in order to have B as matched product of
G and H as skew left braces.

Corollary 3.2.2. Let B be a skew left brace, H, N normal subgroups of (B, +) such
that ⁄b (H) ™ H and ⁄b (N) ™ N , for every b œ B. If H fl N = {0} and H + N = B,
then B is isomorphic to the matched product of the skew left braces H and N .
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Proof. First note that flb (H) ™ H for every b œ B. In fact if h œ H and b œ B, then
h≠

= ≠⁄h≠ (h) œ H and

flb (h) =
!
h≠

+ b
"≠ ¶ b =

!
b≠ ¶

!
h≠

+ b
""≠

=
!
b≠ ¶ h≠ ≠ b≠"≠

=
!
b≠

+ ⁄b≠
!
h≠"

≠ b≠"
œ H,

since H is a normal subgroup of (B, +). Hence, by Theorem 3.1.5, B is isomorphic
to the matched product of skew left braces H and N .

3.3 The matched product of left braces

Similarly, we may obtain new left braces from two given left braces.

Corollary 3.3.1. Let B1, B2 be left braces, ” : B1 æ Sym (B2) a right action of the
group (B1, ¶) on the set B2 and ‡ : B2 æ Aut (B1) a left action of the group (B2, ¶)

on the set B1 and ‡h is an automorphism of the group (B1, +), for every h œ B2, such
that

1. h
(g1 ¶ g2) =

1
hg1

2
¶

1
h

g1 g2
2
;

2. (h1 ¶ h2)
g

= h1
h2 g ¶ h2

g;

3.
11

(h1 + h2)
≠

2
g
2≠

=

1!
h1

≠"g
2≠

+

1!
h2

≠"g
2≠

,

hold for all g, g1, g2 œ B1 and h, h1, h2 œ B2. Then the sum and the multiplication over
the cartesian product B1 ◊ B2 given by

(g1, h1) + (g2, h2) := (g1 + g2, h1 + h2)

(g1, h1) ¶ (g2, h2) :=

Q

ag1 ¶ ((h1≠
)

g1
)

≠
g2, h1 ¶

Q

a!
h2

≠"
1

h1≠
g1

2≠R

b
≠R

b

define a structure of left brace. We call this structure the matched product of the left
brace B1 and the left brace B2 by ” and ‡ and we denote it by B1 ÛÙ B2.

Proof. By Corollary 3.2.1, B1 ÛÙ B2 is a skew left brace, moreover (B1 ÛÙ B2, +) is
an abelian group. Therefore B1 ÛÙ B2 is a left brace.

Corollary 3.3.2. Let B be a left brace, H, N subgroups of (B, +) such that ⁄b (H) ™ H

and ⁄b (N) ™ N , for every b œ B. If HflN = {0} and H+N = B, then B is isomorphic
to the matched product of the left braces H and N .
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Proof. Since (B, +) is an abelian group, clearly H, N are normal subgroup of (B, +)

and they are abelian. Hence, (H, +, ¶) and (N, +, ¶) are left braces and by Corol-
lary 3.2.2, B and H ÛÙ N are isomorphic as left braces.

Remark 3.3.3. Let B be a left brace, H, N subgroups of (B, +) such that H fl N =

{0}, H + N = B, ⁄b (H) ™ H and ⁄b (N) ™ N , for every b œ B. If h œ H and n œ N ,
then the actions introduced in the proof of Theorem 3.1.5:

nh
= ”h (n) =

!
⁄h≠

!
n≠""≠

nh = ‡n (h) =
!
fln≠

!
h≠""≠

become

nh
=

!
⁄h≠

!
n≠""≠

=
!
h≠ ¶

!
h + n≠""≠

=
!
n≠

+ h
"≠ ¶ h = flh (n)

nh =
!
fln≠

!
h≠""

=

1!
h + n≠"≠ ¶ n≠

2≠
= n ¶

!
n≠

+ h
"

= ⁄n (h) .

In particular, we obtain the converse in Theorem 4.2 of [2].

The result in Corollary 3.3.1 coincides with that described in Theorem 4.2 in [2]. For
this purpose, we recall the definition of matched pair of left braces.

Definition 3.3.4 (Definition 4.1 in [2]). Let B1, B2 be left braces. Let – : B2 æ
Aut (B1) be a homomorphism from the group (B2, ¶) into the group of automorphism
of (B1, +) and — : B1 æ Aut (B2) be a homomorphism from the group (B1, ¶) into
the group of automorphism of (B2, +). We say that (B1, B2, –, —) is a matched pair
of left braces if – and — satisfy

⁄g–h = –—g(h)⁄–
≠1
—g(h)(g) (3.1)

and

—–h(g)⁄—
≠1
–h(g)(h) = ⁄h—g (3.2)

where – (h) = –h and — (g) = —g, for all g œ B1 and h œ B2.

In Remark 4.4 of [2] it is proved that if (B1, B2, –, —) is a matched pair of left braces
then the function ‡h : B1 æ B1, g ‘æ –h (g) =:

hg is an automorphism of the
group (B1, +) and ”g : B2 æ B2, h ‘æ —≠1

–h(g) (h) =: hg is a bijection of the set B2.
Moreover, ‡ : B2 æ Aut (B1) , h ‘æ ‡h is a left action of the group (B2, ¶) on the set
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B1 and ” : B1 æ Sym (B2) , g ‘æ ”g is a right action of the group (B1, ¶) on the set
B2. Moreover, if g1, g2 œ B1 and h œ B1, then, by (3.1),

h
(g1 ¶ g2) = –h (g1 + ⁄g1 (g2)) = –h (g1) + –h⁄g1 (g2)

= –h (g1) + ⁄–h(g1)–—
≠1
–h(g1)(h) (g2) =

hg1 + ⁄hg1–
g

h
1

(g2)

=
hg1 ¶ –

g
h
1

(g2) =
hg1 ¶ g

h
1 g2,

i.e., condition 1. in Corollary 3.3.1 holds. If g œ B1 and h1, h2 œ B2, then

(h1 ¶ h2)
g

= —≠1
–h1¶h2 (g) (h1 ¶ h2) = —≠1

–h1 –h2 (g) (h1 + ⁄h1 (h2))

= —≠1
–h1 –h2 (g) (h1) + —≠1

–h1 –h2 (g) (⁄h1 (h2))

= —≠1
–h1 –h2 (g) (h1) + ⁄

—
≠1
–h1 –h2 (g)(h1)—

≠1
–h2 (g) (h2) = (h1)

–h2 (g) ¶ hg

2

= h
h2 g

1 ¶ hg

2,

i.e., condition 2. in Corollary 3.3.1 holds. In particular, if g œ B1 and h œ B2, then

!
h≠"h

g ¶ hg
=

!
h≠ ¶ h

"g
= 0

g
= 0,

i.e., (h≠
)

h
g

= (hg
)
≠ and so (hg

)
≠

= —≠1
–h≠ (–h(g)) (h≠

) = —≠1
g (h≠

) = —g≠ (h≠
). Hence

if g œ B1 and h1, h2 œ B2, then

11
(h1 + h2)

≠
2

g
2≠

= —g≠ (h1 + h2) = —g≠ (h1) + —g≠ (h2)

=

11
h≠

1
2

g
2≠

+

11
h≠

2
2

g
2≠

,

i.e., condition 3. in Corollary 3.3.1 holds. Therefore we may define the matched
product of the left braces B1 and B2 by ” and ‡.

Conversely, let G and H be left braces and B := G ÛÙ H the matched product of G

and H by ‡ and ”. Let – : H æ Aut (G) defined by –h := ‡h, for every h œ H. Then,
by assumptions, –h is an automorphism of (G, +), for every h œ H. Moreover, since
‡ is a left action of the group (H, ¶) on the set G,

–h1¶h2(g) =
h1¶h2g =

h1
1

h2g
2

= –h1 (–h2 (g)) ,

for all h1, h2 œ H and g œ G, and so – is a group homomorphism from the group
(H, ¶) into the group of automorphism of the group (G, +).
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If g œ G, define —g (h) :=

1
(h≠

)
g

≠2≠
, for every h œ H. Then —g is an endomorphism

of (H, +). In fact, by condition 3. in Corollary 3.3.1,

—g (h1 + h2) =

31
(h1 + h2)

≠
2

g
≠4≠

=

31
h≠

1
2

g
≠4≠

+

31
h≠

2
2

g
≠4≠

= —g (h1) + —g (h2) ,

for all g œ G and h1, h2 œ H. Moreover

—g1 (—g2 (h)) = —g1

A3!
h≠"g

≠
2

4≠
B

=

A3!
h≠"g

≠
2

4
g

≠
1

B≠

=

3!
h≠"g

≠
2 ¶g

≠
1

4≠

=

3!
h≠"(g1¶g2)≠

4≠
= —g1¶g2 (h)

for all g1, g2 œ G and h œ H and —0 (h) =

1
(h≠

)
02≠

= h = idH (h), for every h œ H.
Hence — : G æ Aut (H) is a homomorphism from the group (G, ¶) into the group of
automorphism of (H, +).
Finally we check that (3.1) and (3.2) in Definition 3.3.4 are satisfied. First, note
that

–—g(h)
1
–≠1

—g(h) (g) ¶ t
2

= –—g(h)
1
–(—g(h))≠ (g) ¶ t

2
=

1
(h

≠)
g≠2≠ 33

(h
≠)

g≠

g
4

¶ t
4

= g ¶

31
(h

≠)
g≠2≠

4
A

(h≠
)

g≠

g

B

t = g ¶ ht = g ¶ (–h (t)) ,

for all g, t œ G and h œ H, since

A3!
h≠"g

≠
4≠

B
A

(h≠
)

g≠

g

B

=

3
h

h≠
g

≠
4(h≠

)
g≠

g

= h
h≠

g
≠¶(h≠

)
g≠

g
= h

h≠
(g

≠¶g)
= h.

Then

–—g(h)⁄–
≠1
—g(h)(g) (t) = –—g(h)

1
≠–≠1

—g(h) (g) + –≠1
—g(h) (g) ¶ t

2

= ≠–—g(h)
1
–≠1

—g(h) (g)

2
+ –—g(h)

1
–≠1

—g(h) (g) ¶ t
2

= ≠g + g ¶ (–h (t)) = ⁄g–h (t)
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for all g, t œ G and h œ H, i.e., condition (3.1) holds. Moreover , if g œ G and
h, u œ H, then

—–h(g)
1
—≠1

–h(g) (h) ¶ u
2

= —–h(g)
1
—(–h(g))≠ (h) ¶ u

2

=

Q

cca

Q

a
A3!

h≠"h
g

4≠
¶ u

B≠
R

b
(h

g)
≠R

ddb

≠

=

Q

a
3

u≠ ¶
!
h≠"h

g

4(h
g)

≠R

b
≠

=

Q

ca
!
u≠"(h≠

)
hg 1

(h
g)

≠
2

¶ h≠

R

db

≠

= h ¶
3!

u≠"g
≠

4≠
= h ¶ (—g (u)) ,

since

(h
≠)

hg
31

hg
2≠

4
=

(h
≠)

hg 1
h

g
g≠

2
=

(h
≠)

hg¶h
g
g≠

=
(h

≠¶h)
g

g≠
= g≠.

Hence

—–h(g)⁄—
≠1
–h(g)(h) (u) = —–h(g)

1
≠—≠1

–h(g) (h) + —≠1
–h(g) (h) ¶ u

2

= ≠h + —–h(g)
1
—≠1

–h(g) (h) ¶ u
2

= ≠h + h ¶ —g (u) = ⁄h (—g (u)) ,

for all g œ G and h, u œ H, i.e., condition (3.2) holds. Therefore, (G, H, –, —) is a
matched pair of left braces. Finally, to see that the multiplications are the same we
may compute the lambda functions. We have

⁄(g,h) (t, u) = ≠ (g, h) + (g, h) ¶ (t, u)

= (≠g, ≠h) +

Q

cag ¶ ((h
≠)

g
)

≠
t,

Q

au≠

1
(h≠

)
g

2≠

¶ h≠

R

b
≠R

db

=

Q

ca≠g + g ¶ ((h
≠)

g
)

≠
t, ≠h + h ¶

Q

a!
u≠"

1
(h≠

)
g

2≠R

b
≠R

db

=

Q

ca⁄g

3
((h

≠)
g
)

≠
t
4

, ⁄h

Q

ca

Q

a!
u≠"

1
(h≠

)
g

2≠R

b
≠R

db

R

db

=

3
⁄g

1
–((h≠)g)≠ (t)

2
, ⁄h

3
—

(h≠
g)

(u)

44

=

1
⁄g

1
–—g≠ (h) (t)

2
, ⁄h

1
—–h≠ (g) (u)

22

=

Q

a–
—g(—g≠ (h))

Q

a⁄
–

≠1
—g

!
—

g≠ (h)
"(g) (t)

R

b , —
–h(–h≠ (g))

A

⁄
—

≠1
–h(–

h≠ (g))
(h) (u)

BR

b

=

1
–h

1
⁄

–
≠1
h (g) (t)

2
, —g

1
⁄

—
≠1
g (h)

2
(u)

2
,

for all g, t œ G and h, u œ H, as described in Theorem 4.2 in [2].
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3.4 A structural theorem for left semi-braces

As a consequence of Theorem 3.1.1, we may obtain any left semi-brace B as matched
product of a skew left brace G and a trivial left semi-brace E.

Proposition 3.4.1. Let B be a left semi-brace, E the set of idempotents of the semigroup
(B, +), 0 the identity of (B, ¶) and G = B + 0. Then G is a skew left brace, E is a
trivial semi-brace and B is isomorphic to the matched product of G and E.

Proof. Let H := G and N := {0}. Clearly H, N are normal subgroups of (G, +),
moreover, by Proposition 1.2.11, if b œ B, then flb (G) ™ G and ⁄b (0) œ {0} + E.
Obviously Gfl{0} = {0} and G+{0} = G. Hence by Theorem 3.1.5 B is isomorphic
to the matched product of the left semi-braces G and E. Finally, by Proposition 1.2.7,
G is a skew left brace and E is a trivial left semi-brace.

In the particular case of the matched product of a skew left brace G and a trivial semi-
brace, requirements in Theorem 3.1.1 may be simplified as the following corollary
shows.

Corollary 3.4.2. Let G be a skew left brace and E a trivial left semi-brace ” : G æ
Sym (E) a right action of the group (G, ¶) on the set E and ‡ : E æ Aut (G) a left
action of the group (E, ¶) on the set G and ‡e is an automorphism of the group (G, +),
for every e œ E, such that

1. e
(g1 ¶ g2) = (

eg1) ¶
!

e
g1 g2

"
;

2. (e1 ¶ e2)
g

= e1
e2 g ¶ e2g;

3. 0
g

= 0,

hold for all g, g1, g2 œ G and e, e1, e2 œ E. Then the sum and the multiplication over
the cartesian product G ◊ E given by

(g1, e1) + (g2, e2) := (g1 + g2, e2)

(g1, e1) ¶ (g2, e2) :=

Q

ag1 ¶ ((e
≠
1 )

g1
)

≠
g2, e1 ¶

Q

a!
e2

≠"
1

e1≠
g1

2≠R

b
≠R

b

define a structure of left semi-brace.
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Proof. Clearly conditions 1., 3. and 4. of Theorem 3.1.1 hold. Moreover condition 2.

holds since (G, +) is a group. Finally, if e1, e2 œ E and g œ G, then

11
(e1 + e2)

≠
2

g
2≠

=

11
e≠

2
2

g
2≠

=

11
e≠

1
2

g
2≠

+

11
e≠

2
2

g
2≠

,

since (E, +) is a right zero-semigroup.

Example 3.4.3. Let B be the left semi-brace in Example 1.1.4. In this case (B, ¶)

is a group and there exists an endomorphism f of (B, ¶) such that f2
= f and

a + b = b ¶ f (a), for all a, b œ B. Moreover, if 0 is the identity of (B, ¶), then G :=

B+0 = Im f and the set of idempotents E of (B, +) is ker f . As in Theorem 3.1.5, we
may compute the right action ” : G æ Sym (E) and the left action ‡ : E æ Aut (G).
First, note that, if g œ G, then there exists a œ B, such that g = f (a) and so
f (g) = f2

(a) = f (a) = g, since f2
= f . If g œ G and e œ E, then

”g (e) =
!
⁄g≠

!
e≠""≠

=
!
g≠ ¶

!
g + e≠""≠

=
!
e≠ ¶ f (g)

"≠ ¶ g = g≠ ¶ e ¶ g

and

‡e (g) =
!
fle≠

!
g≠""≠

=

1!
g + e≠"≠ ¶ e≠

2≠
= e ¶

!
e≠ ¶ f (g)

"
= g.
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4Applications

4.1 Set-theoretical solutions of the Yang-Baxter
equation

We recall the definition of set-theoretical solution of the quantum Yang-Baxter
equation (see [15]) and provide some examples.

Definition 4.1.1. Let X be a set and r : X ◊ X æ X ◊ X. The pair (X, r) is said a
set-theoretical solution of the quantum Yang Baxter equation, simply a solution if

r1r2r1 = r2r1r2

is satisfied, where r1 := r ◊ idX and r2 := idX ◊r.

Example 4.1.2. Let X be a set and consider · : X ◊ X æ X ◊ X the twist map, i.e.,
a map such that r (x, y) = (y, x), for all x, y œ X. Then (X, ·) is a solution, called
trivial solution.

Example 4.1.3 (see [18]). Let G be a group and let f an endomorphism of G such
that f2

= f . Then, the map r : G ◊ G æ G ◊ G defined by

r (x, y) =

1
xyf (x)

≠1 , f (x)

2

for all x, y œ G is a solution.

In fact, if x, y, z œ G, then

r1r2r1 (x, y, z) = r1r2
1
xyf (x)

≠1 , f (x) , z
2

= r1
1
xyf (x)

≠1 , f (x) zf (f (x))
≠1 , f (f (x))

2

= r1
1
xyf (x)

≠1 , f (x) zf (x)
≠1 , f (x)

2

=

3
xyf (x)

≠1 f (x) zf (x)
≠1 f

1
xyf (x)

≠1
2≠1

, f
1
xyf (x)

≠1
2

, f (x)

4

=

1
xyzf (y)

≠1 f (x)
≠1 , f (x) f (y) f (x)

≠1 , f (x)

2
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and

r2r1r2 (x, y, z) = r2r1
1
x, yzf (y)

≠1 , f (y)

2

= r2
1
xyzf (y)

≠1 f (x)
≠1 , f (x) , f (y)

2

=

1
xyzf (y)

≠1 f (x)
≠1 , f (x) f (y) f (f (x))

≠1 , f (f (x))

2

=

1
xyzf (y)

≠1 f (x)
≠1 , f (x) f (y) f (x)

≠1 , f (x)

2
.

Note that we can find this kind of solutions in [18]. In particular, if f = idG then r

is the so-called Venkov’s solution (see [15]).

Proposition 4.1.4. Let X be a set and r : X ◊ X æ X ◊ X a map. Set r (x, y) :=

(⁄x (y) , fly (x)), for all x, y œ X. The pair (X, r) is a solution if and only if

1. ⁄x⁄y (z) = ⁄⁄x(y)⁄fly(x) (z),

2. fl⁄fly(x)(z) (⁄x (y)) = ⁄fl⁄y(z)(x) (flz (y)),

3. flzfly (x) = flflz(y)fl⁄y(z) (x)

hold, for all x, y, z œ X.

Proof. Let x, y, z œ X. Note that

r1r2r1 (x, y, z) = r1r2 (⁄x (y) , fly (x) , z)

= r1
1
⁄x (y) , ⁄fly(x) (z) , flzfly (x)

2

=

1
⁄⁄x(y)⁄fly(x) (z) , fl⁄fly(x)(z) (⁄x (y)) , flzfly (x)

2

and

r2r1r2 (x, y, z) = r2r1 (x, ⁄y (z) , flz (y))

= r2
1
⁄x⁄y (z) , fl⁄y(z) (x) , flz (y)

2

=

1
⁄x⁄y (z) , ⁄fl⁄y(z)(x) (flz (y)) , flflz(y)fl⁄y(z) (x)

2
.

In this way if r is a solution then 1., 2., 3. hold for all x, y, z œ X and conversely.

Example 4.1.5 (see Example 2.8 in [23]). Let (X, ‚, ·) be a distributive lattice and
r : X ◊ X æ X ◊ X defined by r (x, y) = (x · y, x ‚ y). Then (X, r) is a solution of
the Yang-Baxter equation. In fact, if we set ⁄x (y) := x · y and fly (x) := x ‚ y, then

⁄⁄x(y)⁄fly(x) (z) = ⁄x·y⁄x‚y (z) = (x · y) · ((x ‚ y) · z) = x · y · z = ⁄x⁄y (z) ,
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i.e., 1. in the Proposition 4.1.4,

fl⁄fly(x)(z) (⁄x (y)) = fl⁄y‚x(z) (x · y) = fl(y‚x)·z (x · y)

= ((y ‚ x) · z) ‚ (x · y) = (y · z) ‚ (x · z) ‚ (x · y)

= (y ‚ z) · (x ‚ z) · (x ‚ y) = ((z · y) ‚ x) · (z ‚ y)

= ⁄fl(⁄z(y))(x) (flz (y)) ,

that is 2. in the same proposition and

flflz(y)fl⁄y(z) (x) = flz‚yfly·z (x) = (z ‚ y) ‚ (y · z) ‚ x = z ‚ y ‚ x = flzfly (x)

the last condition in Proposition 4.1.4. Therefore (X, r) is a solution.

Definition 4.1.6. Let (X, r) be a set-theoretical solution of quantum Yang-Baxter
equation, with r : X ◊ X æ X ◊ X such that r (x, y) = (⁄x (y) , fly (x)). We say that
(X, r) is

1. right non-degenerate if flx is a bijection for every x œ X,

2. left non-degenerate if ⁄x is a bijection for every x œ X,

3. non-degenerate if (X, r) is both right and left non-degenerate,

4. involutive if r2
= idX◊X .

Examples 4.1.7. 1. The solution (X, ·) in Example 4.1.2 is non-degenerate and
involutive.

2. The solution (G, r) in Example 4.1.3 is left non-degenerate. In fact let x œ G.
If y1, y2 œ G such that xy1f (x)

≠1
= ⁄x (y1) = ⁄x (y2) = xy2f (x)

≠1, then y1 = y2,
since G is a group, moreover if ȳ œ G, setting y := x≠1ȳf (x), we have that
⁄x (y) = xx≠1ȳf (x) f (x)

≠1
= ȳ. Hence ⁄x is bijective. Moreover (G, r) is right

non-degenerate if and only if f = idG. Finally, (G, r) is involutive if and only if
f = idG and G is abelian.

3. The solution (X, r) in Example 4.1.5 in neither right nor left non-degenerate.
Clearly it is not involutive.

4.2 Left non-degenerate solutions of the Yang-Baxter
equation and left semi-braces

We may obtain a left non-degenerate solution of the Yang-Baxter equation from
every left semi-brace, as done by Catino, Stefanelli and myself in [11].
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Theorem 4.2.1. Let B be a left semi-brace. Then, the function r : B ◊ B æ B ◊ B

given by

r(a, b) = (a ¶ (a≠
+ b), (a≠

+ b)
≠ ¶ b), (4.1)

for all a, b œ B, is a left non-degenerate solution of the Yang-Baxter equation that we
call the solution associated to the left semi-brace B.

Proof. First we note that

a ¶ b = a ¶ (a≠
+ b) ¶ (a≠

+ b)
≠ ¶ b = ⁄a(b) ¶ flb(a), (4.2)

holds for all a, b œ B.
Now, let x, y, z œ B and set

(t1, t2, t3) := r1r2r1(x, y, z)

=

1
⁄⁄x(y)

1
⁄fly(x)(z)

2
, fl⁄fly(x)(z) (⁄x(y)) , flz (fly(x))

2

and

(s1, s2, s3) := r2r1r2(x, y, z)

=

1
⁄x (⁄y(z)) , ⁄fl⁄y(z)(x) (flz(y)) , flflz(y)

1
fl⁄y(z)(x)

22
.

By relation (4.2), we have that

t1 ¶ t2 ¶ t3 = ⁄⁄x(y)(⁄fly(x)(z)) ¶ fl⁄fly(x)(z)(⁄x(y)) ¶ flz(fly(x))

= ⁄x(y) ¶ ⁄fly(x)(z) ¶ flz(fly(x))

= ⁄x(y) ¶ fly(x) ¶ z

= x ¶ y ¶ z

and similarly

s1 ¶ s2 ¶ s3 = ⁄x(⁄y(z)) ¶ ⁄fl⁄y(z)(x)(flz(y)) ¶ flflz(y)(fl⁄y(z)(x))

= x ¶ y ¶ z.

By Proposition 1.2.1 and relation (4.2), we have that

t1 = ⁄⁄x(y)(⁄fly(x)(z)) = ⁄⁄x(y)¶fly(x)(z) = ⁄x¶y(z) = ⁄x(⁄y(z)) = s1.

Moreover, by Proposition 1.2.9 and relation (4.2) we obtain

s3 = flflz(y)(fl⁄y(z)(x)) = fl⁄y(z)¶flz(y)(x) = fly¶z(x) = flz(fly(x)) = t3.
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It follows that t2 = s2 and as a consequence (t1, t2, t3) = (s1, s2, s3); therefore r is a
solution of the Yang-Baxter equation. Furthermore, r is left non-degenerate, since ⁄b

is bijective, for every b œ B, by Proposition 1.2.1.

Remark 4.2.2. If B is a left semi-brace and r is the solution associated to B, then

r(a, b) = (⁄a(b), flb(a)) ,

for all a, b œ B, where ⁄a and flb are the functions introduced in propositions 1.2.1
and 1.2.9 respectively.
As direct consequence, if B is a left semi-brace that is not a skew left brace, then
the solution r associated to B is not right non-degenerate. In fact, if E is the set of
all idempotents of (B, +), 0 the identity of (B, ¶) and G := B + 0, then |E| Ø 2 and
by Remark 1.2.12 we have that fla (B) = G, for every a œ B and so fla functions are
not bijective.

Example 4.2.3. Let B be the left semi-brace in the Example 1.1.4. Then, ⁄a(b) =

a ¶ (a≠
+ b) = a ¶ b ¶ f(a≠

) = a ¶ b ¶ f(a)
≠ and flb(a) = (a≠

+ b)
≠ ¶ b = f(a). Hence,

the solution r associated to B is given by

r (a, b) =
!
a ¶ b ¶ f(a)

≠, f(a)
"

,

for all a, b œ B. Note that this solution is the one introduced in Example 4.1.3.
Moreover, if f is the null function, then r(a, b) = (a ¶ b, 0). Conversely if r is a
solution associated to a left semi-brace such that flb(a) = 0, for all a, b œ B, then B

is a trivial left semi-brace and r (a, b) = (a ¶ b, 0), for all a, b œ B.
In fact, if a, b are in B, then a + b = b ¶ (flb (a≠

))
≠

= b ¶ 0 = b and so (B, +, ¶) is a
trivial left semi-brace. Further, ⁄a(b) = a ¶ (a≠

+ b) = a ¶ b, for all a, b œ B.

4.2.1 Left semi-braces as matched product and solutions of the
Yang-Baxter equation

In Proposition 3.4.1 and Corollary 3.4.2, we prove that every left semi-brace B can
be seen as the matched product of a skew left brace G and of a left trivial semi-brace
E. Here we prove that the solution associated to the left semi-brace B may be
obtained by solutions associated to G and E, respectively.

First we introduce a characterization of the matched product of a skew left brace
and a left trivial semi-brace.

Lemma 4.2.4. Let G be a skew left brace and E a trivial left semi-brace ” : G æ
Sym (E) a right action of the group (G, ¶) on the set E and ‡ : E æ Aut (G) a left
action of the group (E, ¶) on the set G such that G, E, ” and ‡ define a matched
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product. Then there exist – : E æ Aut (G) a homomorphism from the group (E, ¶)

into the group of automorphisms of (G, +) and — : G æ Sym (E) a homomorphism
from the group (G, ¶) into the symmetric group on E, such that

⁄g–e = –—g(e)⁄–
≠1
—g(e)(g) (4.3)

and

⁄e—g = —–e(g)⁄—
≠1
–e(g)(e), (4.4)

for all g œ G and e œ E.
Conversely, if G is a skew left brace, E is a trivial left semi-brace, – : E æ Aut (G) is
a homomorphism from the group (E, ¶) into the group of automorphisms of (G, +)

and — : G æ Sym (E) is a homomorphism from the group (G, ¶) into the symmetric
group on E that satisfy (4.3) and (4.4), then there exist a right action ” of the group
(G, ¶) on the set E and a left action ‡ : E æ Aut (G) of the group (E, ¶) on the set G

that satisfy the assumptions of Corollary 3.4.2, i.e., that allow us to define the matched
product of G and E by ” and ‡.

Proof. If g œ G and e œ E, define

–e (g) := ‡e (g) and —g (e) :=
!
”g≠

!
e≠""≠

,

then, clearly, – is a homomorphism from (E, ¶) into the group of automorphism of
(G, +). Further, if g1, g2 œ G and e œ E, then

—g1 (—g2 (e)) =
!
”g1≠

!
”g2≠

!
e≠"""≠

=
!
”g2≠¶g1≠

!
e≠""≠

=

1
”(g1¶g2)≠

!
e≠"2≠

= —g1¶g2 (e) ,

since ” is a right action, and

—0 (e) =
!
”0

!
e≠""≠

= e = idE (e) .

Hence —g œ Sym (E), for every e œ E and — is a homomorphism from the group
(G, ¶) into the symmetric group on E. Note that, if g œ G and e œ E, then

A3!
e≠"g

≠
4≠

B
A

(e≠
)

g≠

g

B

=

3
e

e≠
(g

≠)

4
31

(e≠
)

g
≠

2≠
4

= e

and

e

A3
(e

≠)
g≠

g
4≠B

=
e

1
e

≠
g≠

2
= g≠.
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Hence, if g, t œ G and e œ E, then

–—g(e)⁄–
≠1
—g(e)(g) (t) =

1
(e

≠)
g≠2≠ A

(e
≠)

g≠

g ¶
A3

(e
≠)

g≠

g
4≠

+ t

BB

=

Q

a
1
(e

≠)
g≠2≠ 3

(e
≠)

g≠

g
4R

b ¶

Q

ccccccca

31
(e

≠)
g≠2≠

4
A

(e≠
)

g≠

g

B

A3
(e

≠)
g≠

g
4≠

+ t

B

R

dddddddb

= g ¶
!
g≠

+
et

"
= ⁄g (–e (t)) ,

i.e., condition (4.3) is satisfied. Finally, if g œ G and e, u œ E, then

—–e(g)⁄—
≠1
–e(g)(e) (u) =

Q

a
A31!

e≠"e
g
2≠

¶ u
4≠

B(e
g)≠R

b
≠

=

31
u≠ ¶ (eg

)
≠

2(e
g)≠4≠

=

A
!
u≠"(eg)≠

(e
g)≠

¶
1
(eg

)
≠

2(e
g)≠

B≠

=

A
!
u≠"(eg)≠

(eg
g

≠) ¶
1!

e≠"e
g
2(e

g)≠
B≠

= e ¶
3!

u≠"g
≠

4≠
= ⁄e (—g (u)) ,

i.e., condition (4.4) holds.
On the other hand, define

‡e (g) := –e (g) and ”g (e) := —≠1
–e(g) (e) ,

for all e œ E and g œ G. Clearly, ‡ : E æ Aut (G) is a left action of the group (E, ¶)

on the set G, such that ‡e lies in the group of automorphism of (G, +). Further, if
g1, g2 œ G and e œ E, then

”g1¶g2 (e) = —≠1
–e(g1¶g2) (e) = —≠1

–e(g1+⁄g1 (g2))
(e) = —≠1

(–e(g1)+–e(⁄g1 (g2)))
(e)

= —≠13
–e(g1)+⁄–e(g1)

3
–

—≠1
–e(g1)(e)(g2)

44 (e) = —≠1

–e(g1)¶
3

–
—≠1

–e(g1)(e)(g2)
4 (e)

= —3
–e(g1)¶

3
–

—≠1
–e(g1)(e)(g2)

44≠ (e) = —≠1
–

—≠1
–e(g1)(e)(g2)—

≠1
–e(g1) (e)

= ”g2”g1 (e)

and

”0 (e) = —≠1
–e(0) (e) = e,
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since –e (0) = 0. Hence ” is a right action from the group (G, ¶) on the set E. If
e œ E and g1, g2 œ G, then

e
(g1 ¶ g2) = ‡e (g1 ¶ g2) = –e (g1 + ⁄g1 (g2)) = –e (g1) + –e (⁄g1 (g2))

= –e (g1) + ⁄–e(g1)–—
≠1
–e(g1)(e) (g2) = (–e (g1)) ¶

3
–

—
≠1
–e(g1)(e) (g2)

4

= ‡e (g1) ¶ ‡”g1 (e) (g2) =
eg1 ¶ e

g1 g2,

i.e., condition 1. in Corollary 3.4.2 holds. If e1, e2 œ E and g œ G, then

(e1 ¶ e2)
g

= ”g (e1 ¶ e2) = —≠1
–e1¶e2 (g) (e1 + ⁄e1 (e2)) = —≠1

–e1¶e2 (g) (e1)

+ —≠1
–e1¶e2 (g) (⁄e1 (e2)) = —≠1

–e1¶e2 (g) (e1) + ⁄
—

≠1
–e1¶e2 (g)(e1)—

≠1
–

≠1
e1 (–e1¶e2 (g))

(e2)

= —≠1
–e1(–e2 (g))

(e1) ¶ —≠1
–e2 (g) (e2) = ”‡e2 (g) (e1) ¶ ”g (e2) = e

e2 g

1 ¶ eg

2

i.e., condition 2. in Corollary 3.4.2 holds. Moreover note that from (4.4) it follows
⁄

—
≠1
–0(g)(0) = —≠1

–0(g)⁄0—g, i.e., ⁄
—

≠1
g (0) = —≠1

g —g = idE , for every g œ G, then

0 = ⁄
—

≠1
g (0) (0) = —≠1

g (0) ¶
31

—≠1
g (0)

2≠
+ 0

4
= —≠1

g (0) ¶ 0 = —≠1
g (0) = ”g (0) = 0

g,

for every g œ G and so condition 3. in Corollary 3.4.2 holds. Therefore G, E, ‡ and
” satisfy assumption of Corollary 3.4.2 and we may construct the matched product
of G and E, by ‡ and ”.

Now we write the solution of the Yang-Baxter equation associated to the left semi-
brace B := G ÛÙ E in terms of –, —, ⁄g, ⁄e and flg functions.

Proposition 4.2.5. Let B := G ÛÙ E be the left semi-braces obtained as the matched
product of G and E by – and — as in Lemma 4.2.4. Then, the solution of the Yang-Baxter
equation associated to B is the map r : B ◊ B æ B ◊ B given by

r ((g1, e1) , (g2, e2)) =

11
⁄g1

1
–

—
≠1
g1 (e1) (g2)

2
, ⁄e1

1
—

–
≠1
e1 (g1) (e2)

22
,

Q

afl
–

≠1
e2 (g2)

Q

a–≠1
⁄e1

1
—

–≠1
e1 (g1)(e2)

2 (g1)

R

b , 0

R

b

R

b ,

for all e1, e2 œ E and g1, g2 œ G.

Proof. According to Theorem 4.2.1, we have to compute ⁄(g1,e1) functions and fl(g2,e2)
ones.
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If (g1, e1) , (g1, e1) œ G ◊ E, then

⁄(g1,e1) (g2, e2) = (g1, e1) ¶
1
(g1, e1)

≠
+ (g2, e2)

2

= (g1, e1) ¶
331

e1≠
g1

2≠
,
!
e1

≠"g1
4

+ (g2, e2)

4

= (g1, e1) ¶
31

e1≠
g1

2≠
+ g2, e2

4

=

Q

ag1 ¶ ((e1≠)
g1

)
≠1

((e1≠)
g1

)g1
≠

+ g2
2
, e1 ¶

Q

a!
e2

≠"
1

e1≠
g1

2≠R

b
≠R

b

=

Q

ag1 ¶
3

g≠
1 +

((e1≠)
g1

)
≠

g2

4
, e1 ¶

Q

ae1
≠

+

Q

a!
e2

≠"
1

e1≠
g1

2≠R

b
≠R

b

R

b

=

1
⁄g1

1
–—g1≠ (e1) (g2)

2
, ⁄e1

1
—–e1≠ (g1) (e2)

22

=

1
⁄g1

1
–

—
≠1
g1 (e1) (g2)

2
, ⁄e1

1
—

–
≠1
e1 (g1) (e2)

22
.

Further, if (g1, e1) , (g1, e1) œ G ◊ E, then

fl(g2,e2) (g1, e1) =

1
(g1, e1)

≠
+ (g2, e2)

2≠
¶ (g2, e2) =

31
e1≠

g1
2≠

+ g2, e2

4≠
¶ (g2, e2)

=

Q

ca
3

e2≠
31

e1≠
g1

2≠
+ g2

44≠
,
!
e2

≠"
31

e1≠
g1

2≠
+g2

4R

db ¶ (g2, e2) .

The second component of fl(g2,e2) (g1, e1) is given by

!
e2

≠"
1!

e1≠
g1

"≠
+g2

2

¶

Q

ccccccccccccccccca

!
e2

≠"

Q

cccccca

Q

a(e2≠)

1!
e1≠

g1
"≠

+g2

2R

b
≠

1
e2≠

1!
e1≠

g1
"≠

+g2

22≠

R

ddddddb

≠R

dddddddddddddddddb

≠

= 0,

since f

1
(fx)≠

(f
x)

≠
2≠

= f

1
(fx)≠

(fx
x

≠)

2≠

= fx, for all f œ E and x œ g and we take
f := e≠

2 and x :=

1
e

≠
1 g1

2≠
+ g2.
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Finally, the first component of fl(g2,e2) (g1, e1) is given by

3
e2

≠
31

e1
≠

g1
2≠

+ g2

44≠
¶

Q

ccca

Q

a(e2
≠

)

1!
e1≠

g1
"≠

+g2

2R

b
≠

1
e2≠

1!
e1≠

g1
"≠

+g2

22≠R

dddb

≠

g2

=

3
e2

≠
31

e1
≠

g1
2≠

+ g2

44≠
¶ e2

≠
g2 = fl

(e2≠ g2)

A3
e2

≠
1

e1
≠

g1
2≠

4≠
B

= fl–
e≠

2
(g2)

A3
–e2≠

31
e1

≠
g1

2≠
44≠

B
= fl–≠1

e2 (g2)

A
–≠1

—
(e1≠

g1)
(e2)

1
e1

≠
g1

2B

= fl–≠1
e2 (g2)

3
–≠1

—–
e1≠ (g1)(e2) (–e1≠ (g1))

4
= fl–≠1

e2 (g2)

3
–≠1

—
–≠1

e1 (g1)(e2)
!
–≠1

e1 (g1)
"4

= fl–≠1
e2 (g2)

3
–≠1

e1¶—
–≠1

e1 (g1)(e2) (g1)

4
= fl–≠1

e2 (g2)

Q

a–≠1

e1¶
1

e1≠+—
–≠1

e1 (g1)(e2)
2 (g1)

R

b

= fl–≠1
e2 (g2)

Q

a–≠1

⁄e1

1
—

–≠1
e1 (g1)(e2)

2 (g1)

R

b ,

Where for second equality we use the fact that

1
(fx

)
≠

2(f
x)

≠

=

3!
f≠"f

x

4(f
x)

≠

= f≠,

for all x œ G and f œ E with f := e≠
2 and x :=

1
e

≠
1 g1

2≠
+ g2.

If B is a left semi-brace, 0 is the identity of (B, ¶), G := B + 0 and E is the set of
idempotents then, by Proposition 3.4.1, B may be seen as the matched product of
the skew left brace G and the trivial semi-brace E. The isomorphism Â from G ÛÙ E

into B is given by Â (g, e) := g + e, for all g œ G and e œ E. Hence the solution
associated to B is, by Proposition 4.2.5, given by

⁄(g1+e1) (g2 + e2) = ⁄g1

1
–

—
≠1
g1 (e1) (g2)

2
+ ⁄e1

1
—

–
≠1
e1 (g1) (e2)

2

and

fl(g2+e2) (g1 + e1) = fl
–

≠1
e2 (g2)

Q

a–≠1
⁄e1

1
—

–≠1
e1 (g1)(e2)

2 (g1)

R

b + 0,

for all g1 + e1, g2 + e2 œ B, where according with Lemma 4.2.4 and Theorem 3.1.5,
– and — are

–e (g) = ‡e (g) =
!
fle≠

!
g≠""≠
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and

—g (e) =
!
”g≠

!
e≠""≠

= ⁄g (e) ,

for all g œ G and e œ E.

Example 4.2.6. Let B be the left semi-brace in Example 1.1.4. In this case (B, ¶)

is a group and there exists an endomorphism f of (B, ¶) such that f2
= f and

a + b = b ¶ f (a), for all a, b œ B. Moreover, if 0 is the identity of (B, ¶), then
G := B + 0 = Im f and the set E of idempotents of (B, +) is ker f . In Example 3.4.3
we determine the actions ” and ‡ to obtain the matched product, so we may compute
– and — to see the solution associated to B as solution associated to the matched
product of G and E. If g œ G and e œ E, then

–e (g) =
eg = g

and

—g (e) =

3!
e≠"g

≠
4≠

=
!
g ¶ e≠ ¶ g≠"≠

= g ¶ e ¶ g≠
= ”g≠ (e) .

Then the solution r : (G ◊ E) ◊ (G ◊ E) æ (G ◊ E) ◊ (G ◊ E) associated to the left
semi-brace G ÛÙ E is given by r ((g1, e1) , (g2, e2)) =

1
⁄(g1,e1) (g2, e2) , fl(g2,e2) (g1, e1)

2
,

where

⁄(g1,e1) (g2, e2) =

1
⁄g1

1
–

—
≠1
g1 (e1) (g2)

2
, ⁄e1

1
—

–
≠1
e1 (g1) (e2)

22

= (⁄g1 (g2) , ⁄e1 (—g1 (e2))) =

3
⁄g1 (g2) , ⁄e1

3
e

g
≠
1

2

44

and

fl(g2,e2) (g1, e1) =

Q

afl
–

≠1
e2 (g2)

Q

a–≠1
⁄e1

1
—

–≠1
e1 (g1)(e2)

2 (g1)

R

b , 0

R

b = (flg2 (g1) , 0) ,

for all g1, g2 œ G and e1, e2 œ E. Hence

r ((g1, e1) , (g2, e2)) =

33
⁄g1 (g2) , ⁄e1

3
e

g
≠
1

2

44
, (flg2 (g1) , 0)

4

for all g1, g2 œ G and e1, e2 œ E.

4.3 Holomorph of a right group and left semi-braces

In this section we introduce a suitable definition of the holomorph of a right group
and we provide a description of left semi-braces in terms of regular subgroups of
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the holomorph of a fixed right group (to appear in [8]). Notice that this result
generalizes the analogue one given by Guarnieri and Vendramin in [19].

Definition 4.3.1. Let (B, +) be a right group. The holomorph of the right group B is
the semigroup Hol (B) := B ◊ Aut (B), where the product is given by

(a, –) (b, —) := (a + – (b) , –—) ,

for all a, b œ B and –, — œ Aut (B).

The following proposition describes some basic properties of the holomorph of a
right group.

Proposition 4.3.2. Let B be a right group and Hol (B) the holomorph of B.

1. Hol (B) is a right group.

2. If E is the set of all idempotents of B, ē œ E fixed and G := B + ē, then
Aut (B) = Aut (G) ◊ Sym (E).

Proof. 1. If a, b, c œ B and –, —, “ œ Aut (B) such that (a, –) (b, —) = (a, –) (c, “),
then Y

]

[
a + – (b) = a + – (c)

–— = –“

and, since (B, +) is left cancellative semigroup and – is a bijection, we have that
b = c and — = “. Hence Hol (B) is left cancellative. Moreover if a, c œ B and
–, “ œ Aut (B), then there exists y œ B such that a + y = c. Set x := –≠1

(y) and
‰ := –≠1“, then

(a, –) (x, ‰) = (a + – (x) , –‰) =

1
a + ––≠1

(y) , ––≠1“
2

= (a + y, “) = (c, “) .

Therefore, by Definition 1.2.2, Hol (B) is a right group.
2. Let “ œ Aut (B). First, note that

1
“|E

2

#
the right and left reduction of map “

belongs to Sym (E). In fact, if e œ E, then “ (e) + “ (e) = “ (e + e) = “ (e), i.e.,
“ (e) œ E; conversely if e œ E, then, since “ œ Aut (B), there exists b œ B such that
“ (b) = e moreover b œ E since “ (b) = e = e + e = “ (b) + “ (b) = “ (b + b), i.e.,
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b = b + b. Set “̄ : G æ G defined by “̄ (b + ē) = “ (b) + ē. The map “̄ is injective. In
fact, if b1, b2 œ B such that “̄ (b1 + ē) = “̄ (b2 + ē), then

“ (b1) + ē = “ (b2) + ē =∆ “
1
b1 + “≠1

(ē)

2
= “

1
b2 + “≠1

(ē)

2

=∆ b1 + “≠1
(ē) = b2 + “≠1

(ē)

=∆ b1 + “≠1
(ē) + ē = b2 + “≠1

(ē) + ē

=∆ b1 + ē = b2 + ē,

since “ is bijective and “≠1
(ē) œ E is a left identity. The map “̄ is surjective. In fact,

if b + ē œ G, then there exists a œ B such that “ (a) = b + ē and so

“̄ (a + ē) = “ (a) + ē = b + ē.

The map “̄ is an homomorphism. In fact, if b1, b2 œ B, then

“̄ ((b1 + ē) + (b2 + ē)) = “̄ ((b1 + b2) + ē) = “ (b1 + b2) + ē = “ (b1) + “ (b2) + ē

= “ (b1) + ē + “ (b2) + ē = “̄ (b1 + ē) + “̄ (b2 + ē) ,

since ē œ E. Therefore “̄ œ Aut (G).

Consider the map Ï : Aut (B) æ Aut (G)◊Sym (E) defined by Ï (“) =

3
“̄,

1
“|E

2

#

4
.

The map Ï is injective. In fact, if “1, “2 œ Aut (B) such that Ï (“1) = Ï (“2), then
“̄1 = “̄2 and “1|E

= “2|E
. Hence, since if b œ B, then there exists e œ E such that

b + e = b and

“1 (b) = “1 (b + e) = “1 (b) + “1 (e) = “1 (b) + ē + “1 (e) = “̄1 (b + ē) + “1|E
(e)

= “̄2 (b + ē) + “2|E
(e) = “2 (b) + ē + “2 (e) = “2 (b) + “2 (e)

= “2 (b + e) = “2 (b) ,

i.e., “1 = “2. The map Ï is surjective. In fact, if (–, ‡) œ Aut (G) ◊ Sym (E),
set “ : B æ B such that “ (b) = – (g) + ‡ (e), for every b = g + e œ B. If
b1 = g1 + e1, b2 = g2 + e2 œ B such that “ (b1) = “ (b2), then

“ (g1 + e1) = “ (g2 + e2) =∆ – (g1) + ‡ (e1) = – (g2) + ‡ (e2)

=∆ – (g1) = – (g2) and ‡ (e1) = ‡ (e2)

=∆ g1 = g2 and e1 = e2,
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i.e., “ is injective. Moreover if b = g + e œ B, then there exist g1 œ G and e1 œ E,
such that – (g1) = g and ‡ (e1) = e, so “ (g1 + e1) = – (g1) + ‡ (e1) = g + e = b.
Hence “ is surjective. Finally, if b1 = g1 + e1, b2 = g2 + e2 œ B, then

“ (b1 + b2) = “ (g1 + e1 + g2 + e2) = “ (g1 + g2 + e2) = – (g1 + g2) + ‡ (e2)

= – (g1) + – (g2) + ‡ (e2) = – (g1) + ‡ (e1) + – (g2) + ‡ (e2)

= “ (b1) + “ (b2) ,

i.e., “ is a homomorphism of B. Therefore Ï is surjective. Finally, Ï is a homomor-
phism from Aut (B) into Aut (G) ◊ Sym (E). In fact, if “1, “2 œ Aut (B) and g œ G,
then, clearly “1|E

“2|E
= (“1“2)|E and

“̄1 (“̄2 (g)) = “̄1 (“2 (g) + ē) = “1 (“2 (g)) + ē = “1“2 (g) ,

so “1“2 = “̄1“̄2. Hence Ï (“1“2) = Ï (“1) Ï (“2). Therefore Ï is a group isomorphism.

Let pr1 : Hol (B) æ B, (a, –) ‘æ a be the first projection. Then every subgroup N of
Hol (B) acts on B in the following way, if (a, –) œ N and x œ B then

(a, –) · x = pr1 ((a, –) (x, idB)) = a + – (x) .

Definition 4.3.3. Let B be a right group, Hol (B) its holomorph and N a subgroup
of Hol (B). We say that N is a regular subgroup if for all a, b œ B there exists a
unique (x, ‰) œ N such that

(x, ‰) · a = b.

We characterize regular subgroups of the holomorph of a right group in the following
way.

Lemma 4.3.4. Let B be a right group, Hol (B) its holomorph. A subgroup N of
Hol (B) is regular if and only if there exists a map „ : B æ Aut (B) such that, setting
„a := „ (a), we have „a„b = „a+„a(b) and N = {(a, „a) | a œ B}.

Proof. If (e, Á) is the identity of N , then

(a, –) (e, Á) = (a, –) =∆

Y
]

[
a + – (e) = a

–Á = –
(4.5)
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and

(e, Á) (a, –) = (a, –) =∆

Y
]

[
e + Á (a) = a

Á– = –

so e belongs to the set E of all idempotents of B and Á = idB. Moreover, since N is
regular, there exists a unique (c, “) œ N such that (c, “) · e = b, for every b œ B, then
c+“ (e) = b, i.e., by (4.5), c = b. If b œ B, set „b := “, where “ is the unique element
of Aut (B) such that (b, “) œ N and (b, “) · e = b. In this way, N = {(a, „a) | a œ B}.
Moreover, if a, b œ B, then

(a, „a) (b, „b) = (a + „a (b) , „a„b) ,

since N is a group and by regularity of N , we have that „a„b = „a+„a(b).
Conversely, let (e, „e) be the identity of N . Then

(e, „e) (e, „e) = (e, „e) =∆

Y
]

[
e + „e (e) = e

„e„e = „e

=∆

Y
]

[
e + e = e

„e = idB

so e belongs to the set E of all idempotents of B and „e = idB. Moreover

(a, „a) (e, „e) = (a, „a) =∆ a + „a (e) = a. (4.6)

Since N is a group for every (a, „a) œ N there exists (b, „b) such that (a, „a) (b, „b) =

(e, idB) = (b, „b) (a, „a), i.e.,

Y
]

[
a + „a (b) = e = b + „b (a)

„a„b = idB = „b„a

(4.7)

we indicate with a≠ the unique element b œ B such that (b, „b) satisfies (4.7). If
c, d œ B, then by (4.6) and (4.7)

1
d + „d

!
c≠"

, „d+„d(c≠)
2

· c =
!
d + „d

!
c≠"

, „d„c≠
"

· c = (d, „d)
!
c≠, „c≠

"
· c

= (d, „d) ·
!
c≠

+ „c≠ (c)
"

= (d, „d) · e = d.

Hence N is a regular subgroup of Hol (B).

Note that if B is a right group and N is a regular subgroup of Hol (B), Ï is an
automorphism of (B, +) and e the idempotent of B such that (e, „e) is the identity
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of N , then also NÏ := (e, Ï) N
!
e, Ï≠1"

is a regular subgroup of Hol (B). In fact,
clearly NÏ is a group. Further if a œ B, then

(e, Ï) (a, „a)

1
e, Ï≠1

2
= (e + Ï (a) , Ï„a)

1
e, Ï≠1

2
= (Ï (a) , Ï„a)

1
e, Ï≠1

2

=

1
Ï (a) + Ï„a (e) , Ï„aÏ≠1

2
=

1
Ï (a + „a (e)) , Ï„aÏ≠1

2

=

1
Ï (a) , Ï„aÏ≠1

2
,

by (4.5) in previous lemma. If we set „̄Ï(a) := Ï„aÏ≠1, for every a œ B, then

„̄Ï(a)„̄Ï(b) = Ï„aÏ≠1Ï„bÏ
≠1

= Ï„a„bÏ
≠1

= Ï„a+„a(b)Ï
≠1

= „̄Ï(a+„a(b))

= „̄Ï(a)+Ï(„a(b)) = „̄Ï(a)+Ï(„a(Ï≠1(Ï(b)))) = „̄
Ï(a)+„̄a(Ï(b)),

for all a, b œ B. Hence, by previous lemma NÏ is a regular subgroup of Hol (B).

Given a right group B we establish a one-to-one correspondence between the class
of left semi-braces with additive semigroup B and the set of all regular subgroups of
the holomorph of B.

Theorem 4.3.5. Let (B, +) be a right group, SB the class of left semi-braces with
additive semigroup (B, +) and R the set of all regular subgroups of Hol (B) the
holomorph of (B, +).

1. If B¶
= (B, +, ¶) œ SB, then NB¶ := {(a, ⁄a) | a œ B} œ R.

2. The map f : SB æ R, B¶ ‘æ NB¶ is a bijection.

Moreover, in this correspondence isomorphic left semi-braces correspond regular sub-
groups of Hol (B) conjugated under the action of Aut (B) and vice versa.

Proof. 1. Let B¶ be a left semi-brace. First, note that by Proposition 1.2.1 ⁄a œ
Aut (B), for every a œ B. The map · : B æ Hol (B) such that · (a) = (a, ⁄a) is a
group homomorphism from the multiplicative group (B, ¶) of the left semi-brace B¶

into the holomorph Hol (B). In fact, if a, b œ B, then

· (a) · (b) = (a, ⁄a) (b, ⁄b) = (a + ⁄a (b) , ⁄a⁄b) =
!
a + a ¶

!
a≠

+ b
"

, ⁄a¶b

"

= (a ¶ b, ⁄a¶b) = · (a ¶ b)

moreover ⁄a⁄b = ⁄a+⁄a(b) Hence NB¶ = · (B¶
) is a regular subgroup of Hol (B), by

Lemma 4.3.4.
2. Let N be a regular subgroup of Hol (B). Then, by Lemma 4.3.4, there exists

4.3 Holomorph of a right group and left semi-braces 98



„ : B æ Hol (B) such that N = {(a, „a) | a œ B} and „a„b = „a+„a(b), where
„a := „ (a). For all a, b œ B we define on B the following binary operation

a ¶ b := a + „a (b) .

Clearly (B, ¶) is a group isomorphic to N . In fact pr1 : N æ B, (a, „a) ‘æ a is an
isomorphism. Moreover denoted with a≠ the element of B such that (a≠, „a≠) is the
inverse of (a, „a) in N , we have that

a ¶ b + a ¶
!
a≠

+ c
"

= a + „a (b) + a + „a

!
a≠

+ c
"

= a + „a (b) + a + „a

!
a≠"

+ „a (c) = a + „a (b) + „a (c)

= a + „a (b + c) = a ¶ (b + c) ,

since a + „a (a≠
) is an idempotent by (4.7) in Lemma 4.3.4. Hence (B, +, ¶) is a

left semi-brace and NB¶ = N . Further if B¶
= (B, +, ¶) and Bú

= (B, +, ú) are
left semi-braces such that f (B¶

) = f (Bú
), then {(a, ⁄¶

a) | a œ B} = NB¶ = NBú =

{(a, ⁄ú
a) | a œ B} and so

a ¶ b = a + ⁄¶
a (b) = a + ⁄ú

a (b) = a ú b,

for all a, b œ B. Therefore f is a bijection.
Finally, if B¶

= (B, +, ¶) , Bú
= (B, +, ú) œ SB such that there exists Ï : B¶ æ Bú

left semi-brace isomorphism, then, in particular Ï œ Aut (B). Moreover, set ⁄¶
a (b) :=

a ¶ (a≠
+ b) and ⁄ú

a (b) := a ú (a≠ú
+ b) where a≠ú is the inverse of a in (B, ú), then

(0, Ï) NB¶
!
0, Ï≠1"

= NBú . In fact,

(0, Ï) (a, ⁄¶
a)

1
0, Ï≠1

2
= (0 + Ï (a) , Ï⁄¶

a)

1
0, Ï≠1

2
=

1
Ï (a) + Ï⁄¶

a (0) , Ï⁄¶
aÏ≠1

2

=

1
Ï

!
a + a ¶

!
a≠

+ 0
""

, Ï⁄¶
aÏ≠1

2
=

1
Ï (a) , Ï⁄¶

aÏ≠1
2

,

for every a œ B. Moreover

Ï⁄¶
aÏ≠1

(b) = Ï
1
a ¶

1
a≠

+ Ï≠1
(b)

22
= Ï (a) ú

1
Ï (a)

≠ú
+ b

2

= ⁄ú
Ï(a) (b) ,

for all a, b œ B, i.e., Ï⁄¶
aÏ≠1

= ⁄ú
Ï(a), for every a œ B. Hence we obtain that

(0, Ï) (a, ⁄¶
a)

!
0, Ï≠1"

=

1
Ï (a) , ⁄ú

Ï(a)

2
.

Conversely, let N1 :=

Ó1
a, „(1)

a

2--- a œ B
Ô

, N2 :=

Ó1
a, „(2)

a

2--- a œ B
Ô

be regular sub-
groups of Hol (B) and Ï œ Aut (B) such that (0, Ï) N1

!
0, Ï≠1"

= N2, where 0 is such
that

1
0, „(1)

0
2

is the identity of N1. Set a¶b := a+„(1)
a (b) and aúb := a+„(2)

a (b), then
Ï is an isomorphism from (B, +, ¶) into (B, +, ú). In fact, since (0, Ï) N1

!
0, Ï≠1"

=
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N2, we have that
Ó1

Ï (a) , Ï„(1)
a Ï≠1

2 --- a œ B
Ô

=

Ó1
a, „(2)

a

2 --- a œ B
Ô

, i.e., Ï„(1)
a =

„(2)
Ï(a)Ï, for every a œ B. Hence

Ï (a ¶ b) = Ï
1
a + „(1)

a (b)

2
= Ï (a) + Ï„(1)

a (b) = Ï (a) + „(2)
Ï(a) (Ï (b))

= Ï (a) ú Ï (b) ,

in this way the left semi-braces corresponding to N1 and N2 respectively are isomor-
phic.

Note that if (B, +) is, in particular, a group, then Hol (B) is a group. As corollary of
previous theorem we have the following theorem, see [19].

Theorem 4.3.6. Let (B, +) be a group, SB be the class of skew left braces with additive
group (B, +) and R the set of all regular subgroups of Hol (B) the holomorph of (B, +).

1. If B¶
= (B, +, ¶) œ SB, then NB¶ := {(a, ⁄a) | a œ B} œ R.

2. The map f : SB æ R, B¶ ‘æ NB¶ is a bijection.

Moreover, in this correspondence isomorphic skew left braces correspond regular sub-
groups of Hol (B) conjugated under the action of Aut (B).

Proof. By Theorem 4.3.5, if N := {(a, „a)| a œ B} is a regular subgroup of Hol (B),
then, setting a¶b := a+„a (b), we have that (B, +, ¶) is a left semi-brace with (B, +)

group and, by Corollary 1.2.8, (B, +, ¶) is a skew left brace. On the other hand, if
(B, +, ¶) is a skew left brace then, by Corollary 1.2.8, B is a left semi-brace and by
previous theorem {(a, ⁄a)| a œ B} is a regular subgroup of Hol (B).

Moreover if (B, +) is an abelian group, then the same result holds for left braces (cf.
Corollary 4.1.1 in [26]).

Theorem 4.3.7. Let (B, +) be a abelian group, LB be the class of left braces with
additive group (B, +) and R the set of all regular subgroups of Hol (B) the holomorph
of (B, +).

1. If B¶
= (B, +, ¶) œ LB, then NB¶ := {(a, ⁄a) | a œ B} œ R.

2. The map f : LB æ R, B¶ ‘æ NB¶ is a bijection.

Moreover, in this correspondence isomorphic left braces correspond regular subgroups of
Hol (B) conjugated under the action of Aut (B).
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Finally, if we are interested on left F -braces we need to focus on the affine group
AGL (V ) of the vector space (V, +) over F .

Definition 4.3.8. Let V be a vector space over a field F . The affine group of the
vector space V is the group AGL (V ) := V ◊ GL (V ), where GL (V ) is the linear
group of V and the product is given by

(a, –) (b, —) := (a + – (b) , –—) ,

for all a, b œ V and –, — œ GL (V ).

Remark 4.3.9. Let V be a vector space over a field F and T (V ) the translation
group of V . Then AGL (V ) is the semidirect product of T (V ) by GL (V ).

Theorem 4.3.10 (Theorem 1. in [7]). Let V be a vector space over a field F , FB be
the class of left F -braces with underlying vector space V and R the set of all regular
subgroups of AGL (V ) the affine group of V .

1. If V ¶
= (V, +, ¶) œ FB, then NV ¶ := {(a, ⁄a) | a œ V } œ R.

2. The map f : FB æ R, V ¶ ‘æ NV ¶ is a bijection.

Moreover, in this correspondence isomorphic left F -braces correspond regular subgroups
of AGL (V ) conjugated under the action of GL (V ).

Proof. Clearly if – œ GL (V ), then – œ Aut (V ), where V is reviewed only as a group.
Then AGL (V ) is a subgroup of Hol (V ). Therefore, if V ¶

= (V, +, ¶) is a left F -brace,
then in particular it is a left brace and so, by Theorem 4.3.7, NV ¶ := {(a, ⁄a)| a œ V }
is a regular subgroup of Hol (V ). Moreover if a, b œ V and µ œ F , then

µ⁄a (b) = µ (≠a + a ¶ b) = ≠µa + µ (a ¶ b) = ≠µa + (µ ≠ 1) a + a ¶ (µb)

= ≠a + a ¶ (µb) = ⁄a (µb) ,

i.e., ⁄a œ GL (V ). Hence NV ¶ is a regular subgroup of AGL (V ). On the other hand
if N := {(a, „a)| a œ V } is a regular subgroup of AGL (V ), then, by Theorem 4.3.7,
setting a ¶ b := a + „a (b), we have that (V, +, ¶) is a left brace. Moreover if a, b œ V

and µ œ F , then

µ (a ¶ b) = µ (a + „a (b)) = µa + „a (µb) = a ¶ (µb) + (µ ≠ 1) a,

and so V is a left F -brace.
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Corollary 4.3.11 (Corollary 2. in [7]). Let F be a field, V ¶
= (V, +, ¶) a left F -brace,

T (V ) the translation group of V and NV ¶ = f (V ¶
) the regular subgroup of the affine

group AGL (V ) associated to V ¶. Then

T (V ) fl NV ¶ = {(a, idV ) | a œ V, ’b œ V a + b = a ¶ b} .

Proof. Note that T := {(a, idV ) | a œ V }. Then a œ T fl NV ¶ if and only if ⁄a = idB ,
i.e., a ¶ b = a + b, for every b œ V .

4.3.1 Regular subgroups of a 2-dimensional a�ne group

By Theorem 1.3.38 we may obtain all two-dimensional F -braces with non-trivial
annihilator and then by Theorem 4.3.10 all regular subgroup of the affine group of
dimension two with non-trivial intersection with the translations group.

Let N be the zero algebra of dimension one over a field F with basis (e1) by
Proposition 1.3.35 and Example 1.3.34, there exists ◊ a 2-cocycle of N if and only if
there exists · an automorphism of (F, +).
Hence if F is a field all regular subgroups of AGL

!
F 2"

with non trivial intersection
with the translation group are given by

Y
__]

__[

Q

cca

1 x y

0 1 · (x)

0 0 1

R

ddb

--------
x, y œ F

Z
__̂

__\
,

for every · automorphism of (F, +).
Here we have used the embedding of AGL (F n

) into GL (F, n + 1) where we have
that AGL (F n

) acts on the right on the set of affine vector � := {(1, v) | v œ F n}.
Then, if N is a regular subgroup of AGL (F n

), there exists a unique element of N

such that the embedding in GL (F, n + 1) has (1, v), as first row, for every v œ F n,
i.e.,

N =

IA
1 v

0 ⁄v

B ----- v œ F n

J

. (4.8)

By Theorem 4.3.10 we note that there is a unique left F -brace V ¶ such that N = NV ¶ .
Moreover the multiplication on the F -space V ¶ is given by

x ¶ y = x + ⁄x (y) ,

for all x, y œ V . Conversely, if V ¶ is a left F -brace and ⁄x : V æ V, y ‘æ x ¶ (x≠
+ y),

then the regular subgroup NV ¶ has the description given in (4.8).
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4.3.2 On Heged�s’ subgroups

In [22] Hegedűs constructed examples of regular subgroups of a specific affine group
having trivial intersection with the translation group. In particular, let p be a prime
and assume n is odd and n Ø 3 if p = 2, and n Ø 4 when p is odd. Let q be a
non-degenerate quadratic form on Fn≠1

p and X the matrix of b the polar form of q.
If A is a matrix of order p in O

1
Fn≠1

p , q
2

the orthogonal group associated with Fn≠1
p

and q, then

H :=

Y
__]

__[

Q

cca

1 q (w) + k w

0 1 0
0T AkXwT Ak

R

ddb

--------
w œ Fn≠1

p , k œ Fp

Z
__̂

__\
(4.9)

is a regular subgroup of AGL

1
Fn

p

2
containing only the trivial translation.

Using the asymmetric product of left F -braces in the particular case of zero radical
F -braces, we can extend Hegedűs’ result.

For this purpose, let us note that if H, N are zero left F -braces we may simplify the
condition (2.4) in Corollary 2.4.1 as in the following result.

Corollary 4.3.12. Let F be a field of characteristic p ”= 2, and H, N zero left F -
braces. A bilinear and symmetric map, b : H ◊ H æ N , and a homomorphism of
the multiplicative group of N into the group of automorphisms of the left F -brace
H, — : N æ Aut (H), satisfy (2.4) in Corollary 2.4.1 if and only if they satisfy the
condition

b (h1, h2) = (
nh1, nh2) (4.10)

for all h1, h2 œ H and n œ N .

Proof. We prove that (2.4) in Corollary 2.4.1 is equivalent to (4.10), in the case of
zero left F -braces. Suppose that (2.4) holds then

b (h1, h2) =b (h3 +
nh1, h3 +

nh2) ≠ b (h3 +
n

(h1 + h2) , h3)

=b (h3, h3) + b (h3, nh2) + b (
nh1, h3) + b (

nh1, nh2)

≠ b (h3, h3) ≠ b (
nh1, h3) ≠ b (

nh2, h3)

=b (
nh1, nh2) ,
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for all h1, h2, h3 œ H. Conversely suppose that (4.10), then, since H and N are zero
left F -braces,

n ¶ b (h2, h3) + b (h1 ¶ n
(h2 + h3) , h1)

= n + b (h2, h3) + b (h1 +
nh2 +

nh3, h1)

= n + b (
nh2, nh3) + b (h1, h1) + b (

nh2, h1) + b (
nh3, h1)

= n + b (h1 +
nh2, h1 +

nh3) = n + b (h1 ¶ nh2, h1 ¶ nh3)

for all h1, h2, h3 œ H and n œ N .

Corollary 4.3.13. Let F be a field of characteristic 2, H a zero left F -brace and N the
zero left F -brace with additive group (F, +). A quadratic form, q, its polar form, b,
and a homomorphism of the multiplicative group of N into the group of automorphism
of the left F -brace H, — : N æ Aut (H), satisfy (2.6) in Corollary 2.4.4 if and only it
they satisfy the condition

q (
nh) = q (h) (4.11)

for all h œ H and n œ N .

Proof. We prove that (2.6) in Corollary 2.4.4 is equivalent to (4.11). Suppose that
(2.6) holds then

q (
nh) = b (

nh, 0) + q (h) + q (0) = q (h) ,

for every h œ H. On the other hand, suppose that (4.11) holds, then, since H and
N are zero left F -braces,

n ¶ q (h2) + n + q (h1) + q (h1 ¶ nh2) = q (h2) + q (h1) + q (h1 +
nh2)

= q (
nh2) + q (h1) + q (h1 +

nh2) = b (h1 +
nh2, h1) = b (h1 ¶ nh2, h1) ,

for all h1, h2 œ H and n œ N .

Remark 4.3.14. By Corollary 4.3.11 and Definition 1.3.15, we may check the
intersection of the group associated to a left F -brace V with the translation group
T (V ) looking at the socle, i.e.,

NV fl T (V ) = {(a, idV ) | a œ Soc (V )} .

Hence, in assumptions of Corollary 4.3.12 we have that (h, n) œ Soc (H o¶ N) if and
only if h œ rad b and — (n) = idH , where rad b = {h | h œ H, ’k œ H b (h, k) = 0}.
In fact, (h, n) œ Soc (H o¶ N), if and only for all k œ H and m œ N we have that
h + k = h +

nk and b (h, k) + n + m = n + m, i.e., — (n) = idH and h œ rad b.
In the same way, in the assumptions of Corollary 4.3.13 we have that (h, n) œ
Soc (H o¶ N) if and only if h œ rad b and — (n) = idH .
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Theorem 4.3.15. Let p be a prime and m œ N. If one of the following conditions hold:

1. p odd, m = 1 and n Ø 3;

2. p odd, m > 1 and n Ø 4;

3. p = 2, m = 1 and n = 3 or n Ø 5;

4. p = 2, m > 1 and n = 4, n = 5, n = 6 or n Ø 8,

then the affine group AGL (n + 1, pm
) contains a regular subgroup having trivial

intersection with the translation group.

Proof. If m = 1, n Ø 3 and p odd or n Ø 2, n even and p = 2, then set H := Fn
p ,

where Fp is the field with p elements. There exists a quadratic form q : V æ Fp,
such that its polar form b is non-degenerate. Moreover, since p divides the order
of the orthogonal group O (V, q), there exists an element A œ O (V, q) of order p.
Let — : Fp æ GL (H) be the group homomorphism such that — (1) = A. Then, if p

is odd, H,Fp, —, b satisfy the assumptions in Corollary 4.3.12, if p = 2, H,F2, —, q

satisfy the assumptions in Corollary 4.3.13. Hence for both cases, we may consider
the asymmetric product of H by Fp, i.e., H o¶ Fp and by Theorem 4.3.10, the
multiplicative group of this left Fp-brace is a regular subgroup of the affine group
AGL (n + 1, p). Further, since — is faithful and b is non-degenerate, by previous
remark, its intersection with the translation group is trivial.

Now, suppose m > 1. If n Ø 4 and p is odd or n Ø 4, n is even and p = 2, set
H := Fn

p , then there exists an isotropic quadratic form q : H æ Fpm such that
the polar form b is non-degenerate. Let h be an isotropic vector of H and k1 œ H

such that b (h, k1) = 0. Then we can choose k2, . . . , km œ H such that b (h, ki) = 0

and ki does not lie on the planes generated by h and kj with j Æ i ≠ 1, for every
i œ {2, . . . , m}. Thus the matrices Ai associated to the Eichler trasformation (see
8.2.10 in [20])

�h,ki (x) := x + b (x, ki) h ≠ b (h, x) ki ≠ b (h, x) q (ki) h,

for every x œ H, belong to the orthogonal group O (V, q), have order p and pairwise
commute. Let

— : Fpm =

mn

i=1
ÈÊiÍ ≠æ GL (n,Fpm)
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be the group homomorphism such that — (Êi) = Ai. Obviously, — is injective, and if
h œ H, ⁄1, . . . , ⁄m œ Fp then we have

q (h) = q

A
mŸ

i=1
A⁄i

i
h

B

= q

Q

ca

mq
i=1

⁄iÊi

h

R

db ,

since
mr

i=1
A⁄i

i
=

mr
i=1

— (Êi)
⁄i

= —
3

mq
i=1

⁄iÊi

4
. Hence if p = 2 H,F2, q, — satisfy the

assumption of the Corollary 4.3.13. Moreover, if p is odd, by previous equality we
have

b (h1, h2) = q (h1 + h2) ≠ q (h1) ≠ q (h2)

= q

Q

ca

mq
i=1

⁄iÊi

h1 +

mq
i=1

⁄iÊi

h2

R

db ≠ q

Q

ca

mq
i=1

⁄iÊi

h1

R

db ≠ q

Q

ca

mq
i=1

⁄iÊi

h2

R

db

= b

Q

ca

mq
i=1

⁄iÊi

h1,

mq
i=1

⁄iÊi

h2

R

db ,

for all h1, h2 œ H, ⁄1, . . . , ⁄m œ Fp, then H,Fp, b, — satisfy the assumptions of the
Corollary 4.3.12. Therefore the multiplicative group of the left Fpm-brace Fpm o¶ H

is a regular subgroup of the affine group AGL (n + 1, pm
). Further, since — is faithful

and b is non-degenerate, by previous remark, this subgroup has trivial intersection
with the translation group.

For p = 2, if m = 1 and n Ø 5 or m > 1 n Ø 9, n odd, we may consider the direct
product of two left F2m-braces, B1 := Fn1

2m o¶F2m and B2 := Fn2
2m o¶F2m where n1, n2

are even n1, n2 Ø 4 such that n1 + 1 + n2 + 1 = n + 1. Therefore the multiplicative
group of the F2m-brace direct product is the direct product of the multiplicative
groups of B1 and B2. Since Soc (B1 ◊ B2) = Soc (B1) ◊ Soc (B2) by Corollary 4.3.11
the intersection of the multiplicative group of B1 ◊ B2 with the translation group is
trivial.

Finally, if m Ø 1, p = 2 and n = 5, there exists a regular subgroup of AGL (6, 2
m

) by
Example 3.4 in [27] that has trivial intersection with the translation group.
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