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Abstract

This thesis focuses on the new algebraic structure: semi-brace. We study basic
properties of this structure and we show that semi-braces are a generalization of
braces. Moreover we introduce new constructions of semi-braces, the asymmetric
product and the matched product, in order to obtain several examples of semi-
braces. Finally, we prove that we may construct left non-degenerate solutions of the
Yang-Baxter equation through left semi-braces.

Abstract (ltalian)

Questa tesi € incentrata su una nuova struttura algebrica: i semi-braces. Si studier-
anno le proprieta basilari di questa nuova struttura e si mostrera che i semi-braces
sono una generalizzazione dei braces. Inoltre si introdurranno delle costruzioni di
semi-braces, il prodotto asimmetrico e il prodotto matched per ottenere altri esempi
di semi-braces. Infine proveremo che & possibile ottenere tramite i semi-braces
soluzioni dell’equazione di Yang-Baxter che siano solo non degeneri a sinistra.
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Introduction

The quantum Yang-Baxter equation (briefly QYBE) arose in some problems of statisti-
cal mechanics. First it appears in work of Yang [33], in 1967, and of Baxter [5], in
1973.

Let V be a vector space over a field, a solution of the Yang-Baxter equation is a linear
mapR:V®V — V ®V such that

R12R13R23 = Ra3R13R12,

where Ri3 := R ® idy, Ro3 := idy @R and R13 = (idy ®7) (R ® idy) (idy ®7) and
7:V®V — V®YV is the twist map, i.e., the linear map such that 7 (v ® v) = v ® u,
for all u,v € V. Moreover, R : V@V — V ® V is a solution of the QYBE if and only
if the map R := 7R satisfies the so-called braid equation

Ry2Ro3R12 = Rz Ri2Ras. )
Also in this case one can say that R is a solution of the Yang-Baxter equation.

In 1992, Drinfeld [15] proposed to study a simplified case, i.e., the set-theoretical
solution of the quantum Yang-Baxter equation. In particular, fixing a basis X on the
vector space V we may focus on the problem to find all solutions R, i.e., a solution
of (I), induced by a linear extension of a function » : X x X — X x X that satisfies
the braid equation

T1TQr1 = T2riT2, an

where r; := r x idx and 79 := idx xr. These maps r are called set-theoretical
solutions of the QYBE, hereinafter we call these functions solutions.

Let X be a non-empty set. The following maps satisfy the relation (II).

1. The twist map, 7 : X x X — X x X, i.e., the function defined by 7 (x,y) = (y, x),
forall z,y € X.
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2. Themap r: X x X — X x X defined by r (z,y) = (f (y), g (x)), where f, g
are functions from X into itself such that f¢g = gf (see V.V. Lyubashenko’s
solutions in [15], Example 1 section 9).

3. Themap r : X x X — X x X defined by r (z,y) = (z xy,z), where x is an
operation on X such that z x (y* z) = (x xy) * (x x 2), for all z,y, z € X (see
B.B. Venkov’s solutions in [15], Example 2 section 9). For instance, if X is
a group and we set x x y := xyx ', for all x,y € X then * satisfy previous
condition.

4. If Xisagroupand f : XxX — X xX is a group endomorphism such that f? =
f,thenthe map r : X x X — X x X defined by r (z,y) = (:cyf ()7, f (:L')),
for all x,y € X (see [18]). Note that if f = idx we obtain the previous
solution in the particular case in which * is the operation of conjugation.

Determining all set-theoretical solutions of the quantum Yang-Baxter equation is a
very difficult task. Seminal papers of Etingof, Schedler and Soloviev [16] and of
Gateva-Ivanova and M. Van den Bergh [17] laid the groundwork for the study of a
particular class of solutions of the quantum Yang-Baxter equation, the non-degenerate
involutive ones, i.e.,amap r: X x X — X x X, where X is a set, satisfies (II) such
that the first and the second projections of r are bijections and 72 = idxx x.

Clearly, the twist map is a non-degenerate involutive set-theoretical solution of
the QYBE. For instance, Lyubashenko’s solution is non-degenerate and involutive
if and only if f, g are bijections and ¢ = f~!. In the case of a solution in 4., r is
non-degenerate if and only if f = idy and r is involutive if and only if X is abelian
and f = idy.

In 2007, Rump in [28] introduced the braces to construct solutions of QYBE. Let
(B, +) be an abelian group and - an operation on B such that
l.a-(b+c¢)=a-b+a-cforalla,b,ce B;
2. (a+b+a-b)-c=a-c+b-c+a-(b-c),foralla,b,ce B;
3. themap ~, : B — B,z + a-x + x is bijective, for every a € B.

Then (B, +, -) is called a left brace. If B is a left brace, then the mapr : BxB — BxB
defined by

r(a,0) = (70 (0) 75,1, (@)

for all a,b € B is a non-degenerate involutive solution of QYBE.

viii



Cedo, Jespers and Okninski in [13], reformulate the definition of left brace. A set
B with two operations +, o such that (B, +) is an abelian group, (B, o) is a group
and

ao(b+c)+a=aob+aoc, (I

holds for all a, b, c € B, is a left brace. The link between o and -, aocb=a-b+a + b,
allows us to go from one definition to the other and conversely.

Braces and their relation with non-degenerate involutive solutions of QYBE have
been widely studied, for instance, see [26], [3], [1], [9], [10].

Recently, Guarnieri and Vendramin in [19] introduce skew left braces, a general-
ization of left brace as a tool to find non-degenerate and bijective solutions, not
necessarily involutive, i.e., bijective maps that satisfy (II) and such that first and
second projections are bijective. Thus, skew left braces answer the problem of
finding non-involutive solutions, initially studied by Lu, Yan and Zhu [25] and by
Soloviev [32]. A skew left brace is a set B with two operations -+, o such that (B, +)
and (B, o) are groups and the condition (III) is replaced by

ao(b+c)=aob—a+aoc, (v)

for all a,b,c € B.
If B is a skew left brace and \, : B — B,b+— —a + a o b, for every a € B, then the
map r : B x B — B x B defined by

r(a,6) = (A (0),A3)0) (= (b0 @) + b+ (b0 a)))
is a bijective non-degenerate solution of QYBE, not necessarily involutive.

Catino, Stefanelli and myself in [11] introduce left semi-braces, a generalization of
skew left braces, in order to determine new solutions » of QYBE that are only left
non-degenerate, i.e, such that the first projection of r is bijective. We say that a set
B with two operations + and o is a left semi-brace if (B, +) is a left cancellative
semigroup, (B, o) is a group and condition (IV) is replaced by

ao(b+c)=aob+ao(a” +c), W)

for all a, b, c € B, where we denote by a~ the inverse of a respect to o.
If B is a left semi-brace, then the map » : B x B — B x B defined by

r(a,b) = (ao(af—i—b),(a*—i-b)*ob)



is a solution of QYBE. Note that if B is a left semi-brace that is not a skew left brace
then the associated solution is right degenerate (as shown in Remark 1.2.12).

In this thesis, we prove that not all left cancellative semigroups may be the additive
structure of a left semi-brace. In particular, we prove that the additive semi-group
is a right group, see Proposition 1.2.4. Further we introduce the concept of ideal,
Definition 1.3.1, for a left semi-brace and we prove that if the left semi-brace is a
skew left brace then the definition of ideal coincides with the definition introduced
by Guarnieri and Vendramin in [19]. Moreover, we introduce new constructions, the
asymmetric product (Chapter 2) and the matched product (Chapter 3), that allow
us to construct more examples of left semi-brace. Finally, as corollary of matched
product we may prove that any left semi-brace is the matched product of a skew left
brace and a trivial semi-brace, see Proposition 3.4.1. A trivial left semi-brace is the
easier one that one may construct, in fact it is a group E with additive structure the
right zero-semigroup on F, i.e., with the sum given by a + b =, for all a,b € F.

Another aspect strictly linked with braces is their connection with regular subgroups
of the holomorph of a group. Further a particular kind of brace, the left brace over
a field, has a link with the regular subgroups of the affine group. In fact there
is a one-to-one correspondence between F-braces with additive structure a fixed
vector space V' and regular subgroups of the affine group of V. This correspondence
answers to the problem of finding all regular subgroups of the affine group posed in
a seminal paper by Liebeck, Praeger and Saxl [24].

If V is a vector space over a field F, denoted by T (1), the group of all translations
on V and by GL (V) the linear group, then the affine group of V is the group
generated by GL (V') and T' (V). Clearly, T (V') and any its conjugate subgroup by an
element of GL (V') are abelian regular subgroups of AGL (V). Caranti, Dalla Volta
and Sala in [6] obtained a simple description of all abelian regular subgroups of the
affine group AGL (V) in terms of commutative associative radical algebras with the
underlying vector space V. Heged(s in [22] find examples of non-abelian regular
subgroup of some particular affine groups.

A very interesting result was obtained by Catino and Rizzo in [7], that established a
one-to-one correspondence between regular subgroups of the affine group AGL (V)
and left F-braces with underlying vector space V. We may reformulate the original
definition of left F-brace in the following way: a vector space V' over a field F' with
an operation o is called a left F-brace, if (V,+, o) is a left brace and

p(aob) =ao(ub)+(n—1)a, (VD)



for all 4 € F and a,b € V. Catino and Rizzo proved that if (V, +, o) is a left brace
over a field F, then the set

{(a,\a) | a €V},

where \, : V — V,z — —a + aob, for every a € V, is a regular subgroup of the
affine group AGL (V). Conversely, if 7' = {(a,¢,) | a € V'} is a regular subgroup
of AGL (V) and set a o b := a + ¢, (b), for all a,b € V, then the vector space V'
with the operation o is a left F'-brace. By this result, the problem of determining all
regular subgroups of an affine group may be replaced by that of determining all left
F-braces. In this thesis we obtain as corollary of the asymmetric product of left semi-
brace, the asymmetric product of left F-brace Corollary 2.4.1 and Corollary 2.4.4,
already introduced by Catino, Stefanelli and myself in [10] that allows us to put in
a more general context the example of regular subgroup with trivial intersection
with the translation group introduced by Heged{s (see Theorem 4.3.15). Moreover
we provide a complete description of all left F-braces with non-trivial annihilator,
the Hochschild product of left F'-braces (Proposition 1.3.36), already introduced
by Catino, Stefanelli and myself in [9], that allows us to describe regular subgroup
of the affine group with non-trivial intersection with the translation group. In this
thesis we obtain the Hochschild Product of left F-braces as a corollary of a new
construction of skew left brace, the extension of skew left brace (see Theorem 1.3.21)
a generalization of the analogue construction introduced by Bachiller in [2] for left
braces.

Guarnieri and Vendramin in [19], generalize the correspondence between regular
subgroups of the affine group AGL (V') and left F-brace with underlying vector
space V' to a correspondence between regular subgroups of the holomorph of a
group Hol (B) and left skew brace with additive group B. If B is a group, then the
holomorph Hol (B) is the semidirect product between the group B and the group
Aut (B) of automorphisms of B where the product is given by

(a,c) (b,B) = (a+ a(b),af),
forall a,b € B and «, 5 € Aut (B).

In this thesis we generalize the definition of the holomorph of a group to a definition
of a holomorph of a right group, Definition 4.3.1. In particular, if B is a right group
we say that the holomorph of B is the semigroup Hol (B) defined over the cartesian
product of B and Aut (B), the group of automorphisms of B, where the product is
given, as in the classical case, by

(a,a) (b,8) = (a+ a(b),ab),
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for all a,b € B and «, 3 € Aut (B). Further we prove a correspondence (Theo-
rem 4.3.5) between the regular subgroups of the holomorph of a right group B and
a left semi-brace with additive semigroup B.

Thesis Structure

In Chapter 1, we introduce the definition and first basic examples of left semi-braces,
see Section 1.1. We study the additive structure of a left semi-brace, in particular we
prove in Proposition 1.2.4 that the additive semigroup of a left semi-brace is a right
group, i.e., it is the direct sum of a group and a right zero-semigroup. Moreover
we introduce the concept of ideal, Definition 1.3.1, for left semi-braces that allows
us to obtain new left semi-braces as quotient of known ones. Further we focus
on particular type of ideals, the socle and the annihilator. We show that if we
have a skew left brace, then the definition of ideal is the same introduced in [19],
Proposition 1.3.4. Finally, we extend the correspondence between left braces and
bijective 1-cocycles of an abelian group to a correspondence between left semi-braces
and bijective 1-cocycles of a right group, Theorem 1.4.4.

In Chapter 2 and Chapter 3 we introduce constructions of left semi-braces: the
asymmetric product, Theorem 2.1.4, and the matched product, Theorem 3.1.1. These
constructions allow us to obtain new left semi-braces. In particular, by matched
product we prove that every left semi-braces can be seen as a product of a trivial left
semi-brace and a skew left brace, Corollary 3.4.2.

In Chapter 4 we prove that from every left semi-brace we may obtain a set-
theoretical solution of the QYBE, Theorem 4.2.1. In particular, we have that these
solutions are left non-degenerate but, in general, not right non-degenerate. Finally,
we extend the correspondence between skew left braces and regular subgroups of
the holomorph of a group to a correspondence between left semi-braces and regular
subgroups of the holomorph of a right group, Theorem 4.3.5. In particular, we
give a definition of the holomorph of a right group, see Definition 4.3.1, and we
prove that every regular subgroup of the holomorph of a right group, (B, +), is the
multiplicative group of a left semi-brace that has additive structure exactly B. On the
other hand, if we have a left semi-brace then its multiplicative group is isomorphic
to a regular subgroup of the holomorph of its additive semigroup.
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1.1

Left semi-braces

Definitions and Examples

We introduce the definition and basic examples of left semi-brace given in [11].

Definition 1.1.1. Let B be a set with two operations + and o such that (B, +) is
a left cancellative semigroup and (B, o) is a group. We say that (B, +,0) is a left
semi-brace if

ao(b+c)=aob+ao(a” +c) 1.1)

holds for all a, b, c € B, where a~ is the inverse of a respect to o.

Remark 1.1.2. In a left semi-brace (B, +, o), the identity 0 of the group (B, o) is an
idempotent of the semigroup (B, +). In fact,

04+0=00(0+0)=000+00(0"+0)=0-+00(0+0)=0+0+0,

and by left cancellativity 0 = 0 + 0.

In general, if (B, +) is a left cancellative semigroup, then an element e of B is
idempotent if and only if e is a left identity. In fact, if e € B is an idempotent and
b € B, then e + e + b = e + b and by the left cancellativity b = e + b. Conversely
if e € B is a left identity then in particular ¢ + ¢ = e and so e is an idempotent.
Therefore 0 is a left identity of the left semigroup (B, +).

We may provide some first examples of left semi-braces.

Example 1.1.3. If (E, o) is a group, then (E, +,0), wherea +b=0bforall a,b € E,
is a left semi-brace. In fact, first (£, +) is clearly a left cancellative semigroup and if
a,b,c € E, then

aob+ao(a”+¢)=aoc=ao(b+c),

i.e., the condition (1.1) holds. We call this left semi-brace the trivial left semi-brace
on the group (E, o).



Example 1.1.4. Let (B, o) be a group and f be an endomorphism of (B, o) such
that f2 = f. Set

a+b:=bo f(a)

for all a,b € B, then (B, +,0) is a left semi-brace. In fact, first, if a,b,c € B such
thata+b=a+c,thenbo f (a) = co f (a), i.e., b = c. Moreover,

aob+ao(a”+c¢)=aob+ao(cof(a”))=ao(cof(a))of(aob)
—ao(cofB) =aob+a),

for all a, b, c € B. Therefore, (B, +, o) is a left semi-brace.

On the other hand, if (B,+,0) is a left semi-brace and f : B — B is such that
a+b="bo f(a), then f if an endomorphism of the group (B, o) such that f2 = f. In
fact, if a € B, then

f@)of(a)=a+f(a”)=a+ac(a of(a”))=aoc0+ao(a” +a")
=ao(0+a)=aoa =0

thus f (a™) = f (a)”. Furthey, if a,b € B, then

aof(b)=ao0of(b)=ao(b+0)=aob+ao(a” +0)
=aob+ao0of(a”)=aof(a")of(aob)
=aof(a) of(aob)

and so, since (B, o) is a group, it follows that f (a) o f (b) = f (a0 b).
Finally,

fPa)=f(fla)=f(0of(a)=f(a+0)=a+0+0=a+0=f(a).

Left semi-braces generalize skew left braces introduced in [19].

Definition 1.1.5 (Definition 1.1 in [19]). Let B be a set with two operations + and
o such that (B, +) and (B, o) are groups. We say that (B, +, o) is a skew left brace if

ao(b+c)=aob—a+aoc. (1.2)

holds for all a, b, c € B, where —a is the inverse of a respect to +.

If B is a skew left brace, then (B, +) is a group and, in particular, a left cancellative
semigroup. Moreover if a, b, c € B, then

aob+ao(a” +¢)=aob+aoa” —a+aoc=aob—a+aoc=ao(b+c),

1.1 Definitions and Examples
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i.e., condition (1.1) in Definition 1.1.1 holds. Hence B is also a left semi-brace.

Example 1.1.6. Let (B, o) be a group. Set a+b := aobforall a,b € B, then (B, +,0)
is a skew left brace. In fact, if a, b, c € B, then

aob—a+aoc=aoboa ocaoc=aoboc=ao(b+c).

Hereinafter, we call this skew left brace the zero left semi-brace or zero skew left brace.

Example 1.1.7 (Example 1.3 in [19]). Let (B, o) be a group. Set a + b := bo a, for
all a,b € B, then (B, +, o) is a skew left brace. In fact, if a, b, ¢ € B, then

aob—a+aoc=aob+a +aoc=aocoa oaob=aocob=ao(b+c).

Skew left braces generalize left braces introduced by Rump in [28] and later for-
mulate in an equivalent definition by Ced6, Jespers and Okninski in [13] as in the
following definition.

Definition 1.1.8. Let B be a set with two operations + and o such that (B, +) is an
abelian group and (B, o) is a group. We say that (B, +, o) is a left brace if

ao(b+c)+a=aob+aoc. (1.3)

holds for all a,b,c € B.

Example 1.1.9. Let R be a radical ring and consider a o b := ab + a + b, for all
a,b € R the adjoint operation. Then (R, +, o) is a left brace. In fact (R, o) is a group
and if a, b, c € R, then

ao(b+c)=alb+c)+a+bt+c=abtac+a+b+c
=ab+a+b—a+act+a+c=aob—a+aoc,

i.e., the condition (1.3) in Definition 1.1.8 holds.

Example 1.1.10. Let (Z,+) be the additive group of integers and consider the
multiplication given by

aob:=a+(-1)"b

for all a,b € Z. Then (Z,+,0) is a left brace. In fact, (Z,+) is an abelian group,
(Z,0) is a group and if a, b, ¢ € Z, then

ao(b+c)+a=a+(-1)"(b+c)+a=a+ (-1)"b+a+(-1)

=aob+aoc,

i.e., condition (1.3) in Definition 1.1.8 holds.

1.1 Definitions and Examples
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Example 1.1.11. Let (Z/76,+) be the cyclic group of 6 elements and consider the
multiplication given by

a+b ifa € {0,2,4}
aob:=
a+ 5b ifa e {1,3,5}

foral a,b € Z/7Z6. Then (Z/76,+, o) is a left brace. In fact, (Z/Z6,+) is an abelian
group, (Z/76, o) is a group with identity 0 and

+btc+ ifae{0,2,4
ao(b+c)+a= “ cra aed }:aob—l—aoc,
a+50b+c)+a ifae{1,3,5}

for all a,b,c € Z/Z6. Hence it is a left brace (see Example 3 in [28]).

Following Rump’s terminology, in [31], we may introduce a brace over a field,
initially introduced as circle algebras in [7].

Definition 1.1.12. Let F be a field, (B, +) a vector space over F' and o an operation
over B such that (B, o) is a group. We say that (B, +, o) is a left F-brace (or a left
brace over the field F) if

ao(b+c)+a=aob+aoc 1.4
p(aob)=ao(ub)+(p—1)a (1.5)
hold for all a, b, c € B and for every i € F.

Example 1.1.13. Let F' be a field and B a radical algebra over F' and consider
aob:=ab+a+b, for all a,b € B. Then (B, +,0) is a left F-brace. In fact by
Example 1.1.9, (B, +, o) is a left brace, moreover if a,b € B and p € F, then

p(aob) = p(ab+a+b) = p(ab) + pa+pb=a(ub) +a+pb+ (p—1)a
=ao (ub) + (p—1)a,

i.e., condition (1.5) in Definition 1.1.12 holds.

Example 1.1.14. Let F be a field and (V, +) a vector space over F. Setaob=a-+b
forall a,b € V, then (V, +, o) is a left F-brace. In fact, by Example 1.1.6 (V,+,0) is
a skew left brace and since (V, +) is an abelian group it is a left brace, moreover, if
a,beV and pu € F, then

plaob) =p(a+d)=pa+pb=a+(ub)+(p—1)a=ao (ub)+ (n—1)a.

Hereinafter, we call this left F'-brace the zero left F-brace.

1.1 Definitions and Examples
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1.2 The additive structure of a left semi-brace

The following proposition allows us to focus on the additive semigroup of a left
semi-brace. In particular, we describe what kind of left cancellative semigroups with
idempotents may be this additive structure.

Proposition 1.2.1. Let (B, +, o) be a left semi-brace and a € B. Then, the map
Xa:B— B, brao(a” +0b)

is an automorphism of the semigroup (B, +) and ;! = \,-. Moreover, the function \
from the group (B, o) into the group of the automorphisms of (B, +) given by \(b) = A,
for every b € B, is a homomorphism.

Proof. Let a € B. Then

M(x+y)=ao(a” +z+y)=ao(a” +z)+aoc(a” +vy)
= Ao () + Aa (¥) ,

for all z,y € B. Moreover,

/\aob(x):(aob)o((aob)_+x) =ao(bob oa” +bo(b” +1x))
=ao(a” + X (2) =X (N (2)).

Finally, Ao (z) =00 (0~ + x) = z, for every = € B, and S0 A\gA\,- = Ayoq- = idp =
Aa—oa = Ag-Aq. Therefore, \ is a homomorphism from the group (B, o) into the

a— oa

group Aut(B, +) of the automorphisms of (B, +). O

Now, we may prove that the additive semigroup of a left semi-brace is exactly a right
group.

Definition 1.2.2 (see [14], p. 37). A semigroup (B, +) is said a right group if B is a
left cancellative semigroup such that, for all x,y € B, there exists ¢t € B such that
r+t=uy.

Example 1.2.3. Let B be a set. Define a + b := b, for all a,b € B. Then (B, +) is a
right group, called right zero-semigroup.

Proposition 1.2.4. Let (B, +,0) be a left semi-brace. Then the additive semigroup
(B, +) is a right group.
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Proof. By definition (B, +) is a left cancellative semigroup. Moreover if z,y € B,
setting ¢ := \,(x~ oy), we have

zHt=x+N (7 0oy)=x4z0o(a” +a oy)=xz0(0+2z" 0y)

=zox oy=y,

since 0, the identity of the group (B, o), is a left identity of the semigroup (B, +).
Therefore, (B, +) is right group. O

Proposition 1.2.5 (see, for instance, Theorem 1.1.27 in[14]). Let (B, +) be a semi-
group. The following statements are equivalent:

1. B is a right group;

2. There exist a group G and a right zero-semigroup E such that B is the direct sum
of Gand E, i.e., B=G+ E.

Hereinafter, when we refer to idempotents of a semi-brace B we mean idempotents
of the additive semigroup, (B, +).

Example 1.2.6. Let B be the left semi-brace in Example 1.1.4. Note that the set
of idempotents is ker f and the group G = B + 0 is Im f. In fact, if a € ker f, then
a+b=bof(a)=0bo0=b, foreveryb € B, i.e., a € E; conversely if e € E, then
b=e+b="0bof(e), foreveryb € B, i.e., e € ker f. Moreover, if b € Im f, then there
exists a € B such thatb = f(a) =00 f(a) = a+ 0 € B + 0; on the other hand, if
be B,thenb+0=00 f(b) = f(b) € Im f.

Let us introduce basic properties related to the set F of all idempotents of a left
semi-brace B and the group G := B + 0.

Proposition 1.2.7. Let B be a left semi-brace, E the set of idempotents of (B, +), 0
the identity of (B, o) and G := B + 0. The following hold:

1. G is a subgroup of (B,o), A\j(b) = —g+gobforallb € Band g € G, and
(G, +,0) is a skew left brace;

2. Eis a subgroup of (B, o) and (E,+, o) is a trivial left semi-brace.

Proof. 1. Trivially, G is not empty since 0 € G. At first, if g € G and b € B, then

Ag(D) =go(g~ +b)=0+4+go(9- +b)=—g+g+go(g +0)
=—9+g90o(0+b)=—-g+gob
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Moreover, if a,b € B, we have

(@+0)o(b+0)=(a+0)ob+ A30(0) =(a+0)ob—(a+0)+(a+0)00
=(a+0)ob4+0eB+0=0G.

Furthermore, if g € G, then
golg  +0)=gog +X(0)=gog —g+go0=0.
So, g~ =g~ + 0 € G. Therefore, G is a multiplicative subgroup of B. Moreover,

gro(g2+93) =g1092+ g, (93) =g1092— g1+ g1 093,

for all g1, g2, g3 € G. Hence, (G, +, o) is a skew left brace.
2. Trivially, ' is not empty because 0 € E. Now, if e, e5 € F, then

e;oeg=¢€] o(ea+ey) =€ oeg+e; oe;+ex) =€) oex+e; oea.

Hence, e] oey € E and so (E, o) is a multiplicative subgroup of B. Clearly, (E, +,0)
is a trivial left semi-brace. O

Corollary 1.2.8. Let (B, +,0) be a skew left brace. Then B is a left semi-brace. On the
other hand, if (B, +,0) is a left semi-brace with (B, +) a group, then B is a skew left
brace.

Proof. Clearly (B, +) is a left cancellative semigroup. Moreover if a, b, c € B, then
by Proposition 1.2.7 and by condition (1.2) in Definition 1.1.5 we have

aob+ao(a” +¢)=aob+ N, (¢c)=aob—a+aoc=ao(b+c).

Hence B is a left semi-brace.
Conversely, if (B, +,0) is a left semi-brace with (B, +) a group. We have only to
check that (1.2) in Definition 1.1.5 holds, if a, b, c € B then

aob—a+aoc=aob—a+ao(0+c)=aob—a+a+ao(a” +c)
=aob+0+aoc(a” +c¢)=ao(b+c),

hence (B, +, o) is a skew left brace O

In addition to the functions defined in Proposition 1.2.1, we introduce the functions
pp- These ones play a basic role in the study of a left semi-brace.
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Proposition 1.2.9. Let B be a left semi-brace and let
pp:B— B, a— (a” +b)” ob,

for every b € B. Then, the map p from the group (B, o) into the monoid B? of the
maps from B into B given by p(b) = py is a semigroup antihomomorphism.

Proof. First note that, if b, ¢, x are in B, then

co(c o(@™ +¢)+b)=coc o(x” +¢)+co(c +b) =z +(c+co(c +0))
=2 +co(0+b) =2 +cob

and thus

(7 +cob) oc=(c o(z” +c)+b) = ((pc (z))” +b)
Therefore,
peon(x) = (27 +cob) 0cob=((pe(x))” +b) ob=py(pelx)),
and so p is a semigroup antihomomorphism from the group (B, o) into the monoid

BB, O

If B is a skew left brace, then pj is bijective for every b € B and it can be expressed
in terms of )\, functions, as the following result shows.

Corollary 1.2.10. Let B be a skew left brace. Then
pa(b) = Ayl (— (boa) + b+ (boa)),
forall a,b € B. In particular if B is a left brace, then

Pa (b) = )\;bl(a) (b).

Proof. If a,b € B, then

M) (F(boa) +b+ (boa)) = Ay (- (= (boa) +b+ (boa))
Abo(b-+a))~ (—(boa)+b+ (boa))

= (bo(b”+a)) o(bo(b”+a)—(boa)+b+ (boa))

=" +a) ob o(=b+boa—(boa)+b+ (boa))

= (" +a) ob oboa=p,(b).
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In particular, if B is a left brace, then (B, +) is abelian and so
pa(b) = Ay (= (boa) + b+ (boa)) = AL, (),

for all a,b € B. O

We introduce some important tools that are useful in the study of left semi-braces.

Proposition 1.2.11. Let B be a left semi-brace, E the set of idempotents of (B, +), 0
the identity of (B, o) and G := B + 0. The following hold:

1. \(E) = E, foreveryb € B;

2. po(B) = G, for every a € B;

3. pal, : G — G is bijective, for every a € B;

4. b e G if and only if \p(0) = 0;

5. be Eifand only if p.(b—) = 0, for every c € B;
6. boG =G+, foreveryb € B;

7. b+ E=0boF, foreveryb e B.

Proof. 1. Letb € B and e € E. Then, by Proposition 1.2.1,
Av(e) + Ap(e) = Ap(e +€) = Ao (e).

Hence, A\y(e) € E. On the other hand, by the surjectivity of \;, there exists ¢t € B
such that \y(¢) = e. Moreover, by Proposition 1.2.1,

t=Xo(t) = Mp-ap(t) = Np-(Mo(t)) = X (€) € E,

and therefore \,(F) = E.
2. First of all, let us note that if e € £ and b € B, by 1. in Proposition 1.2.7

pe(b) =(b" +e)  ce=(e o(b +e)) =(e ob +e oe)”
=(e"ob”4+0)” €G.
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Now, let a € B. Then there exist g € G and e € F such thata = g +e =
goAg-(e). If b€ B, since by 1. A\, (e) € E, we have, by the previous relation and
by Proposition 1.2.9, that

pa(b) = pgo)\g_ (e)(b) = pAg_(e)(pg(b)) €G.

On the other hand, if g € G, setting b := p,-(g), we have

Pa(b) = pa(pa-(9)) = po(g) = (g~ +0)" c0=(¢g" +0)" =g.

3. Letae B.If g€ G, thenb := p,-(g9) € G and g = p,(b). Moreover, let h, k € G
such that p,(h) = pa(k). Then,

h = po(h) = pa-(pa(h)) = pa-(pa(k)) = po(k) = k.

4. Let b € G. Then, by 1. in Proposition 1.2.7, A,(0) = —b + b o 0 = 0. Conversely, if
b € B such that \;(0) =0, then 0 = A\y(0) = bo (b~ +0),andsob™ =b- +0 € G.
Therefore, b € G.

5. Ifbe Eandc € B, then p.(b7) = (b+c¢)” oc=c" oc= 0. Conversely, let b € B
such that p.(b~) = 0, for every ¢ € B. In particular, we have 0 = p,(b~) = (b+b)” ob
and thus b+ b = 0.

6. Letx € bo G and g € G such that z = bo g. We have, by 2.,

z=bog=bo(g") =bo(palg ) =bo(ps(p-(97)))
=bo <(Pb— (g7) —|—b)_ ob> =bob o (pb_ (g7) +b)

=pp-(g7) +beG+b.
On the other hand, if z € G + b and g € G are such that z = g + b, then, by 2.,
z=g+b=bob o(g+b)=bo((g+b) ob) =bo(p(g7)) €boG.
7. Ifbe Band e € E, by 1., we have
boe=boX- (A\py(e)) =b+Npy(e) b+ E.
On the other hand, if b € B and e € E, then
b+e=bob o(b+e)=bo),-(e) €bokFE.

O]

Remark 1.2.12. Let B be a left semi-brace and FE the set of idempotents of B. By 2.
in the previous proposition, we have that if |E| > 2, clearly p, is not bijective and so
p is a semigroup antihomomorphism that is not a monoid antihomomorphism.
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1.3 ldeals, socle and annihilator of a left semi-brace

In this section we introduce the concept of ideal of a left semi-brace in order to
obtain new left semi-braces. Moreover, we focus on a particular ideal, the socle of a
left semi-brace, which is a generalization of that already introduced by Rump for
braces [28] and then by Guarnieri and Vendramin for skew left braces [19].

Definition 1.3.1. Let B be a left semi-brace, E the set of idempotents of (B, +), 0
the identity of (B, o) and G := B + 0. We say that a subsemigroup I of (B, +) is an
ideal if the following hold:

1. I is a normal subgroup of (B, o);
2. I NG is a normal subgroup of (G, +);
3. pp(n)el, forallbe Bandn € ING;

4. \yj(e)e I, forallge Gandec INE.

Example 1.3.2. Clearly, B and {0} are ideals of B that we call trivial ideals of B.

Note that if the additive structure of a left semi-brace is a group, i.e., B is a skew
left brace, then the Definition 1.3.1 is equivalent to that of ideal of a left brace
introduced in [19].

Definition 1.3.3 (Definition 2.2 in [19]). Let B be a skew left brace a normal
subgroup of (B, o) is said an ideal of Bif I +a=a+ 1 and A\, (I) C I, forall a € B.

Proposition 1.3.4. Let B be a skew left brace and I C B. The subset I satisfies the
Definition 1.3.1 if and only if I satisfies the Definition 1.3.3.

Proof. Let I be a subset of B and suppose that I satisfies the Definition 1.3.1.
Then I is a normal subgroup of (B,o). Moreover, let a € B and « € I. Then,
y=a +x—a €1Iandso

No(@) =ao(a +a)=ao(y+a) = (o, (y7)) €1,

i.e., A\, (I) C I. Hence [ is an ideal of the skew left brace B, as in Definition 1.3.3.
Conversely, if I is an ideal of B seen as skew left brace, then I is a normal subgroup
of (B, o) and, clearly, N = I N G = I and by hypothesis I is an normal subgroup of
the additive group of B. Moreover, let b € B and n € I. Then, there exists m € [
such that n~ + b = b+ m and so

pp(n)=(n"+b) ob=(b"o(b+m)) =0—=b"+b om) =(\-(m)) €l.

1.3 Ideals, socle and annihilator of a left semi-brace
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Finally, let b € B. Thus X\, (0) = —b+bo0 = 0 € I. Therefore, I satisfies
Definition 1.3.1. O

Proposition 1.3.5. Let B be a left semi-brace and I an ideal of B. Then
py(I) €1,

for every b € B.

Proof. f t =n+ewithne GNlandeec ENIthenz=eo(p.(n”)) and

() = (e oo (7)) +) b= (o (n7)oe +8) ab
= (pe () + Aty (€7) +5) " 0b=(pe (n7) +b) 0
= ((pe(n7))") €1

by 3. in Definition 1.3.1. O

There is a difference respect to ideals of a skew left brace. In fact, an ideal of a
skew left brace B is \,-invariant, for every a € B, this does not happen in a left
semi-brace, as the following example shows.

Example 1.3.6. Let B be a trivial left semi-brace where the multiplicative group is
not simple and 7 is a non-trivial normal subgroup of (B, o). Then I is an ideal of B. In
fact, by hypothesis I is a normal subgroup of (B, o). Moreover N := ING = {0} and
so it is a normal subgroup of (G, +). Now, let b € B; then by 5. in Proposition 1.2.11,
pp(0) =0 € N. Finally, lete € I, A\o(e) =00 (0+¢€) =e € I. Leta € B\ I. Although
0 € I, we have

X(0) =ao(a”+0)=ao0=a¢l.

Proposition 1.3.7. Let B be a left semi-brace, I an ideal of B and ~ the relation on
B given by

Ve, ye B, x~jy < y ox€l.

Then ~g is a congruence of B.

Proof. First we note that ~; is the well-known congruence of the group (B, o).
Moreover, N := I N G is a normal subgroup of (G,o) and F' := I N E is a normal
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subgroup of (E, o). Now, in order to prove that ~; is also a congruence of (B, +),
we notice that

(g2+e2) o(g1+er)=(g2+e2) o(g1+ex)+(g2+e2) o(g2+er) (1.6
with (g2 +e2)” 0 (91 + e2) € G and (g2 + €2)” o (g2 + €1) € E. In fact,
(92 +€2)” o(g1+e2) =(g2+e2)” 0ez0ey o(g1+e2) =pe,(92) 0 (Pea(91))” €G
by 2. in Proposition 1.2.11. Moreover,
(92 +e2)” 0(g2+e€1) = Agope)-(€1) €EE
by 1. in Proposition 1.2.11. Now, we can prove that
giter~rgate <<= gi~rgs and e ~jes, 1.7

for all g1, 92 € G and el,es € F. If91 +e1~rg2+er then (gg + 62)_ o (gl + 61) el
and by (1.6) we have

(g2+e€2)" o(g1+e)eN (1.8)
(g2+e2) o(g2+e1) €F (1.9)

Note that

(92 +e2)” o(g1+e2) = (g2+e€2)” og1+(g2+e2)” o(g2+e2+e2)
=(g2+e2) ogi+(g92+e2) o(ga+ea)=(g2+e2) 091 +0
=(g1 o(g2+e2))” +0=1(g; og2+g; o(g1+e2))” +0
= Pyro(gites) (92 ©91) 0 (91 © (91 +€2))” +0

= Pyo(giten)(92 ©91) + A, (9500 (91 0 (91 +€2))7) 40

9;0(91+82)
- p91_°(91+62)(g; © 91) +0= pgl_o(gl—i-eg)(g; ° 91).
By 3. in Definition 1.3.1 and (1.8), we have that

92 ©91= Po(g2 ©91) = P(gro(grren))~ (Pyro(gren) (91 ©92)) € 1,

i.e., g1 ~1 g2
Furthermore,

(92 +€2)” 0 (g2 + €1) = Agates)-(€1) = A, (g )0e; (€1)

- )‘peQ(g;)(Ae;(el)) = )‘pEQ(g;)(ez_ oey).
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By (1.9) and 4. in Definition 1.3.1, we have that

€3 01 = A, 05))- Ppey(0) (€2 0 1)) €1,

i.e., €1 ~J €a.
Conversely,

(92 +€2)” 0 (914 €1) = Py—o(g4ep) (92 © 1) + Agates)-(e1) EN+F =1

by 3. and 4. in Definition 1.3.1. Therefore, g1 + e1 ~1 g2 + eo.

Now, let g1, g2 € G and e, es € E such that g; ~; g2 and ey ~ es. By (1.7) we have
g1+ e1~y g2+ e

Let g1, 92, 93,94 be in G and ey, e9, e3, ¢4 be in E such that g; + e; ~; g2 + e2 and
g3+e3 ~r ga+eq. Notethat g1 +e1+g3+es=g1+g3+ezand ga+ea+ga+es =
g2 + g4 + e4. Therefore, it suffices to prove that g1 + g3 ~; g2 + g4. Observe that
N is an ideal of the skew left brace (G, +,0) and that if h,k € G then h ~; k if
and only if h ~x k. Moreover, ~ is a congruence of GG respect to the sum. So
g1+ 93 ~N g2+ 94, i.€., g1 + g3 ~1 g2+ g4. Therefore ~; is a congruence of B respect
to the sum. O

Definition 1.3.8. Let B; and B, be left semi-braces. A map ¢ : By — By is a
homomorphism from B into By if ¢ is a homomorphism from the group (Bj, o) into
the group (Bs,0) and

pla+d)=¢p(a)+¢(b),

for all a,b € B;.

First, note that if B is a left semi-brace and I is an ideal, then the quotient structure
of B respect to the relation ~; is a right group respect to the sum. In fact, if

b, b1, by € B such that b+by ~; b+ bs then, by (1.7) in previous proposition, by ~ bs.

Moreover, if by = g1 + e; and by = g9 + eo then, setting x := —g1 + g2 + €2, we have
by + = ~1 be. Therefore, B/I is a left semi-brace and the canonical epimorphism
m: B — B/I, b+ Iobis an epimorphism of left semi-braces. Conversely, let B, C'
be left semi-braces and ¢ : B — C' a homomorphism of left semi-braces. Then
kerp := {b |be B¢ (b) =0} is an ideal of B. In fact, clearly ker f is a normal
subgroup of the multiplicative group of B. Moreover, let E be the set of idempotents
of Band G = B+ 0, N :=kerpnNG and F := kero N E. Then N is a normal
subgroup of the group (G, +). Infactlet g € Gand n € N. It follows —g+n+g € G
and

p(=g+n+g)=-p(g)+en)+e(g) =-p(g) +0+¢(g) =0,
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i.e., —g+n+ge€ N. Let,now, b € Band n € N. Then p, (n) € ker ¢. In fact,

o) = (p() "+ (1) op®)=0+p®) op®) =p®) op®) =0,

i.e., pp (n) € ker . Finally, let g € G and e € F. Thus,

PN (€)=w(go(g™+e) =)o (v(9) +wle) =@ ople) =0,

i.e., Ay (e) € ker .
Therefore, we may conclude that a subset I of a left semi-brace B is an ideal of B if
and only if I is the kernel of a certain homomorphism of left semi-braces.

Example 1.3.9. Let By := H + E1, By := N + FE5 be left semi-braces, B a semidirect
product of By and By and J an ideal of B, as in Corollary 2.1.5. Then [ :=
{(h+et+j)|h+e€ Bi,t+je J}isanideal of B. Infact, let (h +e,t +j) €I
and (hy + e1,n1 + f1) € B. Since J is a normal subgroup of By, then I a normal
subgroup of (B, o). In fact,

(h1+e1,n1+ f1)” o (h+et+ 7)o (h1+e1,n1 + f1)

= (M () 4+ f1)7) o ((hFe) o™ (b +er), (t+5) 0 (m + f1))

— ((m—l—fl)f (hy 4 1) o (m+f)” ((h +e) ot (hy + 61)) ’

(ni+ fi1)" o(t+j)o(ni+ fl)) € H.

Moreover, obviously I N G is a normal subgroup of (G, +). Finally,

Plhatermi+f) (ht) = ((m+fl) <(th_ +hiter) o+ el)) ? Prath (t)) <!
for all (hy 4+ e1,n1 + f1) € B and (h,t) € J, and
)‘(h,n) (€,j) = (h o (h_ + ne) 7ATL(])) el

for all (h,n) € G and (e,j) € E N1, since J is an ideal of By. So J is an ideal of B.
In particular, when J = {0} the projection By := {(h+¢,0) | h+e € By} is an
ideal of B. Finally the quotient structure of B with respect to the ideal B; is
isomorphic to the left semi-brace Bs.

Now we introduce a particular kind of ideal, the socle. This ideal allows us to obtain
a new left semi-brace from a left semi-brace.

Definition 1.3.10. Let B be a left semi-brace. We call the set given by
Soc(B):={a |a€B A= X0, pa=0po}

the socle of the left semi-brace B.
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Proposition 1.3.11. Let B be a left semi-brace. Then Soc(B) is an ideal of B.

Proof. First, Soc(B) is a subgroup of the multiplicative group (B, o). In fact, clearly
0 € Soc(B). If z is in Soc(B), then

Aom = A =01 = o,
Px— = Pooxz— = Pz—P0 = Pz—Px = Pxox— = PO,

i.e., 7 € Soc(B). Now, if z, y are in Soc(B), then

Azoy = AzAy = AoAo = Aooo = Ao,
Pxoy = PyPz = POLO = P00 = PO,

i.e., zoy € Soc(B). Let a,b € B and = € Soc(B). Then,

Ap-ozob (@) = A= (Az(Ap(@))) = A= (Mo (Mo(@))) = Ap-cp(@) = Ao(a),
Po-owob(@) = pu(pz(pp-(a))) = pu(po(pp-(a))) = prop-(a) = po(a),

i.e., Soc(B) is a normal subgroup of the multiplicative group of B. Moreover, if
x € Soc(B), thenz~o(z+b) = A,—(b) = Ao(b) = b, forevery b € B, i.e., x+b = zob,
for every b € B. Note that

Az(0) =zo(x” +0)=x0(z” 00) =0,

and so by 4. in Proposition 1.2.11, 2 € G. Therefore Soc(B) is a subgroup of (G, +).
Further, note that, if z is in Soc(B), then (b+z)” oz = p,(b™) = po(b™) = (b+0)~,
for every b € B,i.e.,,b+x =z 0 (b+0), for every b € B. Now, if z is in Soc(B) and
g isin G, then

—gtz+g=zo(-g+0)+g=zo(-g)+g=z+(-g)+g=2+0
=z € Soc(B),

thus Soc(B) is a normal subgroup of (G, +). Let, next, b € B and n € Soc(B). Then
pp(n)=(n" 4+b) " ob=(n"ob) " ob=>b" onobec Soc(B).

Finally, let g € G. Then, by 4. in Proposition 1.2.11, A\;(0) = 0 is in Soc(B). Thus
Soc(B) is an ideal of B. O

Even if the additive structure of every ideal of a left semi-brace is a semigroup, the
additive structure of the socle of B is a group.
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Proposition 1.3.12. Let B be a left semi-brace. Then (Soc(B), +) is a subgroup of the
semigroup (B, +). In particular, —a = a~, for every a € B.

Proof. Let a be in Soc(B). Note that
a~+a=a oX(a)=a oXfa)=a" oca=0

and since a~ is in Soc(B), then Soc(B) is a subgroup of (B, +) where the opposite
ofaisa™. O

The following proposition describes the socle of a left semi-brace only in terms of
the two operations of the left semi-brace.

Proposition 1.3.13. Let B be a left semi-brace, G = B + 0. Then

Soc(B)={a |a€e G, VbeB a+b=aob, —a+b+a=>b+0}.

Proof. For convenience, we set

S={alacG, VbeB a+b=aob, —a+b+a=b+0}.
Let ¢« € S and b € B. Then,

Aa(b) =ao(a”+b)=a+a +b=(aoca”)+b=0+b=\(b).

Moreover,

pa(d)=(b"+a) ca=(a—a+b +a) oca=(a+(b”+0)) oa
=(ao(b”40)) ca=(b"+0) oca oca=(b"40) = po(b).

Conversely, let a be in Soc(B). By previous proposition a € GG. Moreovey, if b € B,
then a™ o (a + b) = A\~ (b) = Ao(b) = b, since a~ € Soc(B), and so a +b = aob.
Finally, by Proposition 1.3.12,

—a+b+a=a +b+ta=a o(b+a)=(pa(b7)) =(po(b7)) =b+0.

Therefore, a is in S. O

Remark 1.3.14. By Proposition 1.3.12, the socle of a left semi-brace is a skew left
brace, in particular, by Proposition 1.3.13, it is a zero skew left brace.

If B is a skew left brace then Definition 1.3.1 coincides with the definition of socle
in [19].
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Definition 1.3.15 (Definition 2.4 in [19]). Let B be a skew left brace, the socle is
the set

S={alaeB,VbeB aob=a+b, b+boa=boa+b}.

Proposition 1.3.16. Let B be a skew left brace. Then the Definition 1.3.10 and
Definition 1.3.15 coincide.

Proof. By Proposition 1.3.13, if B is seen as a left semi-brace
Soc(B)={a |lae B,Vbe B aob=a+b,b+a=a+b}.
If a € Sand b € B, then

b+a=bob o(b+a)=bo(b”ob—b" +b oca)
=bo(=b"+b o0a+0)=bo(=b" +b oca+b —b")
=bo(=b"+b 4+b oca—b")=bo(b oca—0b")
=bo(b"oa—b"4+0)=bo(b"oca—b" +b 0b)
=bob o(a+b)=a+b,

i.e., a € Soc(B). Conversely, let a € Soc(B) and b € B. Then,

boa+b=b+(—b+boa)+b=b+(0—b+boa)+b
=b+(bob” —b+boa)+b=b+bo (b 4+a)+b
—b4bo(a+b )+b=b+boa—b+bob +b
—b+boa—b+b=b+boa,

ie.,aisinS. O

Example 1.3.17. Let B be the left semi-brace in Example 1.1.4. Then
Soc(B) = Z(B)NIm f,

where Z(B) is the centre of the group (B,o). In fact, let a be in Soc(B). By
Proposition 1.3.13, a lies in Im f, then there exists ¢ € B such that a = f(c).
Moreover aob = f(c)ob= f(c)+b="bo f?(c) =bo f(c) = boa, for every b € B.
So a € Z(B). Conversely, let « € Z(B) N Im f. Then there exists ¢ € B such that
a= f(c),a+b= f(c)+b=bof(c) = boa = aoband —a+b+a =a” +b+a = f(c)"+
b+ f(c) =bof(e)” + f(c) = fle)o f(b)o f(c)” = f(b)o f(c)of(e)” = f(b) = b+0,

for every b € B. Therefore a is in Soc(B).
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1.3.1

Definition 1.3.18. Let B be a left semi-brace, F the set of idempotents of (B, +), 0
the identity of (B, o) and G := B + 0. The annihilator of B is the set

Amn(B):={a |a€eG,VbeB a+b=aob=boa, —a+b+a=0+0}.

Remark 1.3.19. Let B be a left semi-brace, E the set of idempotents of (B,+), 0
the identity of (B,0) and G := B + 0. Then

Ann (B) = Soc(B)NZ(B),

where Z (B) is the centre of the group (B, o).

Proposition 1.3.20. Let B be a left semi-brace, E the set of idempotents of (B,+), 0
the identity of (B,o) and G := B + 0. Then Ann (B) is an ideal of B.

Proof. By Remark 1.3.19, Ann (B) = Soc (B) N Z(B) and so Ann (B) is a normal
subgroup of (B, o), since both Soc (B) and Z (B) are normal subgroups. Further
Ann (B) NG = Ann (B) is a normal subgroup of (G, +). In fact, if a;, as € Ann (B),
then a; — az = a; oa; € Ann (B), moreover if a« € Ann (B) and g € G, then

—g+a+g=a—g+0+g=ac Ann(B).
Finally, if a € Ann (B) and b € B, then
pp(a)=(a"+b) ob=(a"ob) ob=b"ocaob=aob ob=a€ Ann(B).
Therefore, by Definition 1.3.1, Ann (B) is an ideal of B, since Ann (B) N E = {0}
and condition 4. is trivially satisfied. O
Extensions of skew left braces

This construction is a generalization to skew left braces of the construction of left
braces introduced by Bachiller in [2].

Recall that if (B, +) is a group and (I, +) is an abelian group, thenamap 7 : Bx B —
I is a 2-cocycle from (B, +) with values in (I, +) if the following conditions hold:

1. T(b1 + bg,bg) —I-T(bl,bg) = T(bl,bQ + bg) +T(b2,b3), for all bl,bg,bg, S B;
2. 7(b,0) =7(0,b) =0, for every b € B.

Moreover if (B, o) is a group, (I, +) is an abelian group and ¢ : B — Aut (/) is a
right action, then amap 6 : B x B — [ is a 2-cocycle from (B, o) with values in (I, +)
respect to o if the following conditions hold
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1. O (9 (bl,bg)) +6 (b1 o bg,b3) =0 (bl,bg o b3) +0 (b27b3), for all bi,bs, b3 € B;

2. 0(b,0) =0(0,b) =0, for every b € B.

Theorem 1.3.21. Let B be a skew left brace, I a zero left brace, 0 : B — Aut(I) a
right action from (B, o) into the group of automorphisms of (I,+), v : B — Aut (1)
a left action from (B, o) into the group of automorphisms of (I,+), 7: Bx B — I a
2-cocycle from (B, +) with values in (I,+) and 6 : B x B — I a 2-cocycle from (B, o)
with values in (I, +) respect to o. If the following conditions hold:

Vbi+bo (Ub1+b2 (7’)) +i= Vb, (Jbl (Z)) + U, (sz (2)) ) (1.10)

Vpyo(batbs) (0 (01,02 + b3)) + v, (7 (b2,b3)) = vyon, (6 (b1, 02))

(1.1D)
+Vblob3 (9 (bl, bg)) - T (bl, —by+ b0 b3) —+ 7 (bl o) bg, —b1+ b0 bg) s

forall b,by,ba,b3 € Band i € I, then B x I is a skew left brace with the sum
(b1,11) + (b2,42) := (b1 + b2, 41 +i2 + 7 (b1, b2))
and the product
(b1,11) 0 (ba, i2) = (bl 0 b2, Vbyob, (Ub2 (be (h))) + Vb, (i2) + Vbyoby (0 (51752))> ;

for all (by,i1), (ba,i2) € B x I. Moreover, {0} x I is an ideal of B x I contained in the
centre of (B x I,+) such that (B x I)/ ({0} x I) = B and {0} x I is isomorphic to I.

Conversely, if B is a skew left brace, I is an ideal of B contained in the centre of (B, +)
such that I is a trivial left brace and B := B/I, then B is isomorphic to a skew left
brace of the form described above, constructed from B and I.

Proof. Since 7 is a 2-cocycle, then (B x I) is a group with identity (0, 0) and inverse
(=b,—i — 7 (b, —b)), for every (b,i) € B x I. Further (B x I,0) is a group with
identity (0, 0) and inverse (b~, —v- (05— (V- (7)) — 14— (6 (b,07))), for every (b,7) €
B x I.Infact,if be Bandi € I, then

(0,0) o (b, i) = (0 0b, voop (03 (10 (0))) + v0 (i) + voos (6 (0,0))) = (b,1) ,

(b,2) 0 (0,0) = (b o0, vhoo (o0 (- (1)) + ¥ (0) + vo0 (6 (b, 0))) = (b,7) .
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and

(b.i)o (b vy (o (- () = vy (6 (b,57))
— (0, %0 (0 (- (D)) + 15 (1 (0 (v (6))) = (6 (b,67))) + 100 (8 (b,b7)))
= (0, oy (- () =0 (- <z>> —0(b.b7) +0(b.b7)) = (0,0).

If b1,b0,b3 € B and 11,142,103 € 1, then

(b1,41) o ((ba,i2) o (bs,i3))

= (b1,41) 0 (b2 0 b3, Upyobs (de <ub2 )) + Up, (13) + Vbgobs (0 (b2, bg)))

= (bl 0 b2 0 b3, Vpyobyobs (0520b3 (V )) + vy (ngobg (0b3 (VbQ— (iz))) + v, (13)
+Vbyobs (0 (b2, 03))) + Vpyobyobs (0 (b1, b2 0 b3)))

= (bl 0 by 0 b3, Vp,obyobs (0b2ob3 (V )) + Vbyobyobs (0b3 (Vb; (i2)>) + Vpyob, (43)
+Vbyobyobs (60 (b2, 03)) + Vb obyobs (0 (b1, b2 0 b3)))

and

((b1,11) o (b2,i2)) o (b3, 3)

= (b1 0 b3, hyot (a0, (v (1)) + 13, (12) + Vet (0 (1, 02)) ) o (b, 7s)

= (b1 0 by © b3, Vpobyobs (01,3 (V(blon)— (Vblob2 <0b2 (be (11))) + vp, (i2)
+Vpyob, (0 (b1,62))))) + Vbyoby (i3) + Vbyobaobs (6 (b1 0 b2, b3)))

= (b1 0 by 0 b3, Vb, obyobs (0'1)201)3 (be (h))) + Vbyobyobs (0b3 (’/b; (ig)))

Uy obyobs (Tbs (0 (b1,02))) + Vpoby (43) + Vbyobyobs (60 (b1 © b2, b3)))

= (bl 0 by 0 b3, Vpobyobs <0b20b3 (be (h))) + Vb obgobs (ab3 (Vb; (i2)>)

+Vpyoby (13) + Vbyobyobs (Tbg (0 (b1,b2)) + 0 (b1 © ba, b3)))

= (51 0 by 0 b3, Vpobyobs <0b20b3 (be (h))) + Vb, obyobs (ab3 (Vb; (ig)))

+Ubyoby (13) + Vb obyobs (6 (b2, b3) + 6 (b1, b2 0 b3))) = (b1,i1) o ((b2,42) o (bs,i3)),

i.e., the associativity of o holds. If by, b2, b3 € B and i1, 42,13 € I, then

(b1,i1) o ((b2,42) + (b3,43)) = (b1,41) © (b2 + b3, i2 + i3 + 7 (b2, b3))
= (51 0 (b2 +b3) s Vpyo(bytbs) (0b2+b3 (Vb; (M)) + v, (G2 + i3 + 7 (b2, b3))
+Vpyo(batbs) (0 (01,02 + 53)))
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moreover

— (b1,i1) + (b1,i1) o (b3, 43) = (=b1, —i1 — 7 (b1, —b1))

- (bl 0 b3, Vpyoby (Ubs (Vb; (il))) + v, (i3) + Vo005 (0 (bl,bg)))

= (—bl +biobs, —i1 — T (bl, —bl) + Vpiobs (Jb3 (be <Z1>)) + vy, (13)
+Vb)obs (0 (bl’ b3)) +T7 (_bb by o bS))

and

(b1,11) o (b2, 12) — (b1, i) + (by, 1) © (b3, i3)

= <b1 0 b2, Vpiob, (0b2 (l/b; (h))) + v, (i2) + Vbyon, (6 (b1, 52)))

+ (—61 + b1 o b3, —iy — 7 (b1, —b1) + Vpjobs (Ubg (Vb; (il))) + v, (i3)

+Up,obg (0 (b1,03)) + 7 (—b1,b1 0b3))

= (bl o (b2 4 b3), Vpjob, (Ubg (Vb; (11))) + p, (i2) + Vyyob, (0 (b1, b2))

it — 7 (b1, =b1) + Vyoby (b (¥ (1)) + Vb, (i) + Vot (0 (b1, b))
+7 (=b1,b1 0b3) + 7 (b1 0 ba, —b1 + by 0b3)),

so the first components are the same for the second ones we may apply conditions
(1.10) and (1.11) and we obtain the equality

Vbyobs (Jbg (Vb; (il))) + vy (i2) + Voyoby (0 (b1,b2)) — 41 — 7 (b1, —b1)
+ Vb, obs (O’b3 (Vbl— (h))) + vy, (43) + Vbyoby (0 (b1,03)) + 7 (=by, by 0 b3)
+ 7 (b1 0 b2, —b1 + by 0 b3) = 13, (ng (O’b2 (be (h))) — v (i1)
0y (0, (v, (i1)))) + ¥y (i2 + i) + Vyony (6 (b1, 52)) + Viyon, (0 (b1, bs))
— 7 (b1, —b1) + 7 (=b1,b1 0 b3) + 7 (b 0 ba, —by + by 0 b3)
= Vbyo(brths) (it (V- (1)) + vy (i2 + i3) + Viyop, (0 (b1, b))
+ Upyoby (0 (b1,b3)) + 7 (0,b1 0 b3) — 7 (b, —by + by 0 bs) + 7 (by 0 by, —by + by 0 b3)
= Vbyo(brths) (Ovatts (V= (1)) + v, (i2 + 3) + vy, (7 (b2, b))
+ Vpyo(ba+b3) (0 (b1, b2 + b3))
hence (1.2) in Definition 1.1.5 holds. Therefore (B x I,o,+) is a skew left brace.

Further the map ¢ : B x I — B defined by ¢ (b,) := b, for every (b,i) € B x I isa
surjective homomorphism of skew left braces. Moreover the kernel of ¢ is

kerp = {(0,7) | i € [} = {0} x I.
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Therefore (B x I) / ({0} x I) is isomorphic to B. Moreover, if b € B, i,j € I, then

0,7) + (b,5) = (0+b,i+ 75 +7(0,b)) = (b,i+j)=(b+0,5+i+7(b,0))
= (b,7) +(0,4),

i.e., (0,4) lies in the centre of (B x I,+).

On the other hand, let B be a skew left brace, I an ideal of B with zero structure

contained in the centre of (B,+). Set B := B/I. First note that (I, +) is abelian.

Consider 7 : B — B the projection map, s : B — B a map such that s (0) = 0 and
7r (s (5)) = b, for every b € B. Consider the map 7 : B x B — I defined by

7 (br,ba) =5 (Bn) +5 (o) — s (b1 +a)
for all by, by € B, the map 0 : B x B — I defined by
0 (51.52) = (5 (broB)) 05 (52) 05 (52).
for all by, by € B, the map o : B — Aut (I) defined by
oy I =1, i (3(6))_o¢os(6),
for every b € B and the map v : B — Aut (I) defined by
vprl =1 e A (),

for every b € B. Then B, I, 1,6, o, v satisfy the first part of this theorem. First, since

I is an ideal, then (s (E)) ozos( ) €I, forallbe Bandi e I, further ifi € I
and by, by € B, then

05(i) = (s(0)) 0ios(0)=00i00=1i=id (i)

and

— (s(bob)) o5 (baob) e (s

= (s (B20m)) o (s (o) o (s (i) o5 b1) )
:(3(52051))o(¢+s(5205)o )os (b)) )
= (s(B2om)) o (o5 (Baobi) o (s () o5 (5)) ) o
:(3(62051))_0103(1720171) Ubel()
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since s (52 o l_)l> o (s (1_72) os (51>)7 € I and I has trivial structure. Moreover if
i1,i2 € I and b € B, then

o1 = s () o+ 105 (5) = (-(5) o015 )
— (5(8)) siros(8)o (s(5)) oizos (5) = oy (ir)or (i)

= 03, (i1) + 05 (i2) -

Hence o is a right action from (B, o) into the group of automorphisms of (I, +).
First v (i) = A (5) (i (i) € I, since I is an ideal. Further, if i € I, by, by € B, then

vg (i) = Ao (i) = idg (i),

A

= )\5(51052) (S (51 o I_)2>>_ o0s (51> 0s (l_)g) o ((s (l_)g)>_ o (s (l_)l>)_ oS (l_)l o l_)2>

+1)) = Ay(5108,) (1) = Vhyoh, (1)
since (s (52>)_ o (s (51)>_ os (l_)l o l_)g) e I and so

(s (b1 o5s)) o (B ) (bg) ((5 (52)) o (s @1))— os (b ob)+ )

( (blon os os b2 (s s _os<blob2)oi>:i.
Further if b € B and 41,45 € I, then
vy (i1 +2) = Ay (i1 +12) = Ay (1) + Ayp) (72) = v5 (1) + 5 (i)

by Proposition 1.2.1. Hence v is a left action from (B, o) into the group of automor-

phisms of (I, +).
If b € B, then
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further if by, be, b3 € B, then

T (61 + 62,53) +7 (51762>
:8(1_914-52) —i—S(l_)g) —S<51+52+53) +S(Z_)1> +8(l_)2) —S(l_)l-i-(_)g)

:s(él)+s<l§2)—5(131+b2)+s(b1+b2)+s(53) —5(51+132+53)
=5 (b1) 45 (b2) +5(bs) = (b1 +ba+ b3)

:3(61)+s(52)+s(53) —8(132+53)+s(52+53) —3(51+52+53)
:s(BQ)Jrs(Bg)—3(132+I33)+s(131)+s(52+53) —5(51+52+53)

=T (62,[33> +7 (61,62 + 63) .

Hence 7 is a 2-cocycle from (B, +) with values in (1, +).
Moreover if b € B, then

Further v and o satisfy the condition (1.10). In fact, since

v (05 () = Ay ((3 (5)) oios (b)) ——s(5) +5(8) 0 (s (b)) oios(b)
() i (i),
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and also, since I is the centre of (B, +),

s (03 (8)) = Ay <(s (6))‘ cios (b))
o((s ozos(b))
()O(( () “08()+(8(5))):“8@)—3(5)’

Vg, (051 (z)) — i+, (052 (z)) =—s (Bl) +ios <51> —i+ios (Eg) -5 (62)

=s(ba) +io (s (b) +5 (b)) = 5 (B2)
= —s(b1) +io (s (br) +5(ba) =5 (br+b2) +5 (b1 +D2)) =5 (bs)
:4ﬂ<&)+io<( ) (2)—s(h+ha)fi+ios@y+@)—s(@)
:—3(51)+i+s<b1> (2 s(b1+bg)—i+2‘os(51+52>—s(52)
=s(ba) —s(br+bo) +ios(b+b) =5 (bo)

:5@Q+—W%(%ﬁm ) S@ﬂ
s(b2) =

= Vb +by (Ub1+b2 ) t+s (52) b2 ) = vg, 43, (0b1+b2 )> ’

ie., v, (051 (z)) + v, <052 (z)) = Vp, 1, (0b1+b2 (7 )) + 4.
Finally, v, 6, 7 satisfy condition (1.11). Note that v; ;, (9 (bl, l_ag)) =3 (51 o 52) +

s (1_91> os (l_)g) and

» -~ \
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—

@]
=l
N
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~———
|
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~/~
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for all by, by € B, since I is in the centre of (B,+). Then, if bi, by, b3 € B

Uity (0 (01,52) ) + vgyap, (0 (81,83) ) = 7 (b1, —by + b1 0 by)

7 (bioby, b+ brobs) = —s (bioby) +5(b) o (be) 45 (1) o5 (b)
— s (brobg) +5(biobs) —s(~bi+brobg) —s(b1) +s(brobs)

+5(=bi+brobg) —s (bro(by+bs)) =—s(brob)+s(br)os(bo)

s () os(bs) —s(~bitbiobs) —s(b) +5(5) s (Ba)
bl))os(b)—i—s(blobg) (—51+Blol§3)—5(610(52+133))

os(bg)__ (1) o5 (bs) + 5 (brobs) — s (brobs) +5(b1) o5 (bs)

5 (=bi+broby) —s(=bi+broby) —s(b1) +5(br) o5 (bs)

— s (bro (ba+bs)) =s(b1)os(ba) —s (b1) +5 (br) o5 (bs)

—s (1o (ba+bs)) =5 (b1) o (5(ba) +5 (b)) =5 (Bro (B2 +03))

=5 (b1) o (s (b2) +5(bs)) —s (bro(batbs)) +5(br) o (s (B2) +5(bs))
— s (b) o (s(b2) +5(bs)) = —s (bro (ba+bs)) +5(b1) o (s (ba) + 5 (bs))
(o) o (s (B2) 45 (3)) - () (()*4%»2*4@0@+%D
5 (b1) o (5 (b2) +5 (55)) = Vhro(aarnn) (9 (brb2+83)) + 5, (7 (b2.bs)).

Vo (b2+b3) (9 (51,52 +53)) +V51 (7’( 2, 3 )
= M(hro(isis)) ((s (b0 (B +3))) o5 (B1)
oy o 3) 0 (5) — +) = s<blo<bz+bs>
+S<51) Os(l_)g-i-l_)g) —8(1_)1) —I—s(Bl) (S (bz) +S(bg) —8(1_) +0b )
= —5 (Bl o (EQ + Bg)) + s (61) o (S (62 + Bg) +s (62) + s (Bg) — (62
= —5 (51 o (52 + Bg)) + s (l_)l) o (s (52) + s (53) — S (l_)g + 53) + (l_)
= (o (bt b)) 45 () o (s () 5 (5s)).
Hence we may consider the extension of the skew left brace B with the zero left
brace I. Consider the map ) : B x I — B defined by 1 (E, 2) =5 (l;) + 1, for every
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b € B,where b =s (l_)) + i. We may check that ¢ is an isomorphism. In fact v is
bijective and if b1, b, € B and i1, 45 € I, then

¢(61,i1) +1/1<52,i2) = 8(61) + 11 +S(62) + 19
=5 (b)) +5(b2) =5 (br+b2) +5 (b +bo) +i1 +ia
:3(131+b_2) +ir +z‘2+r(51,b_2) :1/1(131 1 by, iy +z'2+r(51,b_2))

(i) + (i)

since 7 (51, ()_2) € I and I is in the centre of (B, +). Moreover note that, if by, by € B
and i € I, then

As(B1)os(B2) () = Ay (5,08 )o(s(51052) ) ~os (61 )os(5a) (¥
iy (s (0r03)) 0 () o5 () o ( (5 (o)) o5 (1) o (12)

+0) = Ay (3y08) (1)

since (s (l_)l o 52>)_ os (51> os (52) .3 € I and I is a zero left brace. Hence we have

( by ) (b2 12>) P ((51 o 52,%1052 (052 (1/5; (zl))) + v, (i2) + Vg5, (9 (51,52))))
(o) 2 () 03 02 () -5

i (e )69

=3 (Bl o 52> o ((3 (Bg))_ o )\;(151) (i1)os (52)

A ((brob)) "ofbr) (12) T3 (51 ° 52)7 o5 (Z_’l) °s (l_’?)>

— 5 (biob) o (3 (brob) os(bi)os(b)

(+ () 3y 402 () # Xy iy )

=35 (l_)l I_)2> 08 (51 ol_)g)i oS (51) oS (52)

) 20y 025 (B2) A 51 )0s(5) () (2

(51) © Ay(sy) (1) 08 (1_?2) )" (i2)

51) + 2'1) o (s (52) n ’ig) — (s (131) ,2'1> ot (s (52) ,@)

(b

=l

+

+
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Remark 1.3.22. In the previous construction, {0} x I lies in the socle of B x I if
and only if v, (0 (1)) = i for alli € I and b € B. In fact (0,i) € {0} x I lies in
Soc (B x I) if and only if (0,4) + (b,5) = (0,4) o (b, j), i.e.,

(b, +]) = (b, (ab (4)) +j>7

for every (b, j) € B x I. In this case the condition (1.10) becomes v, (0} (7)) = ¢, for
all b € B and i € I and the product is given by

(bl, il) o (bg, ig) = (bl o bg, Vb, (I/b2 (0b2 (be (21))>) + Vp, (’LQ) + Vb oby (9 (bl, bg)))
= (b1 0 b2y (v (00)) + ¥y (i2) + hyon (6 (b1, 52))
= (b1 0 ba, i1 + v, (i2) + Vbon, (0 (b1, 02))) ,

for all (b1,i1) , (ba,i2) € B x I.
Recall that if (B,+), (I,+) are abelian groups, then amap 7 : Bx B — I isa

symmetric 2-cocycle from (B, +) with values in (I, +) if 7 is a 2-cocycle and moreover
the following condition holds:

3. T(bl,bz) = T(bQ,bl), for all bl,bg € B.

Corollary 1.3.23 (Theorem 3.3 in [2]). Let B be a left brace, I a zero left brace,
o : B — Aut([I) a right action from (B,o) into the group of automorphisms of
(I,+), v: B — Aut (I) a left action from (B, o) into the group of automorphisms of
(I,+), 7 : B x B — I a symmetric 2-cocycle from (B, +) with values in (I,+) and
0 : Bx B — I a 2-cocycle from (B, o) with values in (I, +) respect to o. If the following
conditions hold:

Uby+by (Tby4by (1)) + 1= vy (00, (1)) + v, (03, (7)) 5 (1.12)

Vbio(ba+b3) (0 (b1, b2 + b3)) + v, (7 (b2,b3)) + 7 (b1 © (ba + b3) , b1)

(1.13)
= Ubyobgy (9 (b17 b2)) + Vb obs (0 (b].) b3)) + T (b]_ o b27 b]. o b3) )

forall b,by,by,b3 € Band i € I, then B x I is a left brace with the sum
(b1,11) + (b2,42) == (b1 + b2, i1 +i2 + 7 (b1, b2))
and the product
(b1, 1) © (b, 2) = (b1 0 ba, Yoyony (9, (V- (1)) + vy (i2) + Vgeng (6 (b1, 1))

forall (by,11), (ba,i2) € B x I. Moreover, {0} x I is an ideal of B x I isomorphic to I
such that (B x I)/ ({0} x I) = B.
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Conversely, if B is a left brace, I is an ideal of B such that I is a trivial left brace and
B := B/I, then B is isomorphic to a left brace of the form described above, constructed
from B and I.

Proof. First note that (1.13) is equivalent to (1.11). In fact if b, b2, b3 € B, then

—7 (b1, —b1 + by 0 b3) + 7 (b1 0 ba, —by + by 0 b3)
= —7 (b1, b1+ b1 ob3) + 7 (byobz,—by + b1 0b3 +b1)
(=b1 +b1obs,by) — 7 (by oby — by + by 0 b, by)
— 7 (b1, —by + by 0b3) + 7 (b 0 ba, by ©b3)
7 (b1, b1 + by 0 bg) — 7 (b1 o (b2 + b3) , b1)
(b1 o (

=7 (b1 0 bg, by 0 b3) — 7 (by o (by + b3),b1).

Hence

Vbio(batbs) (0 (D1, b2 4 b3)) + v, (T (b2,b3)) = Vpyob, (0 (b1,b2)) + Vpy0bs (0 (b1,03))
+ 7 (bl (e} bg, bl (e] b3) — T (bl e} (bg + bg) ,bl) = I/blon (9 (bl, bz)) + Vblobg ((9 (bl, bg))
—T(bl,—bl +b10b3)+T(b10b2,—bl+bl Ob3),

for all b1, b9, b3 € B. Therefore, by Theorem 1.3.21, (B x I,+,0) is a skew left brace
and {0} x [ is an ideal of B x I isomorphic to [ such that (B x I)/ ({0} x I) = I.
Further

(bl,il) + (bz,ig) = (b1 + by, i1 + i + T(bl,bz)) = (b2 +b1,i0 +i1+ T (bg,bl))
= (ba,i2) + (b2, 12),

for all b1,b, € B and iy,i9 € I, i.e., (B x I,+) is an abelian group ad so (B x I, +,0)
is a left brace.

On the other hand let B be a left brace, I an ideal of B with zero structure. As
in Theorem 1.3.21, set B := B/I and consider = : B — B the projection map,
s: B — B amap such that s (0) =0 and 7 (5 (5)) = b, for every b € B. Consider

maps 7 : B x B — I defined by 7 (51,52) = s (I_)l> + s (52) —s (1_11 + l_)g) , for all
bi,bs € B, 0 : B x B — I defined by 6 (51,52) = (s (l_)l 052))7 0s (1_71) os (52) ,
for all by,by € B, 0 : B — Aut (I) defined by op: I = 1,i— (s (5))7 0308 (5) ,
forevery b € Band v : B — Aut (I) defined by v : I — I,i +— )\5(5) (1), for every
b€ B. Then B, I, T,0,0,v satisfy Theorem 1.3.21. Moreover B is a brace and

T (51,62) — s (131) +s (132) _s (61 +132) = (62) +s (61) _s (132 +l§1)
=7 (b2, b)),
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1.3.2

for all by, by € B, i.e., T is a symmetric 2-cocycle. So B, I, 7,0, 0, v satisfy condition
(1.13). Therefore we may consider the left brace obtained from B and I and we
have that it is isomorphic to B. O

Skew left braces with non-trivial annihilator

By Theorem 1.3.21, we may describe all skew left braces with non trivial annihilator.
Note that if B is a skew left brace then the annihilator is the ideal

Amm(B)={a|a€eB VYbeB aob=a+b=b+a=boa}.

Definition 1.3.24. Let (B, +,0) be a skew left brace, (I, +) an abelian group. A
pair (7,60) such that 7 : B x B — [ is a 2-cocycle from (B, +) with values in I,
6 : B x B— Aisa 2-cocycle of (B, o) with values in I and they satisfy

0 (b1,ba + b3) + 7 (b2,b3) = 0 (b1,b2) + 6 (b1,b3) — 7 (b1, —b1 + by 0 b3)

(1.19
—+7 (bl o bg, —by+ b0 b3) ,

for all by, by, b3 € B, is said a Hochschild pair of the skew left brace B with values in I.

Proposition 1.3.25. Let (B, +,0) be a skew left brace, (I,+) an abelian group and
(7,0) a Hochschild pair of B with values in 1. If we define on the cartesian product
BxI

(b1,i1) + (b2,42) == (b1 + b2, i1 +i2 + 7 (b1, b2)), (1.15)
(b1,11) o (ba,i2) := (by 0 ba, i1 +i2 + 6 (b1,b2)), (1.16)

forall by,bs € B, i1,iz € I, then (B x I,+,0) is a skew left brace.

Proof. Since (I, +) is an abelian group we may review it as a zero left brace, more-
over consider o : B — Aut (/) and v : B — Aut (/) as trivial actions. Then 0,0, v, 7
satisfy the conditions of Theorem 1.3.21. In fact 6 is a 2-cocycle of (B, o) with values
in (I, +) respect to the trivial action o, further 7 is a 2-cocycle of (B, +) with values
in (I, +) by assumption. Clearly, conditions (1.10) and (1.11) hold. Therefore we
may consider the extension of the skew left brace B by I where the sum and the
product are given by

(b1,41) + (b2,42) = (b1 + b2, i1 +i2 + 7 (b1, b2)),
(b1,11) o (ba,i2) = (b1 0 b, i1 + iz + 6 (b1,b2)),

i.e., the thesis. O

1.3 Ideals, socle and annihilator of a left semi-brace

31



1.3.3

Definition 1.3.26. Let (B, +,0) be a skew left brace, (I, +) an abelian group, (7, 6)
a Hochschild pair of the skew left brace B with values in I. We call the skew left
brace constructed in previous proposition the Hochschild product of B by I (via T and

6).

Theorem 1.3.27. Let B be a skew left brace such that Ann (B) # 0 and [ := Ann (B).
Then there exists a Hochschild pair (,0) of the skew left brace B := B/I with values
in I such that B is isomorphic to the Hochschild product of B by I (via T and 6).

Proof. By proof of Theorem 1.3.21, consider 7 : B — B the projection map and
s: B — B amap such that s (0) =0 and (s (5)) = b, for every b € B. Then the

right action o : B — Aut (1) from (B, o) into the group of automorphisms of (I, +)
is

oy T — 1, i»—><s(l_))>_oios(l_)>:i,

for every b € B, since I is the annihilator of B and, in particular, I is in the centre of
(B, o). The left action v : B — Aut (I) from (B, o) into the group of automorphisms
of (I,+)is

vl = 1, i A (1) = =5 (0) + 5 (0) oi=—s(8) +5(0) +i =14,

for every b € B, since i lies in the annihilator of B. Moreover, the 2-cocycle from
(B,+) with values in (I,+),7: B x B — I is

T (El,gg) =S (61) + s (62) — S (61 + 62) R
for all by, by € B. Further, # : B x B — A, defined by
0 (61,62) = (8 (61 e} Bg))_ (O] (61> oS8 (52) N

is a 2-cocycle from (B, o) with values in I, since it is a 2-cocycle from (B, o) with
values in [ respect to the trivial action. Hence (7, 6) is a Hochschild pair and the
extension of the skew left brace B by I is the Hochschild product of B by I (via 7 and
6). Finally, ¢ : B x I — B, defined by 1 (5, z) =3 (l;) + 1, for every (5, z) € BxI,
is an isomorphism from B x I into B . O

Left braces with non-trivial annihilator

We may describe all left braces with non-trivial annihilator.
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1.3.4

Proposition 1.3.28. Let (B,+,0) be a left brace, (I,+) an abelian group, (7,0) a
Hochschild pair of the left brace B with values in I, with T symmetric. Then the
Hochschild product of B by I (via T and 0) is a left brace.

Proof. By Proposition 1.3.25, (B x I,+,0) is a skew left brace with the sum and the
product given by

(b1,11) + (b2,42) = (b1 + b2, i1 + 92 + 7 (b1, b2)) ,
(b1,11) o (ba,i2) = (b1 0 ba, i1 + 12 + 60 (b1, b2)),

for all b;,b2 € B and iy,i2 € I. Moreover (B x I,+) is an abelian group, since
(B,+) and (I, +) are abelian and 7 is a symmetric 2-cocycle. O

Theorem 1.3.29. Let B be a left brace such that Ann (B) # 0 and I := Ann (B).
Then there exists a Hochschild pair (7, 6) of the left brace B := B/I with values in I,
with 7 symmetric, such that B is isomorphic to the Hochschild product of B by I (via T
and 0).

Proof. By Theorem 1.3.27, there exists a Hochschild pair (7, ) of the skew left brace
B with values in I such that B is isomorphic to the Hochschild product of B by I.

Moreover 7 is symmetric. In fact, if by, by € B then

T (51,52) —s (61) +s (62) —s (51 +l§2) —s (52) +s (131) _s (62 +l§1)
27(52,51).

Left F'-braces with non-trivial annihilator

As consequence of previous results we may find the description of all left F-braces

with non-trivial F-annihilator as in [9].

Definition 1.3.30 (see [9]). Let F be a field, B a left F-brace. The F-annihilator of
B is the set

Annp (B):={a |a€e BYbe BVue F (ua)ob= (na)+b="0bo (ua)}.

Proposition 1.3.31. Let F be a field and B a left F-brace. Then Annp (B) is an ideal
of the left brace B, a subspace of the vector space B and it is contained in Ann (B).
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Proof. Clearly, Annp (B) is not empty, since 0 € Anng (B). If i € Annp (B), then
i+b=1i0b, for every b € B, i.e., i € Soc(B), furtheriob="boi,i.e., i € Z(B).
Hence Annp (B) C Ann (B). Moreovey, if i € Anng (B), then —i =i, s0 (i~ )ob =

(—pi)ob=(—pi)+b= (i) +b,and (ui~)ob = (—pi)ob=>bo (—ui) =bo (ui~),
forallu € Fand b € B. Hence —i =i~ € Annp (B). If i1,i2 € Annp (B), then

(p (i1 +12)) + b = (ir) + (piz) + b= (pi1) + ((pi2) o b) = (pi1) o (piz) o b
= ((pi1) + (piz)) o b = (p (i1 +1i2)) o b

and

(1 (i1 +12)) 0 b= (p (i1 +1i2)) + b= (pir) + (niz) + b= ((pi1) + b) o (uiz)
=bo (pi1) o (piz) = bo ((pi1) o (niz)) = bo ((uir) + (niz))
=bo(u(ir+i)),

for all y € F and b € B. Therefore i1 + is € Annp (B) and Annp (B) is a subgroup
of (B,+). If i1,i2 € Annp (B), then i; o iy = i1 + 2, and so Annp (B) is a subgroup
of (B,o). Further ifi € Anng (B), b~ ciob=0b"oboi=1i € Annp (B), for every
b € B, i.e., Annp (B) is a normal subgroup of (B, o). Moreover, if i € Annp (B),
then

pp(1)=(i"+b) ob=(boi") ob=1iob ob=1i€ Annp(B),

for every b € B. Hence Annp (B) is an ideal of the brace B. Finally, if i € Annp (B)
and A € F, then

(1 (i) o b= ((pA)i) o b = ((pA) i) + b= (u (M) + b

and

(1 (Ai)) o b= ((pA)i) +b="bo ((pA)i) = bo (u (X)),

forall u € Fand b € B, i.e., Annp (B) is a subspace of the vector space B over the
field F. O

Proposition 1.3.32. Let F be a field, B a left F-brace and I an ideal and a subspace
of B. Then B/I is a left F-brace. In particular, B := B/ Annp (B) is a left F-brace.
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Proof. We have that B/I is a left brace, since I is an ideal of B. Further B/ is a
vector space over F, since [ is a subspace of the vector space B. Finally, if b1,b, € B
and p € F, then

p((br+1)o b2+ 1)) =p((brob2) +1)=(u(brob2))+1
= (b1 o(ubg) + (u—=1)b1) + 1= (br + 1) o (ub2 + 1)+ ((u—1)br +1I).

Hence B/I is a left F-brace. O

Definition 1.3.33. Let F' be a field, (B, +, o) a left F-brace and (V, +) a vector space
over . Amap 0 : B x B — V such that

1. 0 (a,ub+ve) = pb (a,b) + vo (a,c),
2. 0(aob,c)+0(a,b)=0(b,c)+6(a,boc),

for all a,b,c € B and u,v € F is called 2-cocycle of left F-brace B with values in V.

In particular 0 is a 2-cocycle of (B, o) with values in V. In fact if a € B, then
0 (a,0) =6(a,0+0)=20(a,0)+6(a,0),
and so 6 (a,0) = 0, since (V, +) is a group, moreover
0(0,a) =60(000,a) =—0(0,0) +6(0,00a)+0(0,a) =0(0,a) +0(0,a),

ie., 6(0,a) =0.

Example 1.3.34. Let N be the zero algebra of dimension n over a field F, (ey, ..., ¢e,)
a basis of N and 7 an endomorphism of the additive group of F. The map
0 : N x N — F such that

=1 i=1
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for all z1,...,2n,91,...,yn € F is a 2-cocycle of the left F-brace N, but it is a
2-cocyle of the F-algebra N if and only if 7 is linear.
In fact, if z1,..., 20,91, -, Yn, 21, ..., 2n € F, then

(Z Ti€;, 1 Zyzez + VZ Zzez> =0 (Z zie;, zn: (nyi + vz) ei>
(Z $z> <i Y + uz,-)) =T (Z xz> (,uzn:yi + Vi21>

= ur (ZZI x,) <z§n:1 y¢) +ur (lf:l xz> <z§n:1 Zi)

n n n

= po (Z 372‘61'72%6@') + v (Z wiei,zzi€i> )
i=1 i=1 i=1 i=1

3

(S (S0 £ 0[S
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Proposition 1.3.35. Let N be the zero algebra of dimension one over a field F' with a
basis (e1) and let 6 a 2-cocycle on N, as left F-brace. Then there exists an endomorphism
T of (F,+) such that

9(37161,,@161) =7 (z1) Y1,

forall z1,vy1 € F.

Proof. Let
T:F—F, x+0(ze,eq).

It follows that

7(z +y) (x+y)er,e1) =0 (xer +yer,er) =0 ((ze1) o (ye1),e1)

7(y) + 0 (zer,yer te1) —T()y=7(Y) +T(@)y+7(x) —T(2)Y

)+
z)+7(y).

0 ( )

0 (ye1,e1) + 6 (xey, (ye1) oer) — 0 (ver,yer)
( (

7(

for all z,y € F, i.e., T is an endomorphism of the additive group of F. Moreover

0 (x1e1,y1e1) = y16 (x1e1,e1) = 7 (z1) Y1,

for all x1,y1 € F. ]

This result shows that maps in Example 1.3.34 are the unique 2-cocycles of a 1-
dimensional zero algebra.

Proposition 1.3.36. Let F be a field, B a left F-brace, V a vector space over F' and
0 : B x B — V a 2-cocycle of the left F-brace B with values in V. If we define on the
cartesian product B x V

40, 0) = (ua )
(a,v) + (b,w) := (a + b, v + w)
(a,v) o (b,w) :=(aob,v+w+06(a,b)),

forall p € F, a,b € Band v,w € V, then (B x V,+,0) is a left F-brace.
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Proof. Consider 7 : B x B — V, defined by 7 (b1,b2) := 0, for all b;,bs € B. Then
7 is a symmetric 2-cocycle from (B, +) with values in V. Moreover if b, b, b3 € B,
then

9(()1,1)2 + b3> —I—T(bg,bg) = 9(b1,b2 + bg) = H(bl,bg) + 0(1)1,63)
= (9(b1,bz) + Q(bl,bg) — T(bl,—bl + b0 bg) —I-T(bl oby,—b1 +b1o0 bg),

i.e., (7,0) is a Hochschild pair from the left brace B with values in V with 7
symmetric. By Proposition 1.3.28, B x V respect to the sum and the product given
by

(a,v) + (byw) = (a+ b,v + w)
(a,v) o (byw) = (aob,v+w+6(a,b)),

forall a,b € B and v,w € V is a left brace. Finally if u € F, a,b € B, v,w € V, then,
since B is a left F'-brace and 0 is a 2-cocylce of the left F'-brace B with values in V,

1 ((a,v) o (b,w)) = plaob,v+w+0(a,b)) = (u(aod), v+ pw+ po (a,b))
= (ao (ub) + (1 —1) a, pv + pw + 0 (a, ub)) = (a o (ub) ,v + pw + 0 (a, ub))
+ ((p=1)a,(p—1)v) = (a,v) o (u(b,w)) + (1 — 1) (a,v) .

Hence, by Definition 1.1.12, the Hochschild product of B by V' (via 7 and 6) is a left
F-brace. O

Definition 1.3.37. Let F be a field, (B, +, o) a left F-brace, V' a vector space over
Fand 0 : B x B — V a 2-cocycle of the left F'-brace B with values in V. The left
F-brace in previous proposition is called a Hochschild product of the left F-brace B
by V (via ).

Theorem 1.3.38. Let F be a field B, a left F-brace such that Annp (B) # {0} and
V := Annp (B). Then there exists a 2-cocycle 6 of the left F-brace B := B/V with
values in V such that B is isomorphic to the Hochschild product of B by V' (via 0).

Proof. As in Theorem 1.3.21, let V := Anny (B), B := B/ Annp (B), 7 : B — B
the projection map and choose a linear map s : B — B, from the vector space B into
the vector space B such that 7 (s (5)) =b,foreveryb € B. Themap7: BxB =V
is

m(bub) = (br) 4o (Br) =5 (b +B) =0
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for all by, by € B, since s is a linear map, the map 6 : B x B — V is
0 (bi,bo) = (s (broba)) os(br)os(bo)
=—s (131 o 52) + s (51) os (132) :
for all by, by € B, the right action o : B — Aut (B) is
oy VoV, i (3(5))’o¢os(z§) =1,

for every b € B, since Anny (B) is contained in the centre of (B, o) and the left
action v : B — Aut (B) is

v I =1, i —s(b) +s(b)oi=i,

‘v

for every b € B, since i lies in Anng (B). In particular  is a 2-cocycle from (B
with values in V' respect to the trivial action, further if 4, v € F' and b1, bo, b3 € B,
then

0 (b1,02) + v (b, bg) = —pus (broba) +pu (5 (b1) o5 (b))

s (brots) v (5 (5r) 05 (35))

— s (u (131 o 132)) +s (131) os (MEQ) +(u—1)s (51)

—s (v (brobs)) +5(br) os (vhy) + (v —1)s (br)

=0 () =10 () () ) -0

(oo ()~ =1y (5) + 5 (3r) 05 (v8s) + (v — 1) ()

= —s (bro (b)) +5 (br) o5 (bs) s (b1 o (y63)) +s (bl) 5 (vbs)

5 (br) =5 (B1) = —s (Bro (uba) — b+ by o (vbs)) + 5 (b1) o5 (1ubs)

o (5) s (B) o (vs) = s (Bro (uba + 985)) 5 (B) o (5 () + 5 (vEs))
— s (61 o (uBQ + VBg)) +s (61) os (MBQ + uEg) — 9 (bl, [iby + l/bg)

i.e., 0 is a 2-cocycle of the left F-brace B with values in V. Therefore we may
consider the left F-brace Hochschild product of B by V' (via #), by 1.3.36. Finally
Y : B x A — B, defined byw(g,i) = 5(5) + i, for every (5,2’) € BxV,isan

isomorphism from the left brace Hochschild product of B by V' (via ) into the left
brace B. Finally, 1 is linear. In fact, if 4 € F and (1_7, z) € B x V, then

i (5,3) = (5 (5) +1) = (4B) + i = 0 () = w0 (u (5.7))

Hence ¢ is an isomorphism from the left F'-brace Hochschild product of B by V' (via
#) into the left F-brace B. O
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1.4 Bijective 1-cocycles and left semi-braces

As for left braces (developed in [29] and already contained in [16]) and for skew
left braces (see [19]), we have a natural one-to-one correspondence between left
semi-braces and bijective 1-cocycles (to appear in [8]).

Definition 1.4.1. Let (G, -) be a group, (B, +) a semigroup and 6 : G — Aut(B) a
homomorphism from the group G into the group of automorphisms of the semigroup
B. A function § : G — B is said a 1-cocycle from G into B if

6(g-h)=10(g9)+0(g)(3(h)),
forall g,h € G.

Proposition 1.4.2. Let (B, +) be a right group, (B,-) a group, 6 : B — Aut(B) a
homomorphism from the group (B, -) into the group of automorphisms of (B, +) and
0 : B — B a bijective 1-cocycle. Then, the operation over B given by

aob:i=5 (67 ()57 () =a+0(37" (a) (B),

for all a,b € B, define a structure of group isomorphic to (B, -) such that (B, +,0) is a
left semi-brace.

Proof. The structure (B, o) is a group with identity 0 := 6(1) where 1 is the identity
of (B,-). In fact

a00:5<5_1(a)-1) :a:5<1-5_1(a)) =0oaq,
for every a € B, moreover if a € B, setting b := § ((5_1 (a))ﬂ), we have
a o b = 5 (51 (a) . ((571 (a))_1> = (]_) = 0

and

Note that

a+b=ao ((5—1@))_1) (b), (1.17)

1.4 Bijective 1-cocycles and left semi-braces



1.5

for all a,b € B. Furthermore, by previous relation,

ao(b+c)=a+0(67 (@) (b+e)=a+0(37"(a)) (1) +0 (57" (a)) (c)
:aob+9(5_1(a)) (¢)=aob+ao(a” +¢),

for all a, b, c € B. Therefore, (B, +, o) is a left semi-brace. O

Conversely, a left semi-brace determines a bijective 1-cocycle.

Proposition 1.4.3. Let (B,+,0) be a left semi-brace. Then, the function idp is a
bijective 1-cocycle, from the group (B, o) into the right group (B, +).

Proof. By Proposition 1.2.1 we have that A : B — Aut (B),b — )\, is a homomor-
phism from the group (B, o) into the group of automorphisms of (B, +). Moreover,
a+b=aoA\,- (b), forall a,b € B and it follows that

idp (aob) =aob=aol,- (A (b)) = a+ A (b) = idg (a) + \a (id5 (b)),

and so idp is a 1-cocycle from the group (B, o) into the right group (B, +). O

Theorem 1.4.4. Let (B, +) be a right group. Then, there exists a group (B,o) on B
such that (B, +,0) is a left semi-brace if and only if there exists a group (B, -) and a
bijective 1-cocycle ¢ : B — B, from the group (B, -) into the right group (B, +).

In particulay, if (B, +) is a group we obtain, as corollary of previous theorem, the
one-to-one correspondence between skew left braces and bijective 1-cocycle, see
[19].

Theorem 1.4.5. Let (B, +) be a group. Then, there exists a group (B, o) on B such
that (B, +, o) is a skew left brace if and only if there exists a group (B, -) and a bijective
1-cocycle ¢ : B — B from the group (B, -) into the group (B, +).

Moreover if (B, +) is an abelian group, we obtain the analogue of this result for left
braces.

Theorem 1.4.6. Let (B,+) be an abelian group. Then, there exists a group (B, o)
on B such that (B, +,0) is a left brace if and only if there exists a group (B, -) and a
bijective 1-cocycle 6 : B — B from the group (B, -) into the abelian group (B, +).

Linear semi-cycle sets

Another algebraic structure strictly linked to left braces is linear cycle set, introduced
by Rump in [28]. In [8] we introduce a generalization of this structure, the linear
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semi-cycle set, and show a natural correspondence between left semi-braces and
linear semi-cycle sets.

Definition 1.5.1. Let (X, +) be a right group, e an operation on X. Then, (X, +,e)
is said to be a (right) linear semi-cycle set if the following hold:

1.Vae X §,: X — X, z+— xeais bijective;

N

.30eX 0e0=0;
3.VaeX aea+0=aeaq;
4. Va,bce X (a+b)ec=aec+bec;

5. Vabyce X ae(b+c)=(aeb)e(ceb).

Let us note that a (right) linear cycle set (see Definition 1.5.12) is a (right) linear
semi-cycle set. In fact, if (X, +) is an abelian group, then clearly 3. in Definition 1.5.1
is satisfied and, by the right distributivity of the sum respect to e, 0 ¢ 0 = 0.

Example 1.5.2. Let X be a group and f an endomorphism of X such that f2 = f.

Then, set for all a,b € X, a+ b := bf(a) and a e b := b~ laf(b), the structure
(X, +,e) is a linear semi-cycle set. In fact, (X, +) is a right group. Clearly, the map
8 : X — X, x + x e bis bijective. If 1 is the identity of X, 1e1 =1"11f(1) =1
Moreover,

aea+l=a‘taf(a)+1=f(a)+1=1f%(a)=f(a)=aea.

Further,
aec+bec=claf(c)+ctbf(c)=ctbf(c) f (c_laf (c))
= '0f (o) f (1) (@) f2 () = c7'bf (a) £ (o)
=cla+b)flc)=(a+b)ec
and finally

(aob)e(cob)=(b"laf (b)) e (b7'cf (1))

(
= (s @) (s ) £ (07 )
FO b (Ear 0) £(67) £ (e

(

cf )7 af (cf (b)) = ae(cf (b))
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Definition 1.5.3. Let (X, +, o) be linear semi-cycle set. Then the operation
aob:=a+ 6,1 (b)=a+%,

for all a,b € X, is called the adjoint operation of X.

The following lemma contains basic properties of a linear semi-cycle set that are
useful tools in the study of this structure.

Lemma 1.5.4. Let (X, +, ®) be a linear semi-cycle set and E (X) the set of idempotents
of (X,+). Set b := 6, 1(b), the following hold:

1. Va,bce X *(b+c¢)="+"%;
2. Va,bce X 9bc) =0
3. 0 € B(X);

4. §p = idx.

Proof. Leta,b,c € X. Then,
0 (*b+%) = (“D+“%)oa="bea+%cea=0b+c,
and so
“btle=6(b+c)="(b+c).

Moreover,

“(Pc) o (aob) =" ("c) o (a+0) = (" ("c) ea) o (“boa) ="cob=c
and so

() = b () = e
Moreover, by 2. and 3. in Definition 1.5.1,
0+0=000+0=0e00=0,

i.e., 0 € E(X). Now, since

5 (a) =ae0=ae(0+0)=(as0)e(0e0)=(as0)e0=d %),

we have &y (a) = a, i.e., §p = idx. O
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Proposition 1.5.5. Let (X, +, ) be linear semi-cycle set. Then the structure (X, o) is
a group. For every a € X, we denote the inverse of a by a™.

Proof. Leta,b,c € X. Then,
_ a b _ a a (b _ aob , __
ao(boc)=a-+ (b+ c)—a—i— b+ (c>—a0b+ c=(aob)oc,

i.e., o is associative.
Moreover, 0 is the identity element of (X, o). In fact, by 3. and 4. in Lemma 1.5.4,

0oa=0+%=0+a=a.
Note that by 1. in Lemma 1.5.4 and 3. in Definition 1.5.1,
a=% aea)="(aea+0)=%aea)+*0=a+0=aoc0,

i.e, 0 is identity respect to o.

Since (X, +) is a right group, there exists ¢ € X such thata+¢ = 0. So, ao (tea) =
a+%(tea) =a+t=0,ie.,teais aright inverse for a respect to o. Therefore,
(X, 0) is a group. O

Theorem 1.5.6. Let (X, +, o) be a linear semi-cycle set and o its adjoint operation.
Then, (X, +,0) is a left semi-brace. On the other hand, if (X, +, o) is a left semi-brace,
set aeb :=b" o (b+a), for all a,b € X, then the structure (X,+,e) is a linear
semi-cycle set.

Proof. First, if (X, +, e) is a linear semi-cycle set, note that by previous proposition
(X, 0) is a group. Moreover, let a,b,c € X and t € X such that a + ¢ = 0. Then,

aob+ao(a” +c¢)=a+%+a+(tea+c)=a++a+*(tea)+
=a++a+t+%Cc=a+"+0+"%
=a+*b+c)=ao(b+c).

Therefore, X satisfies the condition (1.1) in Definition 1.1.1.

Conversely, if (X, +,0) is a left semi-brace, by Proposition 1.2.4, (X, +) is a right
group and clearly, for all b € X, §, = A\~ so J; is bijective. Let 0 be the identity of
(X, 0). Then,
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1.5.1

If « € X, then,

aea+0=20,(a)+0=2A,- (a) +0= A~ (a+ A, (0))
=X~ (@00) =X~ (a) =aea.

Moreover, property 4. follows from Proposition 1.2.1.
Finally if a, b, c € X, then,

ae(b+0) =N () =\ (o (@=X" (%)@

b

= 05,(c) (Op (a)) = (aob) e (ceb).

Therefore, (X, +, ) is a linear semi-cycle set. O

Linear skew cycle sets

Here we introduce the concept of linear skew cycle set and we show the connection
with skew left braces.

Definition 1.5.7. Let (X, +) be a group and e an operation on X. Then (X, +, o) is
said to be a (right) linear skew cycle set if

1. Vae X 0q : X — X, x — x eq is bijective;
2. Va,b,ce X (a+b)ec=aec+bec;

3. Va,b,ce X ae(b+c)=(aeb)e(cebd).

Example 1.5.8. Let (X, +) be a group and e an operation on X such thata e b := a,
for all a,b € X. Then (X, +, o) is a linear skew cycle set. In fact, clearly ¢, (z) =
x e a =2 =idy (x) is bijective and if a, b, c € X, then

(a+b)ec=a+b=aec+bec;
ae(b+c)=a= (aeb)e(ced).

Proposition 1.5.9. Let (X, +, ) be a linear skew cycle set. If 0 is the identity of (X, +),
then 0 ¢ 0 = 0.

Proof. By 2. in Definition 1.5.7, we have
0e0=(0+0)e0=000+0e0,

and, since (X, +) is a group, 0 ¢ 0 = 0. O

1.5 Linear semi-cycle sets

45



1.5.2

Remark 1.5.10. If (X, +,e) is a linear skew cycle set, by previous proposition,
(X, +, ) is a linear semi-cycle set. Conversely if (X, +, o) is a linear semi-cycle set
with (X, +) a group, then it is a linear skew brace.

By previous remark we obtain the following result as a corollary of the Theorem 1.5.6.
Also for linear skew cycle set X we may consider the adjoint operation of X as for
linear semi-cycle set, i.e.,

aob:=a+6,"(b) =a+,

forall a,b € X.

Theorem 1.5.11. Let (X, +, ) be a linear skew cycle set and o its adjoint operation.
Then (X, +,0) is a skew left brace. On the other hand, if (X, +, o) is a skew left brace,
then setting a @b :== b~ o (b+ a), for all a,b € X, we have that (X, +,e) is a linear
skew cycle set.

Proof. 1f (X, +, e) is a linear skew cycle set, then by previous remark it is also a linear
semi-cycle set and, by Theorem 1.5.6, (X, +, o) is a left semi-brace. Further (X, +)
is a group and so (X, +, o) is a skew left brace. Conversely if (X, +, o) is a skew left
brace, in particular it is a left semi-brace, then (X, +, e) is a linear semi-cycle set and
by previous remark it is a linear skew cycle set. O

Linear cycle sets

Now we recall the definition of linear cycle set.

Definition 1.5.12 (see [29]). Let (X, +) be an abelian group and e an operation on
X. Then (X, +, e) is said to be a (right) linear cycle set if

1. Vae X 0q : X — X, x — x eaq is bijective;
2. Va,b,ce X (a+b)ec=aec+bec;

3. Va,b,ce X ae(b+c)=(aeb)e(ceb).

Example 1.5.13. Let R be an unitary ring and I a left ideal of R contained in J (R),
the Jacobson radical of R. Every element of I is quasiregular, then on / we may
consider the following operation

aeb:=(1+b)"ta,

for all a,b € I. Then (I, +, o) is a linear cycle set. In fact, clearly (, +) is an abelian

group. Moreover let a € I. If 2,y € I satisfy 6, (z) = 0, (y), then (1 +a) 'z =
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(1+ a)_1 y and so z = vy, i.e., J, is injective. If y € I thensetz := (1+a)y € I,
dq (x) = y. Hence ¢, is a bijection. Further, if a,b, ¢ € I, then

(a+b)ec=1+c) (a+b)=(14+c) " a+(1+c) 'b=aec+bec

and

-1

(aob)e(cod)=((1+b) " a)o((1+b)"c)=(1+(1+b)"c) (1+b)'a

= ((+b) (1+(1+b)_1c))71a:(1+b+c)_1a:ao(b+c).

Therefore (I, +, o) is a linear cycle set.

Clearly a linear cycle set is a linear skew cycle set and a left skew brace with additive
group abelian is a left brace. Therefore following result holds.

Theorem 1.5.14. Let (X, +, o) be a linear cycle set and o its adjoint operation. Then
(X,4+,0) is a left brace. On the other hand, if (X,+,0) is a left brace, then setting
aeb:=0b"o(b+a), forall a,b € X, we have that (X, +, e) is a linear cycle set.
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2.1

The asymmetric product

The asymmetric product of left semi-braces

We focus on a construction: the asymmetric product of left semi-braces. This
construction can be found in [11] and in [9] by Catino, Stefanelli and myself for left
semi-braces and for left braces and for left F'-braces, respectively. In the asymmetric
product, we mix two left semi-braces, using classical tools, to obtain another one.
Although in the general case the condition of compatibility is complicated we provide
examples of some particular cases that simplify this request.

Let B be a left semi-brace, E the set of idempotents of (B, +), 0 the identity of (B, o)
and G := B + 0. Since B = G + E, by Proposition 1.2.5 , every element b € B may
be written in a unique way as b = g + ¢, with ¢ € G and e € F; we call g the group
part of b and e the idempotent part of b.

In our construction it is essential to be able to distinguish the group and idempotent
parts of every element. For this purpose we provide the following lemma.

Lemma 2.1.1. Let B = G + F be a left semi-brace. If g, g1,92 € G, e,e1,es € E then
1. (g+e) =(g+e) oet(g+e) og,with(g+e) cec Gand(g+e) og € E;

2. (g1 +e1)o(g2 +e2) = (91 + €1)0g2+0+ Ay, 1¢y) (€2), with (g1 + €1)0g2+0 € G
and /\(glJrel) (62) e L.

Proof. 1. If g+ eisin G + E, then

(9+e) =(g+e) o(e+0)=(9+e) cet+(g+e) o(g+e+0)
=(g+e) ocet(g+e) og

and (g+e)  oe = pe.(9g7) € G, by 2. in Proposition 1.2.11, and (g+¢€) og =
(A~ (€)™ € E, by 1. in Proposition 1.2.11 and 2. in Proposition 1.2.7.
2. Ifg1 + €1, 92 + eg are in G + FE, then

(g1 +e1)o(g2+e2) =(g1+e1)oga+ (g1 +e1)o ((91 +e1)” + 62)
= (gl + 61) 0g2+0+ >\(91+61) (62) )

with (g1 +e1) 0 g2 +0 € G, and, by 1. in Proposition 1.2.11, Ay 4;) (e2) € E. [



Definition 2.1.2. Let (H,+), (N, +) be groups, ¢ : HxH — N and « : H — Aut(N).
Set n" := a(h)(n) forall h € H,n € N, if

h
1. (nhl) g —C (hl,hg) +nhatha 4 C(hl,hQ),
2. C(h1 + ha, hg) +c (h1, hg)hg = (h1, ho + hg) +c (hg,hg),
3. ¢(h1,0) =¢(0,h2) =0,

hold, for all n € N, hy,ho, hs € H, then the structure over the cartesian product
H x N with the sum given by

(hlanl) + (h2,n2) = (hl —+ h2, C(hl,h2) + n1h2 + 722)

is a group with identity (0, 0), known as Schreier’s extension of N by H (via « and ¢)
[see Theorem 15.1.1 in 21]. We briefly call the couple (¢, ¢) a cocycle from H into N.

We may extend the definition of cocycle between two groups to one between additive
structures of two left semi-braces.

Proposition 2.1.3. Let By = H + E and B, = N + F be left semi-brace, where E
is the set of idempotents of (B1,+), F is the set of idempotents of (B2, +), Op, is the
identity of (B1,0), H := By + 0p,, Op, is the identity of (Bsz,0), N := By + 0p, and
(a, ¢) a cocycle from H into N. Then the sum over the cartesian product By x Bs given
by

(h1 +e1,m1 + f1) + (ha2 + e2,n2 + f2)
= (hl + ha + ez, ¢ (h1, ha) + n1" 4+ ny + fz) ,

forall hy,hs € H, n1,ns € N, e1,eo € E and f1, fo € F, defines a structure of right
group.

Proof. If hy + e1,ho + €2, h3 + e3 € By and ny + f1,n9 + fa,n3 + f3 € By then

(hl + e1,n1 + fl) + ((hg +€2,n2 + f2) + (h3 +€3,n3 + fj))
= (h1+en,ni+ f1) + (h2 + h3 + es, ¢ (hg, hg) + no™ + ng + f3)

(hl + ho + ha + es, ¢ (h1, ha + h) + 11" ¢ (hg, ha) + 0 + n3 + f3>

h
hi+ ho + hs + 63,C(h1,h2 + hg) + C(hQ,hg,) + (n}lm) ’ + ng3 + n3 + f3>

ha ha\P3 | hs
P+ ha + ha + ea,¢ (1 + ha, hg) + ¢ (i, o)™ + (n}2)™ + b +ng + f

h-
hi+ ho + hs +€3,C(h1 +h2,h3) + (C (hl,hz) +nlf2 —|—n2) : + ns +f3>
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= (h1 + ha + e2, ¢ (h1, h) + nm"? 4 ny + f2) + (hg + e3,n3 + e3)
= ((h1 +e1,n1 + f1) + (ha + e2,n2 + f2)) + (hg + e3,n3 + e3)

If hy + e1,ho + €2, hs + e3 € By and ny + f1,n2 + fo,n3 + f3 € By such that
(h1 +e1,n1 +e1)+ (ha +e2,n2+e2) = (h1 +e1,n1 +e1) + (hg +e3,n3 +e3),
then

hi+ho+e3 = hy + hg +e3
¢ (h1,he) + 12 +ng + fo = ¢ (h1, ha) +nl® +n3 + f

it follows
ha = h3, ex=-e3, na2=n3, fo=f3,

e., (By x By, +) is a left cancellative semigroup. Moreover if h; + e1, hg + e3 € B
and ny + fl;n?) + f3 S BQ, set h2 = —h]_ + h3, ey = e3, Ny = _n1_h1+h3 —
¢ (h1,—h1 + h3) + ng and fo := f3, then

(h1+e1,m1 + fi) + (he + e2,n2 + f2)

= (h1 + ha + es, ¢ (b, ha) + m" + 12 + fo)

= (h1+ (=h1 + h3) + es,

¢ (h1, —hy + hg) +m 7 (TS (g, By + ) + ng) + fs)

= (ha +e3,n3+ f3).

Hence (B; x Bg,+) is a right group. O

Theorem 2.1.4. Let B = H + E, By = N + F be left semi-braces, («, ¢) a cocyle from
H into N and § : By — Aut(B;) a homomorphism from the group (Bs, o) into the
group of automorphisms of the left semi-brace By. Set ") (h +e) := B(n+ f)(h+e)
forallh+e€ By, n+ f € By, if

((h1 +e1) o MM hy 40, Ay o) ((n1+f1)h3) + 0)

(n1 4+ f1) ong + 0))‘<h1+e y ("1 hs)+0

+(
Tt fi)e <(m+f1) ( Pes (hf)) »hz) + (Pﬁ (nl))h3> @D

= (n1 + f1) o (¢ (ha, h3) + n2h3)
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holds for all hy,ho,hs € H, e1 € E, n1,ny € N, f1 € F, then the sum and the
multiplication over the cartesian product By x By given by

(h1 +e1, mi+ f1) + (he + e2,n2 + f2)
= (hl + hg + ea, ¢ (hy, ho) + 11" +ny + fz)
(h1 + e1, n1+ f1) o (ha + ez, no + f2)
= ((h1+ex) 0 M) (hy + €3), (1 + 1) © (na + fo))

define a structure of left semi-brace. We call this structure the asymmetric product of
By and B, (via «, ¢ and ) and denote it by By X Bs.

Proof. By Proposition 2.1.3, (B; x Bs,+) is a right group. Moreover, (B; x B3, 0)

is a group since it is the semidirect product of the groups (B, o) and (Bz, o) by f.

To prove relation (1.1) in Definition 1.1.1, first we note that if iy + e1,ho +e2 € By
and nq + fi,n2 + f2 € By, then

(h1 +e1, ni+ fi) o (hg + e2,n2 + f2)
= ((h+e1) 0 ) (hy + e2), (n1+ fr) 0 (na + f2))
(s o 0 (0.

(n1 4 f1) ong + 0+ A4 p1) (fQ)) :

by Lemma 2.1.1. Now, let (hy + e1,n1 + f1), (ha + e2,n2 + f2), (hs + e3,n3 + f3) be
in By x By. Then we have

L :=(h1 +e1,n1+ f1) o ((ha + e2,n2 + f2) + (h3 + e3,n3 + f3))
=(h1+e1,n1+ f1)o (hQ + hg + es, ¢ (ha, hs) + ng3 +nz + fg)
- <(h1 +e1) 0 MY (hy 4 hg) + 04+ Ay ey ((n1+fl)e3> ’
(n1+ f1) o (¢ (ha, hy) + 1 +n3) + 0+ A, op0) (f))

Moreover, by the Lemma 2.1.1 and by propositions 1.2.7 and 1.2.11,

(hl +e1,ny + fl)_ + (h3 + e3,n3 + f3)
= ((n1+f1)7 (hl + 61)_ , (m + fl)_) + (hg + e3, n3 + f3>

= (" o <1> ()",
o (n) + (A (7)) + (ha -+ eama + o)

()
= (0 (e (1)) ot o
(0 (per (7)) o) + (5 (n7)) "+ + £ )

«
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This implies that

(h1+e1,n1+ f1) o ((hl +e1,n1 + f1)” + (hs + e3,n3 + fs))
= ((hl +e1)o (n1+f1) ((m—&-ﬁ)f (,061 (hf)) + h3) 0+ Ahyer) ((n1+f1)63> ’

(4 5000 (e (7 (oo (15)) o) + (5 ()" + ) +

0+ A (n1+f1) (f3))

Therefore

R:= (h1 +e1,n1 + f1) o (ha +e2,n2 + f2) + (h1 + e1,n1 + f1)

° ((hl +e1,n1 + f1)” + (ha +e3,n3 + fg)) = ((hl +e1) o (MFT)p,

(b1 + ex) o ) (T (5 (7)) 4 Bg) 40+ Ay (M Mes)

¢ ((hl +ep) o M py 10, (hy +e) o M+ <(n1+f1)7 (Pel (hf)) + hg) + 0)

hitep)om1+71) ((m1i+f0™ (p.. (A7 ))+hs ) +0
+<(n1+f1)on2+0)( e ( (per (1)) 5)

et gy e (e (O (oo (1)) ) + (o, (n7)) " +0)

+0+ A (n1+f1) (f3))

Since the idempotent components of the two first projections are the same, we
may compare the component in H of the first projection of R with that of L using
Lemma 2.1.1,

(h1 +e1) o M+ hy 4 (hy 4 ¢1) 0 M+ ( m+f)” ( ( )) + hg) +0
=(h1+e1)o o Mm+p, 4 (h1 +e1) (pel ( ) (m+f)p, ) +0
= (h1+e1)0 (n1+f1)h2 + (h1+e1)o0 <Pe1 (h;) + ()\hf (61))_ + (n1+f1)h3) +0

= (b +e1) o "M hy 4 (hy 4 ex) o (b + )™ + MM hg) 4+ 0
= (h1+e1)o ((n1+f1)h2 + (m+f1)h3) +0=(h1+e1)o (m1+f1) (ha+h3)+0
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So the first projections coincide. For the second projections, idempotent components
are the same. So we compare components in N. For R the component in N is

¢ ((hl +e1)o (n1+f1)h2 +0,(h1 +e)o o (n1+f1) ( ni+f1)” ( ( )) + h3) + 0)
)

(h1-ter)olr1 /L) (“’1”1) pey (hy))+hs )40

+((n1+ f1) on2 +0)

+(n1+ fi)o (C ((n1+f1)* (Pe1 (hf» >h3> + (Pfl (nl >>h3 + n3) +0
=c ((hl +e1)o ™Mt hy 40, (hy +e1)o ((,Oel (h1 )) + ("1+f1)h3) + 0)
+((n1 + f1) ong + 0)(h1+61)°((061(hf))+(n1+f1>h3)+0

+(n+ f1) 0 (c (5 (pey (17)) o 1s) + (g (n7))™ +n3) +0
=c ((hl +e1)o (n1+f1)h2 + 0, )\(h1+el) <(n1+f1)h3) + 0)

+((n1+ f1) ona + O)A(hﬁel)((nﬁfl)h?))*o

+(n1+ f1) o (C ((n1+f1)* (Pe1 (hf» >h3> + (Pfl (”f)>h3 + ”3) +0

and by (2.1) we have that it is equal to the component in N of the second projection
of L. O

We obtain the semidirect product of two left semi-brace, a generalization of the
semidirect product of groups, as particular case of the asymmetric product.

Corollary 2.1.5. Let By and By be left semi-braces. Let 5 : By — Aut(Bj) be a
homomorphism from the group (Bs,o) into the group of automorphism of the left
semi-brace (Bj,+,0). Define on By x Bs

(h1 +e1, nmi+ fi)+ (ha + ez, n2 + f2) := (h1 + ha + e2,n1 + N2 + fa)
(h1 +e1, n1+ f1) o (he + e2,n2 + f2)
= (b4 er) o H) (hy 4 e9) (1 + 1) © (na + f2))

Then (B; x Ba,+,0) is a left semi-brace. We call this structure the semidirect product
of B; and B, (via [3) and we denote it by By x Bs.
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Proof. Let By = H+ Eand By = N + F, a : H — Aut(N) such that o (h) = idy,
forevery h € H, and ¢ : H x H — N such that ¢ (hy,hs) = 0, for all hy,he € H.
Then (o, ¢) is a cocycle from H into N and

¢ ((h1 +eq)o (mt+f)p, 40, A(hy+e1) ((n1+f1)h3) + O)

+((n1+ f1) ong + 0)A<h1+e1>((”1+f1)h3)+0

s g (e(H (o (7)) 1) + (o (ni))")
= ((m +A)ona+0)+ (m + fi) o (ps, (7))

= (n1+ f1) o ma + (n+ f1) o (pp, (n7 ) +0)

= (m+ fi) ona+ (m + f1) o p, (n7) + (m+ A1) o (1 + f1)” +0)
= (m1+ fi) o ma + fi + (m + fi) o ((ma + 1) +0)
= (n+ f1) ona + (na + f1) o ((n1 + f1)” +0)

= (m1+ f1) o (n2 +0) = (n1 + fi) onz = (my + f1) © (¢ (h2, ha) + ")

holds for all Ay, ho,hy € H, e1 € E, ni,no € N and f; € F. Therefore condition
(2.1) in Theorem 2.1.4 is satisfied and as a consequence (B; x Ba,+,0) is a left
semi-brace. O

Example 2.1.6. Let G be a group. Let B; be the zero left semi-brace with G as
additive (and multiplicative) structure (see Example 1.1.6), B; the trivial left semi-
brace with G as multiplicative structure (see Example 1.1.3), and 3 : By — Aut(B;)
a group homomorphism. The semidirect product of B; x Bs by 3 is given by

(h1, f1) + (ha, f2) = (h1 + ha, f2)

and

(h‘lvfl) © (h27 f2) = (hl +fl h27f2)

for all hy, hy € By and f1, fo € Bo.
Let us note that this left semi-brace is not a trivial left semi-brace neither a zero left
semi-brace.

Finally, notice that if B; is a trivial left semi-brace, B, a left semi-brace and 3
a homomorphism from the group (Bs, o) into the group of automorphisms of the
group (B, 0), since Aut(Bj,0) C Aut(Bj, +, o), then we may consider the semidirect
product of left semi-braces B; x B via 8. So the semidirect product over By x Bj is
given by

(61,711 + fl) + (62,n2 + f2) = (62,n1 + no + f2)
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2.2

and
(e1,n1 + f1) o (ea,n2 + fa) = (e1 0™ ey, (ny + f1) o (n2 + f2)),

for all e1,e5 € By and ny + f1,n0 + fo € Bo.

The asymmetric product of skew left braces

Corollary 2.2.1. Let H, N be skew left braces, («,¢) a cocycle from H into N and
B : N — Aut(H) a homomorphism from the group (N, o) into the group of automor-
phisms of the skew left brace H such that

nipoc (hg, h3) - <n1 o (_nQ)hs)
=c¢(hyo™hg,—h1+ hio™h3)+ (nyong — nl)_h1+h1°n1h3 (2.2)
—c(h1,—h1 + hy o™ hg),

holds for all n1,ny € N, hi, ho, hs € H. Then the sum and the multiplication over the
cartesian product H x N respectively given by

(hl, TL1) + (hg, TLQ) = (hl + ha, ¢ (hl, hg) + n1h2 + n2>
(h1,n1) o (h2,n2) := (h1 0" hg,ny o na)

define a structure of skew left brace, called the asymmetric product of H by N (via a,
B and ¢) and denoted by H x, N.

Proof. Let hy, hso, hg € H and nq,ny € N. First, notice that in this case the condition
(2.1) becomes

n1 0 (¢ (ho, ha) +n5*) = ¢ (b1 0 ™ha, Ay (")) + (ng 0 mg) (1)
_ h
+mnyo (c ("1 hl_,hg) + (nl_) 3) .
Now, by (2.2) and by 1. in Proposition 1.2.7, we have that

- \h3 - ~\ h3
n1 0 (C(nl hy 7h3) + (nl) ) :nloc<”1 hy 7h3) + Ay <(n1) )

n n, 1,— n — A (nlh ) n
=c(hom( 1h1) My (")) 4 (naong = ma) " < e (b, Ay (M hy)
e <_ ) + Any ( 3) = c (0, A, ("ha)) + (—ny) )

— ¢ (b1, Ay ("hs)) +nao (— ( )h3 + (nl)h3)
= (_nl)khl(nl}m) —¢ (h17 )\hl (nlhB)) + ny.
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Hence, by (2.2),

¢ (hyo™ha, Ap, ("hs)) 4+ (n1o ng) M hs) 4o (c (”1_ hi, h3> + (n1>h3>
= ¢ (h1 0™ ha, A, (Mhs)) + (g 0ng) M) 4 ()R (Hhs)

— ¢ (hn, Any ("hs)) + 1 =na 0 ¢ (ha, hy) — (1 0 (—n2)"*) +m
=mnyoc(hg,hg) —ni + (m o (ng)h3) —ny +n1

=njo (c (ha, h3) + ng3)

and so the condition (2.1) is satisfied and H x, N is a left semi-brace by The-
orem 2.1.4. Moreover, (H x N,+) is a group and then H x, N is a skew left
brace. O

Example 2.2.2. Let H, N be a zero left semi-braces with N abelian. If c: HxH — N
is such that c¢(hy,hy) = 0, for all hy,he € H, and o : H — Aut(N) is a group
homomorphism from the group (H, +) into the group of the automorphisms of the
group (N,+) and § : N — Aut(H) is such that (n) = idy, for every n € N, then
(a, ¢) is a cocycle from H into N and

¢ (hl ° n1h27 _hl + hl o™ h3) + (nl onNng — n1)7h1+h1°”1 hs

—c¢(hy,—hy + hy o™ hg)
=0+ (n1+n2 — nl)_h1+h1+h3 = nSS =ny —ni+ ng3
=ny100— <n1 + (—ng)hg)

=ny oc(hg,hs) — (n1 o (—ng)hS) .

Therefore, the hypotheses of previous corollary are satisfied. In particular, the sum
and the product over H x N are given by

(h1,m1) + (h2,n2) == (hl + ha,ni" + nz)
(h1,n1) o (h2,n2) := (h1 + h2,n1 + n2) .
This is the same example provided in Example 1.5 in [19].

Corollary 2.2.3. Let H and N be skew left braces. Let § : N — Aut(H) be a
homomorphism from the group (N, o) into the group of automorphism of the skew left
brace (H,+,0). Define on H x N

(h1,m1) + (ha,n2) := (h1 + ha,n1 + n2)

(h1,n1) o (hg,n2) := (h1 0 " hg,ny ong).

Then (H x N,+,0) is a skew left brace. We call this structure the semidirect product
of H and N (via ) and we denote it by H x N.
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2.3

Proof. As in Corollary 2.1.5, let o : H — Aut (V) such that « (k) = idy;, for every
he€ Hand c¢: H x H— N such that ¢ (hy, he) =0, for all hy, hy € H. Then («,¢) is
a cocycle from H into N. Moreover, note that if B is a skew left brace, then

a=ao0=ao(b—b)=aob—a+ao(=b),
foralla,b € B,i.e., —ao(—b) = —a+aob—a, forall a,b € B. Hence

ny o ¢ (ho, h3) — (m o (—nz)hB) =n100—n;+n1ong —ny

=n1—N1+n1ong —ny =n10nNy — Ny

= ¢ (hy0™hg, —hi 4+ hy 0 ™hs) + (n1 ong —ny) TS ¢ (b —hy 4+ hy o™ hg)

holds for all hy,he,hs € H and ni,no € N. Therefore the condition (2.2) in
Corollary 2.2.1 is satisfied and so (H x N, +,0) is a skew left brace. O

The asymmetric product of left braces

Remark 2.3.1. Let H, N be abelian groups, ¢ : H x H — N a symmetric cocycle from
H with values in N (see Section 1.3.1). Note that if we consider o : H — Aut (N),
such that o (h) = idy, for every h € H, then («, ¢) is a cocycle from H into N as in
Definition 2.1.2.

Corollary 2.3.2. Let H, N be left braces, ¢ a symmetric cocycle from H into N and 3 :
N — Aut(H) a homomorphism from the group (N, o) into the group of automorphisms
of the left brace H such that

noc (hQ, h3) + C(h1 o™ (hg + h3) ,hl) =c (hl o™ho, hy Onhg) +n (2.3)

holds for all hy, he,hs € H and n € N. Then the sum and the multiplication over the
cartesian product H x N respectively given by

(h1,n1) + (ha2,n2) := (h1 + ha, ¢ (h1, h2) + n1 + n2)

(h1,m1) o (h2,n2) := (h1 0" hg,n1 0 na)

define a structure of left brace, called the asymmetric product of H by N (via « and ¢)
and denoted by H x, N.
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Proof. Let o : H — Aut (N), such that a(h) = idy, for every h € H, then (a,c)
is a cocycle from H into N as in Remark 2.3.1. Moreover if ni;,no € N and
hi,hs, hs € H, by (2.3), then

¢ (hy © ™ hg, —hy + h1 0™ hg) +n1 012 — 11 — ¢ (hy, —h1 + 1 0 ™ hs)

= —c(hyo™hg —hy+h;o"™hs, hy)+c(hy o™ hy,hy o™ hs) 4+ njong —ny
= —c(hy o™ (ha + h3),h1) +c(hy 0™ ha,hy 0™ h3) +nyong —ng
=mnjoc(hg,hg) —ni +npong —mng

=nyoc(hg, hg) — (n1o(—n2)),

i.e., the condition (2.2) is satisfied. Hence, by Corollary 2.2.1, H x, N is a skew left
brace. Moreover, if hq, ho € H and ny,ns € N, then

(h1,n1) 4+ (h2,n2) = (h1 + ha, ¢ (h1, ho) + n1 + n2)
= (ha + h1,¢(ha, h1) + na +nq)
= (ha,n2) + (h1,n1),

i.e., (H x N,+) is an abelian group. Therefore H x, N is a left brace. O

Example 2.3.3. Let H be the left brace with additive group (Z, +) in Example 1.1.10
and N := Z/Z2 the zero left brace with additive and multiplicative structure the
cyclic group of 2 elements. We may consider 8 : N — Aut (H) such that 5 (0) = idy
and f(1) = —idy and ¢ : H x H — N, such that ¢ (hy, he) = hihs. If hy, ho,hs € H
and n € N, then
¢(hyo"hg,hio™hs)+n=c¢c (hl + (—1)h1+n ha, h1 + (—1)h1+n h3> +n

= (b + (=1)"* " ho) (b + (—1)" " hg) +

= 12 4 hohg + (= 1)1 (hg + hg) by +n

=n+ hohs + <h1 + (—1)h1+n (ho + h3)) h1

:noc(hg,hg)—i—c(hlo"(hg+h3),h1),

i.e., condition (2.3) holds. Therefore H, N, 3, ¢ satisfy the assumption of Corol-
lary 2.3.2. In particular, the sum and product over H x N are given by

(h1,m1) + (h2,n2) = (h1 + ha, hiha + 11 + n2) ,

(h1,n1) (e} (hg,ng) = (hl + (_1)h1+n1 hg,n1 + ng) s

for all hl,hz € H and ni,ng € N.

Example 2.3.4. Let H be the left brace with additive group (Z/Z6,+) in Exam-
ple 1.1.11, N := Z /72 the zero left brace with additive and multiplicative structure
the cyclic group of 2 elements. We may consider 5 : N — Aut(H) such that
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B(0)=1idg, B(1) = (15)(24) and ¢ : H x H — N, such that ¢ (hy, he) = hy * ho,
where h; * ho is the canonical image of hihy in Fo. Then, clearly, § is a group ho-
momorphism and ¢ is a symmetric cocycle, in fact, ¢ is a symmetric map, ¢ (0,0) = 0
and

C(h1+h2,h3)—|—t(h1,h2):(h1+h2)*h3+h1*h2:hl*hg—l—hg*hg—i-hl*hg
:hl*(h2+h3)+h2*h3:C(hl,h2+h3)+c<h2,h3),

for all hq, ho, hs € H. Moreover, as in the previous example, (2.3) holds. Therefore
H, N, ¢, (3 satisfy the assumptions of the Corollary 2.3.2 and we may construct the
asymmetric product of H by N. Explicitly the sum and the product over H x N are

given by
(h1,n1) + (h2,n2) = (h1 + ha2, hy * ha + n1 + ng)
and
(h1 + ha,n1 + ng) if ny =0and hy € {0,2,4}
(hy.m1) © (hy.n3) = orn; =1and h; € {1,3,5}
’ 7 (h1—|—5h2,n1+n2) ifny =0and h; € {1,3,5}
orn; =1and h; € {0,2,4}

for all hy,he € H and ny,no € N.

Remark 2.3.5. Note that Z6 x 0 is an ideal of the left brace H x, NV in Example 2.3.3.
In fact, (Z6,0) is a normal subgroup of (H x N, o) and

Ay (62,0) = = (h,n) + (h,n) 0 (62,0) = (=h, h* = n) + (h+ (=1)"*" 62,n)
= (—h +h+ (=) 62, —h (h + (=)l Gx) TRt n)
= ((—1)“” 6z, 0) €76 %0,

for all h,z € Z and n € Z/7Z2. Therefore the left brace in Example 2.3.4 is the
quotient of H %, N by this ideal.

Example 2.3.6. Let H := 7Z/Zp? be the left brace with multiplication given by
hy o hg = h1 + hg + phihs,

for all hy,he € H and N := Z/Zp the zero left brace over the cyclic group of p
elements. We may consider § : N — Aut(H) defined by "h = (1 + pn)h and
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¢: H x H— N such that ¢ (hy, ha) = hy * he, Where hy * hy is the canonical image
of hihs in IF,. Then 3 is a group homomorphism, ¢ is a symmetric cocycle and

¢(h10"hg,hy 0 "h3) +n = (h1 + (1 + pn) he + phy (1 + pn) ha) * (h1 + (1 + pn) hs
+phy (1 4+ pn)hs) +n
=(h1 4+ h2) * (h1 + h3) +n
=(h1+ ha + h3) x hy + ha * hs +n
=n+ hg x h3 + (h1 + (1 4+ pn) (he + h3)
+phy (14 pn) (ha + h3)) * hy
=noc(hy,h3)+c(hio™ (ha+ hs),hi),

for all hq,hs,hg € H and n € N. Then H, N, 3, ¢ satisfy the assumption of Corol-
lary 2.3.2, explicitly the sum and the multiplication over H x N are given by

(h1,m1) + (h2,n2) = (h1 + ha, h1 * ha + n1 + ng)
(h1,m1) o (h2,n2) = (h1 + (1 + pn1) ha + phih2,n1 + n2),

for all hy, he € H, n1,no € N. Note that this left brace can be found in [1].

As consequence of the asymmetric product for left braces we find the semidirect
product of left braces, introduced in [30], as reformulated in [13].

Corollary 2.3.7. Let H and N be left braces. Let  : N — Aut (H) be a homomor-
phism from the group (N, o) into the group of automorphism of the left brace (H, +, o).
Define on H x N

(h1,m1) + (h2,n2) := (h1 + ha,n1 + n2)

(h1,m1) o (h2,n2) := (h1 0" hg,n1 0 ng).

Then (H x N,+,0) is a left brace. We call this structure the semidirect product of H
and N (via 8) and we denote it by H x N.

Proof. As in Corollary 2.2.3, let  : H — Aut (V) such that a (h) = idy, for every
h € Hand ¢: H x H— N such that ¢ (hy, he) =0, for all 1, hy € H. Then (a,c¢) is
a cocycle from H into N. Further

nOC(hQ,hg)—l-C(hlOn(hg—l—hg),hl):C(hlonhg,hlonh3)+n

holds for all hq,ho,hs € H and n € N. Therefore the condition (2.3) in Corol-
lary 2.3.2 is satisfied and so (H x N, +,0) is a left brace. O
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2.4 The asymmetric product of left F'-braces
The following corollary gives a condition to obtain a left F'-brace as asymmetric
product of left F-braces.

Corollary 2.4.1. Let F be a field of characteristic p # 2, and H, N left F-braces. Let
b: H x H— N be bilinear and symmetric map, 5 : N — Aut (H) a homomorphism
of the multiplicative group of N into the group of the automorphism of the left F-brace
H that satisfy the condition

nob (hg, h3) +b (hl o™ (hz + hg) , hl) =b (hl o0™hg, hy o nhg) +n, (2.9

for all hy,ha,hs € H and n € N. Then the asymmetric product of H by N is a left
F-brace with the scalar multiplication given by

—1
p(hyn) = (,uh, M('u2)b (h,h) + ,Lm> , (2.5)
forallh € Hyne€ Nand u € F.
Proof. By Corollary 2.3.2, H x, N is a left brace. Further (H x N, +) equipped with

the scalar multiplication in (2.5) is a F-vector space. Finally, the scalar multiplication
is compatible with o. In fact, if u € F, hy,ho € H, n1,ns € N, then

(h1,m1) o (1 (h2,m2)) + (1 — 1) (h1,n1)

= (hl,nl) o <Mh2, 'UJ(M2_1)5 (hQ, h2) + ,LH’LQ)

(=1, I )+ o= 1 )

= <h1 o™ (,U,hg) ,N1 0 <M('u2_1)b (hQ, h2) + ,un2>)
(=0, LD ) 4 -

" (wh2) 4+ (p = 1) h1, b (1 o™ (uh2) , (1 —1) h1)

+nq 0 (M('ué_l)b (ha, ha) + ,unz) + Wb (h1,h1) + (n—1) n1>

Il
—

>
—

(¢]

w1 ((h1,m1) o (ha,n2)) = p(hi 0" ha,ny 0 ng)

-1
= (M (h1o™hg), 'u('uz)b (hi0™hg, hio"™hy)+ p(n1 OﬂQ))

2.4 The asymmetric product of left F-braces 61



since H is a left F'-brace, the first components are the same, also second components
are the same in fact we have

b (hl o™ (uhg) s (M — 1) hl) + ny o (,LL(M—l)b (hg, hg) + /Jng)

2
(n—1)(p—2)
b

= b (i (hy 0™ hs) — (i — 1) ha, (i — 1) hy) + 1 0 ("(”‘1)5 (hg,h2)>

2
(u—l)(u—2)b(

+ (hl,h1)+(u—1)n1

—n1 +ny o (ung) + hi,hi) 4+ (p—1)ng

2
= (= 1) b (hyo™hg, hy) — (n—1)*b (h1, hy) + M(MQ_D (n1 0 (he, ho))
- ('u(uz_l)—1)n1—n1+Wb(m,fn)—i—u(monz)
= (= 1) b (hy 0 ™hg, hy) — (1 —1)*b (hy, by)
+ ,u(,qu) (b(hyo™hg,h1 0™ hg)+mny —b(hyo™ (hy+ ha),h1))
— ,u(,uz—l)nl + (/L—1)2(,u—2)b (h1,h1) 4+ w1 (ng o ng)
- “(”2_1)5 (h1 0™ ha, hy 0 ™ hy) + 1 (n1 0 12)
Therefore H x, N is a left F'-brace. O]

In order to have that (2.5) in previous result is a scalar multiplication the bilinearity
of b is necessary as the following example shows.

Example 2.4.2. Let Fy := (1) & (w) be the field with 9 elements, where w is a root
of the irreducible polynomial 2% + 2z + 2 € F3 [z], and H = N := Fy the zero left
[Fg-braces. Let 5 : N — Aut (H) be the trivial action and b : H x H — N defined by

b (a1 + bw, as + b2w) = ajas + bi1by + 2 ((a1 + bl) by + agbl) w,

for all a1,as,b1,by € F3. The map b is a symmetric cocycle from H into N that
satisfies (2.3) but it is not a bilinear map. In fact, if a1, as, as, b1, ba, b3 € F3, then
b(0,0) =0,

b (CL1 + bw, as + bgw) = ajag + b1by + 2 ((a1 + bl) by + agbl) w
= agaq + babi + 2 (az2b1 + baby + a1b2) w
=b (CLQ + bow, a1 + blw) ,
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b((a1 + biw) + (ag + bow) , as + bsw) + b (a1 + biw, as + bow)

=b (a1 +ag + (b1 + b2) w,as + bsw) + aras + bibs + 2 ((a1 + b1) by + azby) w
= (a1 +a2)az+ (b1 + b2) bs + 2 ((a1 + a2 + b1 + b2) bg + az (b1 + b2)) w
+ajaz + biba + 2 ((a1 +b1) ba + agbi) w

= ajaz + aras + biba + b1b3 + azas + babs

+ 2 (a1ba + a1bs + biby + b1bs + agby + azby + agbs + babs + asbz) w

= a1 (a2 + az) + by (b2 + b3) + 2 ((a1 + b1) (b2 + b3) + (a2 +az) b)) w

+ agas + babs + 2 ((ag + b2) by + agbe) w

=b (a1 +biw, a2 + az + (b2 + b3) w) + b (az + baw, as + bsw)

= b (a1 + biw, (a2 + baw) + (az + bsw)) + b (az + baw, az + bsw),

and

b (a2 + bow, ag + bsw) + b (a1 + biw + ag + baw + az + bsw, a1 + biw)

= agaz + babs + 2 ((az + b2) b3 + agbs) w + (a1 + az + az) a1 + (b1 + b2 + b3) by
+2((a1 + ag + a3 + by 4+ bo + b3) by + a1 (by + ba + b3)) w

= (a1 + a2) (a1 +az) + (b1 + b2) (b1 + b3)

+2((ar + as + by + ba) (by + bs) + (a1 + ag) (b + by)) w

=b (a1 + biw + ag + bow, a1 + biw + az + bsw) .

Hence, by Corollary 2.3.2, H x, N is a left brace. Suppose that (2.5) is a scalar
multiplication then

1+w) (24+w,1)=(w,0)
and
2+w,)+w2+w ) =(w14+w),

a contradiction. Therefore (H x N, +) is not a Fg-vector space.

Moreover, if the characteristic of the field F' is 2, then conditions in Corollary 2.4.1
are not sufficient to obtain an F'-brace as the following example shows.

Example 2.4.3. Let Fy be the field with 2 elements, H := Fy x Fy and N := Fo
the 2-dimensional and 1-dimensional Fy-vector space seen as left Fo-braces. Set
b: H x H— N such that

b ((b1,c1), (b2, c2)) = biba + cica,
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for all by, ba,c1,c0 € Fyand 5: N — Aut (H) such that 5(0) =idy and 5(1) : H —
H such that 5 (1) (b1, ¢1) = (c1,b1), for all by, ¢; € Fo. The map b is bilinear and if
bla b27 b3a €1,C2,C3 € ]FZJ then
b ((br,e1) +° (b2, c2), (b1, 1) +° (ba,3) ) = (b1 + bo) (by + bs) + (c1 + ¢2) (€1 + c3)
= bobg + coc3 + (b1 + by + bg) b + (Cl +co + 63) c1
= b ((b2,c2), (b3, c3)) + b ((517 c1) + (b2, c2) + (b3, ¢3)) , (b1, Cl))

and

b ((byex) + " (ba, ca), (br,ex) + (b, c3)) +1

= (b1 +c2) (b1 +c3)+ (1 +b2) (c1+b3) + 1

=14 bobs + coles + (b1 +co+c3) by + (c1 + ba +b3) ¢
=1+4+06((b2,c2),(b3,c3)) + b ((b1,01) +1 (b2, c2) + (b3, ¢3)), (b1,c1)) :

Hence H, N, b, § satisfy the assumptions of Corollary 2.3.2. Nevertheless the asym-
metric product of H by N is not a left Fo-brace, in fact

i.e., the element ((1,0),1) has order 4.

For a field of characteristic 2 we have the following partial result where the second
left F-brace as vector space over F' has dimension 1 and the bilinear form comes

from a quadratic one.

Corollary 2.4.4. Let F be a field of characteristic 2, and H a left F-brace, N a left
F-brace with additive group (F,+). Let q be a quadratic form on H, b the polar form
of q, B : N — Aut (H) a homomorphism of the multiplicative group of N, into the
group of automorphisms of the left F-brace H that satisfy the condition

b (hl o] nhg, hl) =noq (]’LQ) +n+ q (hl) +q (hl o nh2) (26)

forall hi,hy € H and n € N. Then the asymmetric product of H by N is a left F-brace
with the scalar multiplication given by

p(hyn) = (ph, p(p+1) q(h) + pn), 2.7)

forallh € Hyne Nand u € F.
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Proof. First, (2.6) implies (2.3) in Corollary 2.3.2. In fact, if hy, ho,hs € H and
n € N, then

b(hyo"ho,hi0o"h3)+n=q(hyo"hy+ hyo"hg)+q(hy1o"he)+q(h1o"hs)+n
=q(h10"hy + h10"h3) + noq(he) +n+q(h1)+b(hio"ha, 1)
+noq(hs)+n+q(h1)+b(hio"hs, h1)+n

=q(h10"hg+ hio"hs)+b(hio"hy+ hyo"hs, h1) +mno(q(h2)+q(hs))

— q(h10"hs + hy o "hy + h1) +q(h1) + 1o (b (ha hs) + q (ha + h3))

=q(h10" (h2 + h3)) + q(h1) + nob(he, h3) + n+noq(hs+ h3)
=mnob(hy,hg)+b(hyo™(ha+ h3), hi).

Hence H x, N is a left brace. Moreover (H x N, +) with the scalar multiplication
(2.7) is a vector space over F'.

Finally, if u € F, h1,ho € H and nq,no € N, then

(h1,n1) o (p(h2,m2)) + (p+1) (h1,n1)

= (h1,n1) o (pha, p (1 + 1) q (h2) + pns)

+ (0 +1) b, (0 +1) pa (ha) + (p+ 1) na)

= (h1 o™ (pha) ,n1o (u(p+1)q(he) + pn2))

+ ((p+1) ha, (p+ 1) pa (ha) + (o + 1) 1)

= (h1 o™ (ph2) + (1 + 1) k1, b (hy o™ (ph2), (k+1) ha)

+n1 o (p(p+1)q(he) + png) + (p+ 1) pg (ha) + (p+ 1) 1)

= (u(h1o"™ha), p(p+1)b(h1o™ha, hi) + p(p+1) (n10q(he))
+(u(p+1)+ 1)1 +n1 +n10 (pn2) + p(p+1) g (he) + (0 + 1) n1)
= (u(h10™ha), pu(p+1)(b(h1o™ha, hi) +n10q(he) +n1+q(h))
+p(n1ong)) = (u(h1o™ha), u(u+1)q(h1o™ha) + p(ny ong))

= p(h1 0™ hg,ny ong) = p((h1,n1) o (he,n2)).

Therefore (H x N, +,0) is a left F'-brace. O
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3.1

The matched product

The matched product of left semi-braces

We introduce the matched product of left semi-braces, a construction of left semi-
braces (to appear in [12]) that generalizes the matched product of left braces
introduced in [2] and [4], and includes also the semidirect product of left semi-
braces (Corollary 2.1.5).

In this chapter, if By, By are groups and ¢ : B; — Sym (B2) a right action of the
group (Bj,0) on the set By and o : By — Aut (Bj) a left action of the group (B3, o)
on the set By, then we denote by

forall a € By and x € Bs.

Theorem 3.1.1. Let By, B; be left semi-braces, § : By — Sym (Bs) a right action
of the group (Bi, o) on the set By and o : By — Aut (Bj) a left action of the group
(B2, 0) on the set By and o, is an automorphism of the semigroup (B, +), for every
x € Bo, such that

a

1 *(aob) = ("a) o (*'D);

2. 70=0;

3. (zoy)* =za""0ys;

4. 0 =0;

5 ((@4n7)") =) + ()

hold for all a,b € By and x,y € Bs. Then the sum and the multiplication over the
cartesian product By x B given by

(a,z) + (b,y) == (a+b, x+y)

(0.2) o (by) = ( (), 2o ((y)(za)_”
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define a structure of left semi-brace. We call this structure the matched product of
the left semi-brace B; and the left semi-brace By by § and o and we denote it by
B1 > BQ.

Proof. Clearly the structure (B; x Bq,+) is a left cancellative semigroup. To prove
that (B; x Ba, o) is a group, first note that the structure (B; x B, -) where

(a,z) - (by) = (aorb, 9cboy)7

is a group with identity (0, 0), since it is the matched product of the groups (B, o)
and (B, o) obtained by the actions ¢ and 4. In fact, if a,b,c € B; and z,y, z € Bo,
then, by conditions 1. and 3., we have that

(a,x) - ((byy) - (c,2)) = (a,x) - (boYe,y‘0z) = (a 0% (boYe),z"" o (yo z))
= (webe” 00, () Teurez) = (@@oh e e (o) o)
= (ao"b,a"0y) - (e,;2) = ((a,2) - (b)) - (,2).
By condition 2., we have
(a,z)-(0,0) = (ao”CO,xOoO) =(a00,z00) = (a,x),
by condition 4.,
(0,0) - (a,7) = (Oooa,Oa o:E) — (0oa,00%) = (a,z)

and, since ¢ and o are actions,

=(aoa,0)=(0,0).

Moreover, the map ¢ : By X By — B; x Bj given by

o (a,2) = ( (())) ,

for every (a,x) € B; x By is an isomorphism from the group (B; x Bs,-) into
(B1 X Ba,0).

First note that, if c € By and z € B, then 0 = * (¢~ oc) = ¢~ 0 % ¢, that is,
(*¢7)” =* ¢ and in particular

(97 (7)™ = 7 (Fe7) = 976 () = o
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z

Similarly, if ¢ € By and z € Bs, it follows that 0 = (z027)" = 2~ o (27)9 i.e,
(7)) =2 © in particular

<<ZC)7><%>* _ ( (z,)zc) Cam_

If a,b € By and z,y € B, then

¢ (a,z) 0 (by) = <a, ((ﬂ”)a_)_> ° (b’ <(y)b_)_>

i
o (@) () = p (a0 oy) = (b (((xb oy))woxb)))

(e (le) ™))

oo, <(y)<zb>—(aozb)- . (xb”(aozb))—)

Hence ¢ is a homomorphism from the group (B; x Bay,-) into (B; x Bs, o). Further,
Y : By X By — By X Bo, given by ¢ (a, x) := (a, (m_a)>, forall a € By and x € By,

is the inverse of ¢, so ¢ is bijective.

Finally, note that

(a,2)” = (("”_a)_ , (a:)a> ,
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for every (a,z) € By X By. If a,b,c € By and z,y,z € By, then, by 1., 2., 4. and
since o is a left action f the group (Bs, o) on the left semi-brace B;, we have that

(a,) 0 (b,y) + (a,2) o ((a,2)” + (¢, 2)

= (a o ((Ii)a)ib, x o ((y) (m_a)_

N—— " —— —
+
—
8
8
~—

(¢]
N\
/N

&3\
IS
N~—
I
_|_
o
&
-
_l_
N
N—

(ao (@)) (bte),z0 (((y)(z“)_> + ((z)(“)_)))
= (a o (7)) (b+c),zo ((y + z)(za>_) ) = (a,z) o ((b,y) + (¢, 2)).

Therefore the property (1.1) in Definition 1.1.1 is satisfied and so B; < Bs is a left
semi-brace. O

Remark 3.1.2. Let B be the matched product of left semi-braces By and Bs. If E;
and E, are the set of idempotents of (B;,+) and (Bs, +) respectively, then the set
E of idempotents of (B <1 By, +) is Ey x Es. In fact, if e € E; and f € E», then
(e,f)+ (e, f) =(e+e f+[f)=(ef),lie., (e f) € E. Conversely, if (a,z) € E,
then (a,z) = (a,2)+ (a,2) = (a + a,z + z), i.e., a = a+a and x + = = x. Moreover,
since (0, 0) is the identity of (B; < Bg, o), the group G := B + (0,0) is equal to the
direct sum of the groups G := By + 0 and G5 := By + 0.

Remark 3.1.3. Let B; and B, be left semi-braces. If 5 : By — Aut (Bj) is a left
action of the group (Bs, o) on the left semi-brace B, then, by the Corollary 2.1.5
we have that B; x Bs is a left semi-brace. Note that this construction can be see
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as a corollary of the previous theorem. In fact, set o := 3, and § : By — Sym (Bs)
defined by ¢ (a) = idp,, for every a € B;. Then conditions 1., 2., 3. and 4. are
satisfied. Moreover the sum and the product over the cartisian product are

(a,2) + (by) = (a+ b,z +y)

(a,x) o (byy) = (a0 b,z 0y)
for all a,b € By and z,y € B,. Exactly the same obtained in Corollary 2.1.5.
Lemma 3.1.4. Let B be a left semi-brace, E the set of idempotents of (B,+), 0 the
identity of (B, o) and G := B + 0. The following statements hold:

1. if H is a subgroup of (G, +) such that p, (H) C H, forevery b € B, then (H,+,0)

is a skew left brace;

2. if N is a subgroup of (G, +) such that A\, (N) C N + E, for every b € B, then
(N + E,+,0) is a left semi-brace.

Proof. 1. First note that H is not empty. If h € H, then

W= (04 h+(=h)o(=h)7) = ((=h)o ((=h)™ +(=h)7))

Moreover if hi, ho € H, then

(on-(hz)) +h= ((hg +hi) o h;) +hy=hio (hy+hy )+ I
:hlohg—hl—khloh;—l-hl =hyohy+0=hyohs,

i.e., hy o hy € H. Hence (H, o) is a subgroup of (B, o). Finally the property (1.1) in
Definition 1.1.1 holds. Therefore (H, +, o) is a skew left brace, since, by assumption,
(H,+) is a group.

2. Clearly (N + E, +) is a right group, in particular is a left cancellative semigroup.
Firstif n € N, thenn™ = —\,- (n) € (N+ E)NG = N and so if e € E we have
that

(n+e)” =(modn-(e)” = (M- (€))7 0on”™ = (A= ()™ + A, ()~ (07)

p— — - N E.
Aty (W) €N
Further, if n;,ns € N and e1,es € N, then

(n1+e1) o (ng+e2) = (n1 +e1) + Ay te; (N2 + €2)
=11+ Apjte (nQ) + Anite (62) €EN+E.
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Hence (N + FE, o) is a subgroup of (B, o), moreover (N + E, +, o) satisfies (1.1) in
Definition 1.1.1. Therefore (N + E, +, o) is a left semi-brace. O

Theorem 3.1.5. Let B be a left semi-brace, E the set of idempotents of (B,+), 0
the identity of (B,o), G := B + 0, H and N normal subgroups of (G, +) such that
pp (H) CHand \y(N) C N+ E, foreverybe B.If HNN = {0} and H + N = G,
then B is isomorphic to the matched product of the left semi-braces H and N + E.

Proof. By Lemma 3.1.4, H is a skew left brace and N + F is a left semi-brace. First
note that

()\h, ((n—i—e)_))i = ()\h, ((n—i—e)_ oe) + M- ((n+e)_ on))i e N+E,

by Lemma 2.1.1.1 and

(s (h) € 1,

forallhe Hyne N,e € E. Letd, : N+ E — N + E the map defined by

Sh(n+e)i= (M (n+e)7))

for every h € H and 0,,4. : H — H the map defined by

Onte (h) 1= (p(n-;-e)* (h7)> )

for every n + e € N + E. Moreover ¢, and o, are bijective. In fact,

do(n+e)= ()\0 ((n—i—e)*))_ = (00 (0+(n+e)7)) =n+e,

foreveryn +e¢ € N + E, i.e., 5o = idy. g and if hq, ho € H then

Ohy (O (€)= (M= (M- (0 +0))) = (Npzop (4 €)7))
= ()‘(hlohz)* ((n + e)_))i = O ohy (N +€),

by Proposition 1.2.1, for every n + e € N + E, hence ¢, is bijective, for every h € H.

Further, if h € H

7o (h) = (po (h7))” = ((h+0)"00) =h,

since h € G and

Oni+er (0n2+62 (h)) = ('O(n1+e1)7 (p(n2+52)* (h_)))i - (p(n2+e2)*o(n1+e1)* (h_))

- (p((nl—i-el)o(ng—i-eg))’ (hi)) = O(ni+e1)o(natez) (h) )
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by Proposition 1.2.9, for all n; + e1,ne + e2 € N + E. Hence o, is bijective for
everyn +e € N + E. Moreover if n + ¢ € N + E and hy, ho € H then

Onre (1) + Onie (19) = (Ppioy- (h7)) + (Ppnse- (h2))
=(n+e)o(htm+e))+m+e)o(ha+(n+e))
=(nte)ohi+m+e)o((nte) +(n+e))
+(m+e)+(nte)o((nte) +ha+(nte))
=(n+e)ohi+(nte)o(n+e)” +h+(nte))
=(n+e)o(hths+(n+e)) = (ppie- ((h1+h)7))

= On+4e (hl + h2) X

n-+e

since (n +e) o ((n +e) +(n+ e)_) + (n+e) € Ein fact

(nt+e)o(n+e) +m+e) ) +m+e)+(n+te)o((n+te) +(n+e))
+(n+e)=(n+e)o ((n+e)_+(n+e)_> +(n+e)o (0+(n+e)_) +(n+e)
=(nte)o(n+e)” +m+e) ) +0+(n+e)

=(n+e)o((nte) +(n+e) ) +(n+e),

i.e., opte € Aut (H) is an automorphism of the group (H, +). Therefore we may
define a right action § : H — Sym (N + E) of the group (H,o) on the set N + E
defined by (n +e)" := 8, (n +e¢), for every n + ¢ € N + E and a left action o :
N + E — Aut (H) of the group (N + E, o) on the se H with 7, an automorphism

of the group (H,+), defined by "*°)h := ¢, (h). Further if n +e € N + E,
hi,ho € H, then

(+9m) o (079" ) = (- (1)) o (%;«wer) (h2—>>
=(n+e)o (h1 + (n+e)7) o <h1 +(n+e)7>_ ohyo (h2+h1_o (h1 + (n+e)7))

o(n+ e)_>

=(n+e)ohjohj o (h10h2+(n+e)_) = ((h10h2+(n+6)_)
(e (o)) = o).

i.e., condition 1. in Theorem 3.1.1 holds. For 2., if n + e € N + E, then

= ((O+(n+e)_) 0(n+e)_> =0.

90 = (pupey- (0)
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Moreover if n1 +e1,n0 +e2 € N + E and h € H, then

(nat+e2)p
) (

(n1 + €1 o (ng + ez)"

= (0 (0 e0)) e G (4 e0))”

- (h_ o (h + (ng + 62)_) o (h + (n2 + 62)_) o (ng
+eg)” o ( ng + €2) <h+(n2+€2)_) + (n1+e1) ))
(h o(ng +e2)” ((n2+€2) (h—i— ng + e2) )+ ny+eq) >),

(h o(h+ ny +e2)” +(n2+e2)” (("2+€2)+(”1+61) )))
( ( (ng +e2)” (n1+61)7))
(

O

= (M ((m+e)omate))) = ((m+er)o(nz+e)),

i.e., condition 3. in Theorem 3.1.1 holds. Furthermore for condition 4. if h € H, then
== (0)" = (h” o (h+0)) =0.
Finally if ny + e;,no +e2 € N+ E and h € H, then

(e matea))") =N (mreatmatea)

= Ay (n1 +e1) + Ap- (n2 +e2)

A\ ~ R\ ~
= <((n1 +61)7) ) + (((nz +62)7) ) )
i.e., condition 5. in Theorem 3.1.1 holds. Finally, ¢ : H x (N + E) — B defined by

o(h,n+e):=h+n-+e

is an isomorphism from the left semi-brace H < (N + E) into the left semi-brace B.

In fact, if (hl, ny + 61) , (hg,ng + 62) € H x (N + E), then

o (h1,n1 +e1)+ ¢ (ha,n2+e€2) =hi +n1+e1 + hy+n2+ e
=hi+ni+hy+ne+ex=hi+ho+n +n2+ex=¢(h1+ ha,ni +ng + e2)
=@ ((h1,n1 +e1) + (h2,n2 +e2)),

since, by assumptions, ny + ho = hy + ne, moreover
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3.2

¢ ((h1,n1 +e1) o (hg,n2 + e2))

= (hl o (((n1+61)_)h1)_h2’ (nl + 61) o (((n2 + 62)*) (("1+61)h1>) )

= (’“ ° (p(wwl)) (h2 )) (i ten)e <A<pm+el<h1>> (2 ”2)>)

:<P(h10h1_0(h1+n1+€1)0 <h2+(h1+n1+61)_0h1>7
(n1+e)o(ni+e) o(hi+ni+er)o ((h1 +n1+e) o(ng+er)+ng+ 62))
=(h1+n1+e)o (h2+(h1 +n1+er)” Ohl) + (b1 +n1+e1)o((h1 +m
+e1)” +(hi+n1+e1) o((h1+n1+e1)+ (n1+er))+na+ 62)
=(h1+ni+ep)o (h2+(h1 +n1+e) ohy+ (hi+ni+er) o((hi+n1+er)
+n1 +e1) +n2 + e2)
=(h1+ni+e)o (hz-l-(hl +n1+e) o(hi+m +€1)+n2+€2)
= (h1+n1+e1)o(ha+na+ex) =p(hi,ni+e1)op(ha,ne +e2).
Hence ¢ is a homomorphism from H > (N + F) into B. Further if hy,hy €
H, ni,ny € N and ej,ea € FE such that ¢ (h1,n1+e1) = ¢ (h2,n2 + €2), then
h1+n1+e; = hyg+ng+ey. It follows that by +n1 = ho +ng, i.e., h1 —hy = ng —ny
and so h; = he and ny = ng, since H N N = {0}, moreover ¢; = e3. Hence ¢ is
injective. If b € B, then, by Proposition 1.2.4, there exist ¢ € G and e € E such

that b = g + e, further there exist h € H and n € N, such that ¢ = h + n, since
G = H + N. Hence

o(h,n+e)=h+n+e=g+e=0,

i.e., o is surjective. Therefore B is isomorphic to H <t (N + E). O

The matched product of skew left braces

Corollary 3.2.1. Let By, Bs be skew left braces, § : By — Sym (Bs) a right action of
the group (Bj, o) on the set By and o : By — Aut (Bj) a left action of the group (Ba, o)
on the set By and oy}, is an automorphism of the group (By,+), for every h € By, such
that

1. "(grogo) = (hgl) 0 (hglgz;);

2. (hyohg)? = hy "% 0 hyY;
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5 ()= () ()

hold for all g, g1, 92 € By and h, hi, hy € Bo. Then the sum and the multiplication over
the cartesian product By x By given by

(g1, h1) + (92, h2) :== (g1 + g2, h1 + h2)

(91, h1) 0 (g2, ha) == (91 o ((hlf)gl)_gz, hy o ((hz_)(hlgl> ) )

define a structure of skew left brace. We call this structure the matched product of
the skew left brace B; and the skew left brace By by ¢ and o and we denote it by
B1 > BQ.

Proof. 1If h € By, then, since o is an action of the group (Bs, o) on the group (Bs, +),

"o =" (04 0) ="0+ "o,

i.e., "0 = 0, and so the condition 2. in Theorem 3.1.1 is satisfied. Moreover, if g € By,
then by condition 3.,

09 — (0—)9 _ ((0 + 0)_)9 = (((0_)9) + ((0_)9))
= (09" +(097)

that is (09)” = (09)” 4 (09)" and, since (B9, +) is a group, 09 = 0. Hence the
condition 4. in Theorem 3.1.1 is satisfied. Therefore we may consider the matched
product By <1 By of the skew left braces By and B, by 6 and o . In particular, the
left semi-brace B; < B; is a skew left brace, by Corollary 1.2.8, since (B <t Ba, +)
is a group. O

We may also provide suitable conditions for certain subgroups (G, +) and (H,+) of
the additive group of a skew left brace B in order to have B as matched product of
G and H as skew left braces.

Corollary 3.2.2. Let B be a skew left brace, H, N normal subgroups of (B, +) such
that A\, (H) C H and A\, (N) C N, foreverybe B.If HNN = {0} and H + N = B,
then B is isomorphic to the matched product of the skew left braces H and N.

3.2 The matched product of skew left braces
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3.3

Proof. First note that p, (H) C H for every b € B. In factif h € H and b € B, then
h™ =—-M\,- (h) € H and

pp(h)=(h™+b) ob=(b"o(h™+0b)) =(b"0h™ —b")
(bt () ) e B

since H is a normal subgroup of (B, +). Hence, by Theorem 3.1.5, B is isomorphic
to the matched product of skew left braces H and . O

The matched product of left braces

Similarly, we may obtain new left braces from two given left braces.

Corollary 3.3.1. Let By, Bs be left braces, § : By — Sym (B3) a right action of the
group (Bj,o) on the set By and o : By — Aut (B1) a left action of the group (Bs, o)
on the set By and oy, is an automorphism of the group (B1,+), for every h € Bs, such
that

1. "(grogo) = (hgl) o (h’glgz);
2. (hy o hg)? = hy"*9 o hy?;
5 (0o )) = (0P + (07)

hold for all g, g1, g2 € By and h, hi, ho € By. Then the sum and the multiplication over
the cartesian product By x Bs given by

(g1, h1) + (92, he2) :== (g1 + g2, h1 + h2)

(91,10) © (g2, 2) = <91 (7)) gy o (<h2>(’”~‘h) ) )

define a structure of left brace. We call this structure the matched product of the left
brace B; and the left brace B, by ¢ and o and we denote it by By <1 Bs.

Proof. By Corollary 3.2.1, B; <1 By is a skew left brace, moreover (B <1 By, +) is
an abelian group. Therefore By <1 B, is a left brace. O

Corollary 3.3.2. Let B be a left brace, H, N subgroups of (B, +) such that \, (H) C H
and A\, (N) C N, foreveryb € B. f HNN = {0} and H+ N = B, then B is isomorphic
to the matched product of the left braces H and N.

3.3 The matched product of left braces
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Proof. Since (B, +) is an abelian group, clearly H, N are normal subgroup of (B, +)
and they are abelian. Hence, (H,+,0) and (N, +, o) are left braces and by Corol-
lary 3.2.2, B and H 1 N are isomorphic as left braces. O

Remark 3.3.3. Let B be a left brace, H, N subgroups of (B, +) such that HN N =
{0}, H+ N =B, N\, (H) C Hand )\, (N) C N, foreverybe B.Ifh€ Handn € N,
then the actions introduced in the proof of Theorem 3.1.5:

n =6y, (n) = (An- (n7))
"= 00 (1) = (o (1))

become

=\ (7)) =(h"o(h+n7)) =" +h) oh=p,(n)

"h=(pp- (h7)) = ((h+n7) on™) =no(n +h)=A(h).

In particular, we obtain the converse in Theorem 4.2 of [2].

The result in Corollary 3.3.1 coincides with that described in Theorem 4.2 in [2]. For
this purpose, we recall the definition of matched pair of left braces.

Definition 3.3.4 (Definition 4.1 in [2]). Let By, By be left braces. Let o : By —
Aut (B;) be a homomorphism from the group (Bs, o) into the group of automorphism
of (B1,+) and 3 : B; — Aut (B2) be a homomorphism from the group (B, o) into
the group of automorphism of (Bs, +). We say that (B, Be, «, 3) is a matched pair
of left braces if o and 3 satisfy

)\gah = aﬁg(h)/\aggl(h)(g) (31)
and
ap(9)

where o« (h) = oy, and 5 (g) = By, for all g € By and h € Bs.

In Remark 4.4 of [2] it is proved that if (B, Bs, «, 3) is a matched pair of left braces
then the function o), : B — By, g — ay(g) =: "g is an automorphism of the
group (By,+) and 6, : By — By, h — ,B;hl(g) (h) =: h9 is a bijection of the set Bs.
Moreover, o : By — Aut (B1),h — oy, is a left action of the group (Bs, o) on the set

3.3 The matched product of left braces
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By and 6 : By — Sym (Bs),g — J, is a right action of the group (B, o) on the set
Bs. Moreover, if g1, g2 € By and h € By, then, by (3.1),

" (g1 0 92) = an (g1 + Ag, (92)) = an (91) + ang, (92)
= an (91) + Aoy (@) @51 (92) = "1 + Ang, tgh (g2)

ap(91)

h
="g10ag (92) = "g10% g,
i.e., condition 1. in Corollary 3.3.1 holds. If g € By and hy, hy € Bo, then

-1
(hl © h2)g - Bahlohg (9)

= B ang(a) D)+ 85 o ) Oy ()

= By any () (M) + A5

cxhlahz(g

(hl o hg) =gt ) (hl + /\h1 (hQ))

Qpy Ohy (g

)(hl)B;th(g) (h2) = (hl)ahg(g) o h

= h}112g © hg?
i.e., condition 2. in Corollary 3.3.1 holds. In particular, if ¢ € B; and h € Bs, then
(h7)' 9o hd = (h™ o h)? =09 =0,

ie., (h_)hg = (h9)” and so (h9)” = ,B;hli (h7) = ﬁg‘l (h™) = B,~ (h™). Hence

if g € By and hq, hy € B, then

(an(9))

(((h1+12)7)") " =By (i + o) = By () + By (ha)
NI\~ N\~
= (7)) +((=)") -
i.e., condition 3. in Corollary 3.3.1 holds. Therefore we may define the matched
product of the left braces B; and B, by § and o.

Conversely, let G and H be left braces and B := G < H the matched product of G
and H by o and §. Let o : H — Aut (G) defined by «y, := oy, for every h € H. Then,
by assumptions, «y, is an automorphism of (G, 4), for every h € H. Moreover, since
o is a left action of the group (H, o) on the set G,

Ansons(9) = "M2g = "1 ("2g) = an, (an, (9))

for all h1,he € H and g € G, and so « is a group homomorphism from the group
(H, o) into the group of automorphism of the group (G, +).

3.3 The matched product of left braces
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If g € G, define 3, (h) := ((h_)gf)i, for every h € H. Then 3, is an endomorphism
of (H,+). In fact, by condition 3. in Corollary 3.3.1,

By (h1 + ha) = (((h1 + h2)>g> _ ((h1)9> i <<h2)9 )

= 59 (hl) + 59 <h2) s

for all g € G and hq, ho € H. Moreover

Bgy (Bey () = By, (((h)gz)_> - (((h)!b)gl) - ((h)gzom)_

= ()@ = s (0

forall 1,90 € Gand h € H and f3y (h) = ((h_)o)_ =h=idg (h), forevery h € H.

Hence 5 : G — Aut (H) is a homomorphism from the group (G, o) into the group of
automorphism of (H, +).

Finally we check that (3.1) and (3.2) in Definition 3.3.4 are satisfied. First, note
that

g,y (@.m (9) 0 1) = oz, m) (05, (9) ©t) = () (<(h_)g9) Ot)

s, (=g (@) + agl (9) o t)

Q
=
Q
S
>
Q
> |
Q
z
S
~
~—
Il

= —ag,m (@5 (9)) + as,m) (a5 (9) 0 1) = =g+ g0 (an (1) = Agan (¢)

3.3 The matched product of left braces
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for all g,t € G and h € H, i.e., condition (3.1) holds. Moreover , if ¢ € G and
h,u € H, then

Ban(g) (5;,f<g) (h) o “) = Ban(e) (%h(g)r (h) o “)

() ) (™)

since

Hence

Bah B_ (g)(h) ( ) Bah(g) (_ ahl(g) (h’) + B;hl(g) (h) (e} U)
= 1t Bay(e) (B (B) 0 w) = —h b0 By (u) = M (5, (u),

forall g € G and h,u € H, i.e., condition (3.2) holds. Therefore, (G, H, «, 3) is a
matched pair of left braces. Finally, to see that the multiplications are the same we
may compute the lambda functions. We have

)‘(g,h) (tvu) = - (gv h) + (97 h) © (tvu)

—(g-m+ (go (7). (u—((”g) : h‘) )

:<Ag (an- ) A <5( ) (u)))

= (% (05,20 0) 2 (B, -0 ()

= | Yo (5, ( /;gl(ﬁ ) (h))( )(75)) » Ba (- () (’\ﬁa:(ah o)™ (“>>)
0 ) B (Ngyin) @)

forall g,t € G and h,u € H, as described in Theorem 4.2 in [2].
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3.4 A structural theorem for left semi-braces

As a consequence of Theorem 3.1.1, we may obtain any left semi-brace B as matched
product of a skew left brace GG and a trivial left semi-brace F.

Proposition 3.4.1. Let B be a left semi-brace, E the set of idempotents of the semigroup
(B,+), 0 the identity of (B,o) and G = B + 0. Then G is a skew left brace, E is a
trivial semi-brace and B is isomorphic to the matched product of G and E.

Proof. Let H := G and N := {0}. Clearly H, N are normal subgroups of (G,+),
moreover, by Proposition 1.2.11, if b € B, then p, (G) C G and )\, (0) € {0} + E.
Obviously GN{0} = {0} and G+ {0} = G. Hence by Theorem 3.1.5 B is isomorphic
to the matched product of the left semi-braces G and E. Finally, by Proposition 1.2.7,
G is a skew left brace and F is a trivial left semi-brace. O

In the particular case of the matched product of a skew left brace G and a trivial semi-
brace, requirements in Theorem 3.1.1 may be simplified as the following corollary
shows.

Corollary 3.4.2. Let G be a skew left brace and E a trivial left semi-brace ¢ : G —
Sym (E) a right action of the group (G, o) on the set E and 0 : E — Aut (G) a left
action of the group (E, o) on the set G and o, is an automorphism of the group (G, +),
for every e € E, such that

1. “(g1092) = (“g1) o ("' g2);
2. (e10e2)? =e1790e9;
3. 09 =0,

hold for all g,g1,92 € G and e, e, es € E. Then the sum and the multiplication over
the cartesian product G x E given by

(g1,€1) + (g2, €2) :== (g1 + g2, €2)

(160) (.e2) = (glo«engvgg, (<e2—>(w) ) )

define a structure of left semi-brace.

3.4 A structural theorem for left semi-braces
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Proof. Clearly conditions 1., 3. and 4. of Theorem 3.1.1 hold. Moreover condition 2.
holds since (G, +) is a group. Finally, if e1, e, € FE and g € G, then

(erre)) =(()) =(()) +((=)) -
since (E, +) is a right zero-semigroup. O

Example 3.4.3. Let B be the left semi-brace in Example 1.1.4. In this case (B, o)
is a group and there exists an endomorphism f of (B,o) such that f> = f and
a+b=bo f(a), for all a,b € B. Moreovey, if 0 is the identity of (B, o), then G :=
B+0 = Im f and the set of idempotents E of (B, +) is ker f. As in Theorem 3.1.5, we

may compute the right action § : G — Sym (F) and the left action ¢ : £ — Aut (G).

First, note that, if ¢ € G, then there exists a € B, such that ¢ = f(a) and so
f(9)=f?(a) = f(a) =g,since f>= f.If g € G and e € E, then

0g(€) = (A= (7)) = (9 c(9+e7)) =(eof(g9)) cg=g ceoyg

and

oe(9)=(pe (97)) = (lg+e) 0e7) =eo(e o f(g) =g

3.4 A structural theorem for left semi-braces
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4.1

Applications

Set-theoretical solutions of the Yang-Baxter
equation

We recall the definition of set-theoretical solution of the quantum Yang-Baxter
equation (see [15]) and provide some examples.

Definition 4.1.1. Let X beasetand r: X x X — X x X. The pair (X, r) is said a
set-theoretical solution of the quantum Yang Baxter equation, simply a solution if

17211 = T2T1T2

is satisfied, where r| := r x idx and ro := idx x7r.

Example 4.1.2. Let X be a set and consider 7 : X x X — X x X the twist map, i.e.,
a map such that r (z,y) = (y,z), for all z,y € X. Then (X, 7) is a solution, called
trivial solution.

Example 4.1.3 (see [18]). Let G be a group and let f an endomorphism of G such
that f2 = f. Then, the map r : G x G — G x G defined by

r (o) = (syf ()" f (@)
for all z,y € G is a solution.

In fact, if z,y, z € G, then

rirory (w,y,2) = v (ayf ()71, £ (2),2)
=1 (zyf @) 7" f @) 2f (F @) F (F (@)
=1 (wyf (@) f @) 2f @) f ()
— (w07 @7 f @2 @7 f (w0t @) f (w07 @) £ @)
= (2y2f W) @ @ F ) f @) f ()
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and

rarirs (2, 2) = rory (2, y2f ()7 f ()
=71y (2yzf () f (@) f (@), f ()
= (eyzf ) F @ F @ F O P @) (@)
= (zyzf ) F @ S @ F W) @) F (@)

Note that we can find this kind of solutions in [18]. In particular, if f = idg then r
is the so-called Venkov’s solution (see [15]).

Proposition 4.1.4. Let X beasetandr : X x X — X x X a map. Set r (x,y) :=
(Az (y), py (), for all z,y € X. The pair (X,r) is a solution if and only if

1. )\x)\y (Z) = )‘)\z(y))‘py(x) (Z),
2' p/\py<z>(z) (Ax (y)) = )‘pAy(z)(m) (pZ (y))f

3. papy (T) = Pp.y)Pry (=) (%)

hold, for all x,y,z € X.

Proof. Let x,y,z € X. Note that

rirery (z,y,2) = rire (Ae (y) , py (), 2)
=11 (Ae (1) A, ) (2) s 021y ()

= ()‘)\gc(y))‘py(z) (Z) P (%) ()‘93 (y)) y PzPy (:L'))

Py(x)
and
ror1re (T,y, 2) = ror1 (2, Ay (2), pz (V)
=72 (Ax)‘y (2) » Py (2) (), pz (y)>
= <)\x)\y (Z) 7ApAy(z)($) (pz (y)) 1 Pp.(y) Py (2) (l’)) :
In this way if r is a solution then 1., 2., 3. hold for all =, y, z € X and conversely. [J

Example 4.1.5 (see Example 2.8 in [23]). Let (X, V, A) be a distributive lattice and
r: X x X — X x X defined by r (z,y) = (x Ay, 2z V y). Then (X, r) is a solution of
the Yang-Baxter equation. In fact, if we set \; (y) := « Ay and p, (z) := = V y, then

M (y) Aoy (@) (2) = Aanyravy (2) = (@AY AN (VYY) ANz) = Ay Az= X N (2),

4.1 Set-theoretical solutions of the Yang-Baxter equation
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4.2

i.e., 1. in the Proposition 4.1.4,

Prpy () Az (U)) = Pxyua(z) (B AY) = Pyvains (2 AY)
=((yva)A2)V(zAy)=WyA2)V(zAz)V(zAy)
=(yVvz)A@Vz)A(zVy) =((zAy)Vz)A(2Vy)
= A pira o (@) (= (¥)) 5

that is 2. in the same proposition and

Lo (y)Pry () (T) = pavypynz () = (2Vy)V(yAz) Ve =zVyVa=p.p,(z)

the last condition in Proposition 4.1.4. Therefore (X, r) is a solution.

Definition 4.1.6. Let (X, r) be a set-theoretical solution of quantum Yang-Baxter
equation, with 7 : X x X — X x X such that r (z,y) = (A2 (), py (x)). We say that
(X,r)is

1. right non-degenerate if p, is a bijection for every x € X,
2. left non-degenerate if )\, is a bijection for every z € X,
3. non-degenerate if (X, r) is both right and left non-degenerate,

4. involutive if 2 = idx x x.

Examples 4.1.7. 1. The solution (X, 7) in Example 4.1.2 is non-degenerate and
involutive.

2. The solution (G, r) in Example 4.1.3 is left non-degenerate. In fact let x € G.
If y1,92 € G such that zyi f (z) ' = Ay (1) = Ae (y2) = zy2f ()", then yy = yo,
since G is a group, moreover if § € G, setting y := z~'yf (z), we have that
Ao (y) = zz15f (z) f ()" = 7. Hence ), is bijective. Moreover (G,r) is right
non-degenerate if and only if f = idg. Finally, (G, r) is involutive if and only if
f =idg and G is abelian.

3. The solution (X,r) in Example 4.1.5 in neither right nor left non-degenerate.
Clearly it is not involutive.

Left non-degenerate solutions of the Yang-Baxter
equation and left semi-braces

We may obtain a left non-degenerate solution of the Yang-Baxter equation from
every left semi-brace, as done by Catino, Stefanelli and myself in [11].

4.2 Left non-degenerate solutions of the Yang-Baxter equation and left semi-braces
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Theorem 4.2.1. Let B be a left semi-brace. Then, the functionr : Bx B — B X B
given by

r(a,b) = (a0 (a” +b), (a~ +b)"ob), @1

for all a,b € B, is a left non-degenerate solution of the Yang-Baxter equation that we
call the solution associated to the left semi-brace B.

Proof. First we note that
aob=ao(a” +b)o(a” +b)" ob= A (b) o py(a), (4.2)

holds for all a,b € B.
Now, let z, 1,z € B and set

(t1,t2,t3) := rirori(x,y, 2)

= (M) P @(2) 205, 0 ) Qo)) 0= (py ()

and

(s1,82,83) :=rarira(z,y, 2)

= (% A(2) Ay, @) (0=0)) 3 2oy (P2,9()))

By relation (4.2), we have that

troty oty = Ay, () (Ap,@)(2) © Pr, (0 (2)(Ax(y)) 0 pz(py(2))
= A (y) 0 Ay, (2)(2) © pz(py(7))
= Xa(y) 0 py(T) 0 2

—= X O y oz
and similarly

51082083 = Ae(Ay(2)) 0 Apy @) (02(Y) © pp. () (P, () (7))

=royoaz.
By Proposition 1.2.1 and relation (4.2), we have that

1 = Akx(y)()‘py(x) (Z)) = >‘>\x(y)0py($)(z) = /\xoy(z) = Aw()‘y(z)) = 51

Moreover, by Proposition 1.2.9 and relation (4.2) we obtain

83 = Pp.(y) (p)\y(z) (CL‘)) = Pry(2)op=(y) (ZL‘) = Pyoz{x) = pz(py(x)) =t3.

4.2 Left non-degenerate solutions of the Yang-Baxter equation and left semi-braces
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4.2.1

It follows that to = s, and as a consequence (1, ta, t3) = (s1, S2, s3); therefore r is a
solution of the Yang-Baxter equation. Furthermore, r is left non-degenerate, since )\,
is bijective, for every b € B, by Proposition 1.2.1. O

Remark 4.2.2. If B is a left semi-brace and r is the solution associated to B, then

r(a, b) = ()‘a(b)ﬂ pb(a))a

for all a,b € B, where )\, and p,, are the functions introduced in propositions 1.2.1
and 1.2.9 respectively.

As direct consequence, if B is a left semi-brace that is not a skew left brace, then
the solution r associated to B is not right non-degenerate. In fact, if E is the set of
all idempotents of (B, +), 0 the identity of (B, o) and G := B + 0, then |E| > 2 and
by Remark 1.2.12 we have that p, (B) = G, for every a € B and so p, functions are
not bijective.

Example 4.2.3. Let B be the left semi-brace in the Example 1.1.4. Then, \,(b) =
ao(a”+b)=aobo f(a”)=aobo f(a)” and py(a) = (a~ +b)” ob = f(a). Hence,
the solution r associated to B is given by

r(a,b) = (aobo f(a)~, f(a)),

for all a,b € B. Note that this solution is the one introduced in Example 4.1.3.
Moreover, if f is the null function, then r(a,b) = (a 0 b,0). Conversely if r is a
solution associated to a left semi-brace such that py(a) = 0, for all a,b € B, then B
is a trivial left semi-brace and r (a,b) = (a0 b,0), for all a,b € B.

In fact, if a,b are in B, thena+b=bo (p,(a~)) =bo0=>bandso (B,+,0)isa
trivial left semi-brace. Further, \,(b) =ao(a™ +b) =aob, forall a,b € B.

Left semi-braces as matched product and solutions of the
Yang-Baxter equation

In Proposition 3.4.1 and Corollary 3.4.2, we prove that every left semi-brace B can
be seen as the matched product of a skew left brace GG and of a left trivial semi-brace
E. Here we prove that the solution associated to the left semi-brace B may be
obtained by solutions associated to G and F, respectively.

First we introduce a characterization of the matched product of a skew left brace
and a left trivial semi-brace.

Lemma 4.2.4. Let G be a skew left brace and E a trivial left semi-brace § : G —
Sym (E) a right action of the group (G,o) on the set E and o : E — Aut (G) a left
action of the group (E, o) on the set G such that G, E, § and o define a matched
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product. Then there exist o : E — Aut (G) a homomorphism from the group (FE, o)
into the group of automorphisms of (G,+) and 3 : G — Sym (F) a homomorphism
from the group (G, o) into the symmetric group on E, such that

Agtte = g, () Aozt (g) 4.3)
and
AeBy = Bacio)Aa71 e (44)

forallge Gande € E.

Conversely, if G is a skew left brace, E is a trivial left semi-brace, o : E — Aut (G) is
a homomorphism from the group (F,o) into the group of automorphisms of (G, +)
and 8 : G — Sym (F) is a homomorphism from the group (G, o) into the symmetric
group on E that satisfy (4.3) and (4.4), then there exist a right action § of the group
(G, o) on the set E and a left action o : E — Aut (G) of the group (E, o) on the set G
that satisfy the assumptions of Corollary 3.4.2, i.e., that allow us to define the matched
product of G and E by ¢ and o.

Proof. If g € G and e € E, define

ae (9) == 0e (9) and By (e) == (0, (7))

then, clearly, « is a homomorphism from (F, o) into the group of automorphism of
(G, +). Further, if g1, 92 € G and e € F, then

By (Bgs (€)) = (591* (592* (67)))7 = (592*091* (ei))i = (5(91092)* (67))
= Bgioga (€)

since § is a right action, and
Bo(e) = (0o (e7)) =e=1idg(e).

Hence 3, € Sym (E), for every e € E and 3 is a homomorphism from the group
(G, o) into the symmetric group on E. Note that, if g € G and e € E, then

((())) ((e_)gg> —(<70) () _,

and
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Hence, if g,t € G and e € E, then

0‘59(@)‘&;;(6)(9) (t) = ((6_)97) <(€)g_g . <<(e)g‘ g> - N t>>

=go (gi —i—et) = Ay (e (ﬂ)?

i.e., condition (4.3) is satisfied. Finally, if g € G and e, u € FE, then

(W)= ((((<e)ﬁg) ou)‘><eg>—) o ((u o (eg)—)@g)—>_

Bae(g)Ag—1

_ ((u—)(eg)(em o ((eg)—>(eg)> _ ((u—)(eg)(egg) o ((e—)eg><eg>>_

i.e., condition (4.4) holds.
On the other hand, define

oe (9) == e (g) and dg (e) :== 5;61(9) (e),

foralle € Eand g € G. Clearly, 0 : E — Aut (G) is a left action of the group (E, o)
on the set G, such that o, lies in the group of automorphism of (G, +). Further, if
g1,92 € G and e € E, then

591092 (6) - 5‘;61(91092) (6) - /80751(91-%/\91 (92)) (e) - /8(_0415(91)-1-%(/\91 (92))) (6)

=B, (e)=p" (e)
(ae(gl)+>‘ae(gl)(aﬁl (e)(gz))> ae(Ql)O(Otﬂa;(gl)(e)(w))

ae(g1)

_ _ g1 -1

=5 @ =8 P (©)

ae(g1)o %t )(e>(g2) aelg1)
aelgl

= 04204, (€)

and

do(e) = 51;:(0) (e) =e,
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since a. (0) = 0. Hence ¢ is a right action from the group (G, o) on the set E. If
e € Fand g1, g2 € G, then

¢ (gl o 92) = O¢ (gl © 92) = Q¢ (91 + >‘gl (92)) = Q¢ (91) + e ()‘91 (92))

= 0 (90) + o1 o 92) = (e ) (g (62)

Qe

= 0c (1) © 05, () (92) = 910" g2,

i.e., condition 1. in Corollary 3.4.2 holds. If e1,e5 € F and g € G, then

(e10e2)? =04 (e10€2) = 5;611062(9) (e1+ Ae, (e2)) = ﬁ;elloe2 (9) (e1)
+6,!

_ n—1 —1
Qeqoen (g) (>\€1 (62)) - Ba51062 (g) (61) + Aﬂgello@ (g)(el)ﬁae_ll (aeler (g)) (62)
=B (aest@r) (€1 © B ) (€2) = 8y g (1) 08y (e2) = €

ey (aEQ (g

g o 6522
i.e., condition 2. in Corollary 3.4.2 holds. Moreover note that from (4.4) it follows
)\ﬁfl ©0) = 6;01(9))\069, ie., )\551(0) = 59_1,89 = idg, for every g € G, then

ag(9)

0= A1) (0) = 85 (0) ((5;1 0) + 0) = B,1(0) 00 =g, (0) = d, (0) = 07,

for every g € G and so condition 3. in Corollary 3.4.2 holds. Therefore G, F, ¢ and
J satisfy assumption of Corollary 3.4.2 and we may construct the matched product
of G and FE, by ¢ and §. O

Now we write the solution of the Yang-Baxter equation associated to the left semi-
brace B := G < E in terms of «, 3, Ay, Ac and p, functions.

Proposition 4.2.5. Let B := G < FE be the left semi-braces obtained as the matched
product of G and E by a and ( as in Lemma 4.2.4. Then, the solution of the Yang-Baxter
equation associated to B is the map r : B x B — B x B given by

r ((917 61) ) (927 62)) - (<>‘g1 (O‘ﬁg’f(el) (.92)) ’ /\61 (Bagll(gl) (€2>)> )

-1
Lot ! (g1)],0]],
( ) (92) ( Aey (’B&gll (gl)(EQ)) ) ) )

forall ey,es € E and g1, g2 € G.

Proof. According to Theorem 4.2.1, we have to compute \( functions and p(

g1,€1) 92,€2)

ones.

4.2 Left non-degenerate solutions of the Yang-Baxter equation and left semi-braces

90



If (gl,el) s (gl,el) € G x FE, then

Agr,er) (92, €2) = (g1,€1) 0 ((91,61)_ + (92,62))

= (g1,€1) © (((61_91)_ ; (61)91> + (92,62)>
= (g1,€1) 0 <(6191)_ + g2, 62)

= (gl o (™))" (((el 91 + 92 , €10

[
(w MA GG )))
E )

(5, (92)) 2 ( o (©2))
(o ), s (B (©2)))-

Further, if (g1,€1), (g1,€1) € G X E, then

o (g2,€2) = ((6191) +92,ez) o (g2, €2)

N (SR ) B

The second component of p(g, .,) (g1, e1) is given by

p(92762) (glael) - ((91761)_ + (92762))

e ) ) _o,

)T (0 (me))
sincef( (2) ) :f( ( )) = f* forall f € E and x € g and we take
f:=ey and z := (efgl) + go.
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Finally, the first component of p(y, .,) (91, €1) is given by

(@)(m)ﬂz))<€2(<w>+gz>> *
( (70 +m)) .
R ()
(o () ) )
@j e @m)— ton (071 om0 @)

—1
= Pyt a (91) |
eo (g92) ( Aey (ﬂagll(g1)(e2)> )

Where for second equality we use the fact that

«ﬂrﬁh)z(uv“yhyzf:

- pae_21 (92)

o5 (92)

forallz € Gand f € Fwith f :=e, and z := (efgl)_+gg. O

If B is a left semi-brace, 0 is the identity of (B, o), G := B + 0 and F is the set of
idempotents then, by Proposition 3.4.1, B may be seen as the matched product of
the skew left brace G and the trivial semi-brace E. The isomorphism ¢ from G < E
into B is given by ¢ (g,e) := g + ¢, for all ¢ € G and e € E. Hence the solution
associated to B is, by Proposition 4.2.5, given by

A(gi+er) (92 + €2) = g (0‘5;11(@1) (92)> + Ae, (Bagll(gl) (62)>

and

-1

Plgates) (91 +€1) = p -1 o (1) ] +0,
(92+ 2) eo (92) ( )\51 (6a;11(gl)(62))

for all g1 + €1, g2 + e2 € B, where according with Lemma 4.2.4 and Theorem 3.1.5,
o and ( are
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4.3

and

forallg e Gande € F.

Example 4.2.6. Let B be the left semi-brace in Example 1.1.4. In this case (B, o)
is a group and there exists an endomorphism f of (B,o) such that f> = f and
a+b="bo f(a), for all a,b € B. Moreover, if 0 is the identity of (B, o), then
G := B+ 0 =1Im f and the set F of idempotents of (B, +) is ker f. In Example 3.4.3
we determine the actions ¢ and o to obtain the matched product, so we may compute
« and S to see the solution associated to B as solution associated to the matched
product of G and E. If g € G and e € FE, then

ae(9)=°9=yg

and

Ba(e) = ()" ) =lgoc og) =gocog™ =3, (o).
Then the solution r : (G x E) x (G x E) — (G x E) x (G x F) associated to the left

Semi_brace G Eis given by r ((917 61) ) (92a 62)) = ()‘(91761) (92a 62) 710(92,62) (gla 61)),
where

)‘(91,61) (927 62) = ()‘91 (a/ggll(el) (92)) ; )‘61 (’804(?11(91) (62)))
A

= (Agy (92) 5 Aey (B (€2))) = <A91 (92) 5 Aex <egl>>

and

-1
Plg2,e0) (91,€1) = | Pyt o g1) |, 0] = (pg, (91), 0),
(92,e2) ( ) ( e (92) ( Aey (Bagll(gl)(@)) ( )) ) ( 92 (91), 0)

for all g1, g2 € G and e1,e5 € E. Hence

F(anen) e = (02 2 (7)) G 00). 0))

for all g1,9» € G and ey, ¢ € E.

Holomorph of a right group and left semi-braces

In this section we introduce a suitable definition of the holomorph of a right group
and we provide a description of left semi-braces in terms of regular subgroups of
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the holomorph of a fixed right group (to appear in [8]). Notice that this result
generalizes the analogue one given by Guarnieri and Vendramin in [19].

Definition 4.3.1. Let (B, +) be a right group. The holomorph of the right group B is
the semigroup Hol (B) := B x Aut (B), where the product is given by

(a,@) (b, 8) = (a +a(b), aB),

for all a,b € B and a, § € Aut (B).

The following proposition describes some basic properties of the holomorph of a
right group.

Proposition 4.3.2. Let B be a right group and Hol (B) the holomorph of B.
1. Hol (B) is a right group.

2. If E is the set of all idempotents of B, ¢ € E fixed and G := B + ¢, then
Aut (B) = Aut (G) x Sym (E).

Proof. 1. If a,b,c € B and «, 3,7 € Aut (B) such that (a,«a) (b, 5) = (a,) (c,7),
then

a+ad)=a+a(c)
af = ay

and, since (B, +) is left cancellative semigroup and « is a bijection, we have that

b = cand f = v. Hence Hol (B) is left cancellative. Moreover if a,c € B and

a,7 € Aut (B), then there exists y € B such that a + y = c. Set z := o~ ! (y) and
X := a~ v, then

(a,0) (z,) = (a+a(2),ax) = (a+aa"! (1) ,a07'y) = (a+,7) = (7).

Therefore, by Definition 1.2.2, Hol (B) is a right group.

2. Let v € Aut (B). First, note that (7| E># the right and left reduction of map ~
belongs to Sym (E). In fact, if e € E, then v(e) + vy (e) = yv(e+e€) = v (e), i.e.,
v (e) € E; conversely if e € E, then, since v € Aut (B), there exists b € B such that
v(b) = e moreover b € E since y(b) =e=e+e =~(b)+v(b) =~ (b+0), ie.,
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b=>b+b. Sety: G — G defined by ¥ (b + €) = v (b) + €. The map # is injective. In
fact, if b1, b, € B such that 4 (by + €) = 7 (b2 + €), then

v (br)+é=7(b) +é T+ @) =7 (7 (@)
b

=
= bty (@ =b+v"(e
=

= bit+e=10b

since + is bijective and y~! (€) € E is a left identity. The map 7 is surjective. In fact,
if b+ € € G, then there exists a € B such that v (a) = b+ e and so

y(a+e)=~v(a)+e=b+e.
The map #4 is an homomorphism. In fact, if b1, bs € B, then

F((br+e)+(ba+e)=7((br1+b2)+e) =v(by1+b)+e=7(b1)+v(b2) +¢€
=) +ée+vy(b)+e=7(by+e) +7(bs+e),

since € € E. Therefore 4 € Aut (G).

Consider the map ¢ : Aut (B) — Aut (G) x Sym (F) defined by ¢ (v) = (f‘y, (,nE)#).
The map ¢ is injective. In fact, if 71,2 € Aut (B) such that ¢ (71) = ¢ (y2), then
~1 = 42 and T, =2, Hence, since if b € B, then there exists e € F such that
b+ e =0band

N (0)=mb+e)=7(0)+7()=20)+e+r(e)=r(b+e)+7 ()
Y2 (b+e) +72, (6) = 72(b) +e+72(e) =2(b) +72(¢)
2 (b+e) =2(b),

i.e., 1 = 72. The map ¢ is surjective. In fact, if (a,0) € Aut (G) x Sym (FE),
set v : B — B such that y(b) = a(g) + o(e), forevery b = g+e € B. If
b1 = g1 + e1,ba = g2 + e2 € B such that v (b1) = 7 (b2), then

Y(g1+e)=7(g2+e) = alg)+o(er)=a(ge)+o(e)
= a(g1) = a(gz2) and o (e1) = o (e2)

== g1 = g2 and €1 = e,
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i.e., 7y is injective. Moreover if b = g + e € B, then there exist g; € G and e; € F,
such that a(g1) = gand o(e1) = e, 50 v(g91 +e1) = a(g1) +o(e1) =g+e =b.
Hence + is surjective. Finally, if b = g1 + e1,b2 = g2 + €3 € B, then

¥ (b1 +b2) =v(g1+e1+g2+ea) =7(g1+92+ea) =a(gr+g2)+0(e2)
=a(g) +a(g)+o(e2) =alg)+o(er)+alge)+o(e)
v (b1) + v (b2),

i.e., 7 is a homomorphism of B. Therefore ¢ is surjective. Finally, ¢ is a homomor-
phism from Aut (B) into Aut (G) x Sym (E). In fact, if y1,72 € Aut (B) and g € G,
then, clearly V12, = (’7172)\3 and

Y1 (2(9) =1 (r2(9) +é) =7 (12(9) +e=77(9),
SO 7172 = Y172 Hence ¢ (7172) = ¢ (71) ¢ (72). Therefore ¢ is a group isomorphism.
O

Let pr; : Hol (B) — B, (a, «) + a be the first projection. Then every subgroup NV of
Hol (B) acts on B in the following way, if (a,«) € N and = € B then

(a,a) -z =pr; ((a,@) (z,idp)) = a + a (x).

Definition 4.3.3. Let B be a right group, Hol (B) its holomorph and N a subgroup
of Hol (B). We say that N is a regular subgroup if for all a,b € B there exists a
unique (z, x) € N such that

(z,x)-a=0b.

We characterize regular subgroups of the holomorph of a right group in the following
way.

Lemma 4.3.4. Let B be a right group, Hol (B) its holomorph. A subgroup N of
Hol (B) is regular if and only if there exists a map ¢ : B — Aut (B) such that, setting

ba := ¢ (a), we have padp = Poy g,y and N = {(a, da) | a € B}.

Proof. If (e, ) is the identity of N, then

(a,0) (e,€) = (a,0) —> {“”(6):“ 4.5)

ag =«
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and

et+e(a)=a

EQx =

(e,e) (a,) = (a,a) = {

so ¢ belongs to the set F of all idempotents of B and ¢ = idz. Moreover, since N is
regular, there exists a unique (¢,7) € N such that (¢,v) - e = b, for every b € B, then
c+v(e) =b,ie., by (4.5),c=0.Ifb € B, set ¢y := -, where ~ is the unique element
of Aut (B) such that (b,y) € N and (b,7) -e = b. In thisway, N = {(a,¢,) | a € B}.
Moreover, if a,b € B, then

(CL, Qba) (bv ¢b) = (CL + ¢a (b) 7¢a¢b) s

since N is a group and by regularity of N, we have that ¢,¢y = dq14,1)-
Conversely, let (e, ¢.) be the identity of N. Then

(e, Pe) (€,0e) = (e,0e) = {€+¢e(€):e . {e—l-e:e
¢e¢e:¢e (z)e:idB

so e belongs to the set E of all idempotents of B and ¢. = id. Moreover
(CL, ¢a) (6, ¢e) = (CL, d)a) — a+ ¢a (6) = a. (46)
Since N is a group for every (a, ¢,) € N there exists (b, ¢p) such that (a, ) (b, dp) =

(6, idB) = (b, (bb) (CL, ¢a), i.e.,

4.7)

{a+¢a<b> —e=b+d(a)
Gatp = idp = Ppda

we indicate with a~ the unique element b € B such that (b, ¢,) satisfies (4.7). If
¢,d € B, then by (4.6) and (4.7)

(d + ¢a (c7) 7¢d+¢d(c—)) e=(d+da(c),bape-) - c=(d,da) (¢, ¢-) - c
= (d,¢a) - (¢ + ¢ (c)) = (d, ¢a) - e =d.

Hence N is a regular subgroup of Hol (B). O

Note that if B is a right group and N is a regular subgroup of Hol (B), ¢ is an
automorphism of (B, +) and e the idempotent of B such that (e, ¢.) is the identity
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of N, then also N, := (e, ) N (e, p~!) is a regular subgroup of Hol (B). In fact,
clearly N, is a group. Further if a € B, then

(e, ) (a, ¢a) (e, 90,1> = (e+ ¢ (a), pda) (679071) — (0(a) . 0b0) (67 @71)
- (cp (a) + ¥ Pa (8) a‘p¢a§0_1) = (gp (a + ¢q (6)) aSOEbaQO_I)
= (¢ (@), p0ap7"),

by (4.5) in previous lemma. If we set J)w(a) = ¢~ ", for every a € B, then

Do(a) Pty = PPa®” PObp " = PPadrpr ™" = Py, b)‘Pil = Di(a+da(b)
(bgo(a +<P d)a ¢80 +90(¢a ¢ +¢a ( ))

for all a,b € B. Hence, by previous lemma N, is a regular subgroup of Hol (B).

Given a right group B we establish a one-to-one correspondence between the class
of left semi-braces with additive semigroup B and the set of all regular subgroups of
the holomorph of B.

Theorem 4.3.5. Let (B,+) be a right group, SB the class of left semi-braces with
additive semigroup (B,+) and R the set of all regular subgroups of Hol (B) the
holomorph of (B, +).

1. If B° = (B, +,0) € 8B, then Ngo :={(a,\,) | a € B} € R.
2. Themap f : SB — R, B° — Npo is a bijection.

Moreover, in this correspondence isomorphic left semi-braces correspond regular sub-
groups of Hol (B) conjugated under the action of Aut (B) and vice versa.

Proof. 1. Let B° be a left semi-brace. First, note that by Proposition 1.2.1 )\, €
Aut (B), for every a € B. The map 7 : B — Hol (B) such that 7 (a) = (a,\,) is a
group homomorphism from the multiplicative group (B, o) of the left semi-brace B°
into the holomorph Hol (B). In fact, if a,b € B, then

7(a) 7 (b) = (a,Aa) (b, Ap) = (a+ Ag (b) , AaXp) = (a+ao (a” +b), Agob)
= (aob,Agop) =T (aob)

moreover A \p = Mgy, () Hence Npo = 7 (B°) is a regular subgroup of Hol (B), by

Lemma 4.3.4.
2. Let N be a regular subgroup of Hol (B). Then, by Lemma 4.3.4, there exists
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¢ : B — Hol(B) such that N = {(a,¢4) | a € B} and ¢adp = ¢q14,), Where
¢q := ¢ (a). For all a,b € B we define on B the following binary operation

aob:=a+ ¢4 (b).

Clearly (B, o) is a group isomorphic to N. In fact pr; : N — B, (a,¢,) — a is an
isomorphism. Moreover denoted with o~ the element of B such that (a™, ¢,-) is the
inverse of (a, ¢,) in N, we have that

aob+ao(a” +¢)=a+ ¢ (b)+a+ ¢q(a” +¢)
=a+ ¢a(b) +a+ ¢ (a”) + ¢a(c) =a+ ¢q(b) + ¢a (c)
=a+¢q(b+c)=ao(b+c),

since a + ¢, (a~) is an idempotent by (4.7) in Lemma 4.3.4. Hence (B, +,0) is a
left semi-brace and Npo = N. Further if B® = (B,+,0) and B* = (B, +, %) are
left semi-braces such that f (B°) = f (B*), then {(a,\.) | a € B} = Ngo = Np- =
{(a,\}) | a € B} and so

aob=a+ X\, (b)) =a+ A, (b) =axb,

for all a,b € B. Therefore f is a bijection.

Finally, if B® = (B, +,0),B* = (B, +, *) € SB such that there exists ¢ : B® — B*
left semi-brace isomorphism, then, in particular ¢ € Aut (B). Moreover, set A;, (b) :=
ao(a” +b)and X} (b) := a* (a~* + b) where a~* is the inverse of a in (B, %), then
(0,¢) Ngo (0,p7!) = Np-. In fact,

(0,9) (2, 22) (0,971) = 0+ (), 0X3) (0,¢71) = (i (@) + 9X; (0), X590
= (pla+ao(a™+0),eXe7") = (p(a),o207"),

for every a € B. Moreover

P (0) = ¢ (ao (a +97' (1)) = @ (@)= (p(a) " +b)
= No) (0).

for all a,b € B, i.e., p\op~ ! = )\;(a), for every a € B. Hence we obtain that
(0,9) (2, 22) (0,71) = ((a), Ngny):

Conversely, let N7 := { (a, ¢£}))\ a € B} , Ny = { (a, 512)) ‘ a € B} be regular sub-
groups of Hol (B) and ¢ € Aut (B) such that (0, ¢) N1 (0, ') = N, where 0 is such
that (0, qS(()l)) is the identity of N;. Set aob := a—i—gb((ll) (b) and axb := a+¢[(12) (b), then
¢ is an isomorphism from (B, +, o) into (B, +, *). In fact, since (0, p) Ny (0,7 1) =
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N, we have that { (¢ (a), 070 ™1) | a € B} = {(a,6(”) | a € B}, ie., ool =
¢502(L)<p, for every a € B. Hence

plaob) =p(a+ol (1) = ¢ (a) + el (0) = ¢ (a) + 65 (b))
= ¢ (a)xp(b),

in this way the left semi-braces corresponding to N; and N, respectively are isomor-
phic. O

Note that if (B, +) is, in particular, a group, then Hol (B) is a group. As corollary of
previous theorem we have the following theorem, see [19].

Theorem 4.3.6. Let (B, +) be a group, SB be the class of skew left braces with additive
group (B, +) and R the set of all regular subgroups of Hol (B) the holomorph of (B, +).

1. If B° = (B,+,0) € 8B, then Npo :={(a,\,) | a € B} € R.

2. Themap f: SB — R, B° — Npo is a bijection.

Moreover, in this correspondence isomorphic skew left braces correspond regular sub-
groups of Hol (B) conjugated under the action of Aut (B).

Proof. By Theorem 4.3.5, if N := {(a, ¢,)| a € B} is a regular subgroup of Hol (B),
then, setting aob := a+ ¢, (b), we have that (B, +, o) is a left semi-brace with (B, +)
group and, by Corollary 1.2.8, (B, +, o) is a skew left brace. On the other hand, if
(B, +,0) is a skew left brace then, by Corollary 1.2.8, B is a left semi-brace and by
previous theorem { (a, A\,)| a € B} is a regular subgroup of Hol (B). O

Moreover if (B, +) is an abelian group, then the same result holds for left braces (cf.
Corollary 4.1.1 in [26]).

Theorem 4.3.7. Let (B, +) be a abelian group, LB be the class of left braces with
additive group (B, +) and R the set of all regular subgroups of Hol (B) the holomorph
of (B,+).

1. If B° = (B, +,0) € LB, then Ngo := {(a,\,) | a € B} € R.
2. Themap f: LB — R, B° — Npo is a bijection.

Moreover; in this correspondence isomorphic left braces correspond regular subgroups of
Hol (B) conjugated under the action of Aut (B).
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Finally, if we are interested on left F-braces we need to focus on the affine group
AGL (V) of the vector space (V,+) over F.

Definition 4.3.8. Let V' be a vector space over a field F. The affine group of the
vector space V' is the group AGL (V') := V x GL (V), where GL (V') is the linear
group of V' and the product is given by

(a,a) (b,8) == (a+a(b), ab),
forall a,b € V and o, 5 € GL (V).

Remark 4.3.9. Let V' be a vector space over a field F' and T (V') the translation
group of V. Then AGL (V) is the semidirect product of T (V') by GL (V).

Theorem 4.3.10 (Theorem 1. in [7]). Let V' be a vector space over a field F, BB be
the class of left F-braces with underlying vector space V and R the set of all regular
subgroups of AGL (V') the affine group of V.

1. If V° = (V,4,0) € FB, then Nyo :={(a,\q) | a €V} € R.

2. Themap f : FB — R,V° — Nyo is a bijection.

Moreover; in this correspondence isomorphic left F-braces correspond regular subgroups
of AGL (V') conjugated under the action of GL (V).

Proof. Clearly if « € GL (V'), then a € Aut (V'), where V' is reviewed only as a group.
Then AGL (V) is a subgroup of Hol (V). Therefore, if V° = (V, +, o) is a left F-brace,
then in particular it is a left brace and so, by Theorem 4.3.7, Nyo := {(a, A\y)|a € V'}
is a regular subgroup of Hol (V). Moreover if a,b € V and p € F, then

pAa (b) = p(—a+aob)=—pa+p(aob) =—pa+ (u—1)a+ao (ub)
= —a+ao(ub) = Aq (ub),

i.e., A\, € GL (V). Hence Ny~ is a regular subgroup of AGL (V). On the other hand
if N :={(a,¢q)| a € V} is a regular subgroup of AGL (V), then, by Theorem 4.3.7,
setting a o b := a + ¢, (b), we have that (V, +, o) is a left brace. Moreover if a,b € V
and p € F, then

paob) = p(a+ ¢q (b)) = pa+ da (ub) = ao (ub) + (n—1)a,

and so V is a left F-brace. O

4.3 Holomorph of a right group and left semi-braces

101



4.3.1

Corollary 4.3.11 (Corollary 2. in [7]). Let F be a field, V° = (V,+, o) a left F-brace,
T (V) the translation group of V and Ny. = f (V°) the regular subgroup of the affine
group AGL (V') associated to V°. Then

T (V)N Nyo ={(a,idy) | a €V, Vb €V a+b=aob}.

Proof. Note that ' := {(a,idy) | a € V'}. Then a € T'N Ny if and only if A\, = idp,
i.e,aob=a+b, foreverybe V. O

Regular subgroups of a 2-dimensional affine group

By Theorem 1.3.38 we may obtain all two-dimensional F'-braces with non-trivial
annihilator and then by Theorem 4.3.10 all regular subgroup of the affine group of
dimension two with non-trivial intersection with the translations group.

Let N be the zero algebra of dimension one over a field F' with basis (e;) by
Proposition 1.3.35 and Example 1.3.34, there exists 6 a 2-cocycle of N if and only if
there exists 7 an automorphism of (F, +).

Hence if F is a field all regular subgroups of AGL (F?) with non trivial intersection
with the translation group are given by

for every 7 automorphism of (F, +).

Here we have used the embedding of AGL (F™) into GL (F,n + 1) where we have
that AGL (F™) acts on the right on the set of affine vector Q := {(1,v) | v € F"}.
Then, if N is a regular subgroup of AGL (F™), there exists a unique element of N
such that the embedding in GL (F,n + 1) has (1,v), as first row, for every v € F",

w={(5)

By Theorem 4.3.10 we note that there is a unique left /'-brace V° such that N = Ny-o.
Moreover the multiplication on the F-space V° is given by

ie.,

UNS F”} . (4.8)

roy=a+A (),

for all z,y € V. Conversely, if V° is a left F-braceand A\, : V — V,y — zo (z~ +y),
then the regular subgroup Ny has the description given in (4.8).
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4.3.2 On Hegedus’ subgroups

In [22] Hegeds constructed examples of regular subgroups of a specific affine group
having trivial intersection with the translation group. In particular, let p be a prime
and assume n is odd and n > 3 if p = 2, and n > 4 when p is odd. Let q be a
non-degenerate quadratic form on ]F;‘_1 and X the matrix of b the polar form of g.
If A is a matrix of order p in O (Fg_l, q) the orthogonal group associated with Fg_l
and q, then

1 ‘ q(w)+k w
H:= 0 1 0 weF L keF, (4.9)
of | AkXxwT  AF

is a regular subgroup of AGL (Fg) containing only the trivial translation.

Using the asymmetric product of left F-braces in the particular case of zero radical
F-braces, we can extend Heged(s’ result.

For this purpose, let us note that if H, N are zero left F-braces we may simplify the
condition (2.4) in Corollary 2.4.1 as in the following result.

Corollary 4.3.12. Let F be a field of characteristic p # 2, and H, N zero left F-
braces. A bilinear and symmetric map, b : H x H — N, and a homomorphism of
the multiplicative group of N into the group of automorphisms of the left F-brace
H, p: N — Aut (H), satisfy (2.4) in Corollary 2.4.1 if and only if they satisfy the
condition

b (h1,h2) = ("h1,"h2) (4.10)

forall hy,hy € Handn € N.

Proof. We prove that (2.4) in Corollary 2.4.1 is equivalent to (4.10), in the case of
zero left F-braces. Suppose that (2.4) holds then

b (h1,h) =b(hs +"h1,hs +"hg) — b (hg + " (h1 + ha) , h3)
=b (hs, h3) + b (h3,"h2) + b ("h1, h3) + b ("h1,"hs)
— b (hg,hg) —b("hi,hs) — b ("ha, h3)
=b ("hy,"hs),
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for all hq, ho, hg € H. Conversely suppose that (4.10), then, since H and N are zero
left F-braces,

nob (ha, h3)+ b (hy o™ (he + h3), hi)

=n+b(ha,h3) +b(hy +"ho + "hs, hy)
=n-+b("hg,"h3) + b (hi,h1) +b6("he, h1) + b ("hs, hy)
=n+b(h1+"ha,h1 +"hg) =n+b(hyo"hay, hio"hs)

for all hy,ho,hs € Handn € N. O

Corollary 4.3.13. Let F' be a field of characteristic 2, H a zero left F-brace and N the
zero left F-brace with additive group (F,+). A quadratic form, q, its polar form, b,
and a homomorphism of the multiplicative group of N into the group of automorphism
of the left F-brace H, 3 : N — Aut (H), satisfy (2.6) in Corollary 2.4.4 if and only it
they satisfy the condition

a ("h) = q (k) (4.11)

forallh € Handn € N.

Proof. We prove that (2.6) in Corollary 2.4.4 is equivalent to (4.11). Suppose that
(2.6) holds then

q("h) =0("h,0)+q(h) +q(0)=q(h),

for every h € H. On the other hand, suppose that (4.11) holds, then, since H and
N are zero left F-braces,

noq(hs) +n+q(h1)+q(hio"he) = q(h2) +q(h1) +q(h1 +"ho)
=q (nhg) +q (h1) +q (hl + nhg) =b (hl + nhg, hl) =b (h1 o nhg, hl) ,

forall hi,ho € Hand n € N. O

Remark 4.3.14. By Corollary 4.3.11 and Definition 1.3.15, we may check the
intersection of the group associated to a left F'-brace V' with the translation group
T (V) looking at the socle, i.e.,

Ny NT(V)={(a,idy) | a € Soc(V)}.

Hence, in assumptions of Corollary 4.3.12 we have that (h,n) € Soc (H x, N) if and

only if h € radb and 3 (n) = idy, whereradb = {h | h € H, Yk € H b(h,k) = 0}.

In fact, (h,n) € Soc (H x, N), if and only for all ¥ € H and m € N we have that
h+k=h+"kand b (h,k) +n+m=n+m,ie., f(n)=idy and h € rad b.

In the same way, in the assumptions of Corollary 4.3.13 we have that (h,n) €
Soc (H %, N) if and only if h € rad b and 3 (n) = idy.
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Theorem 4.3.15. Let p be a prime and m € N. If one of the following conditions hold:
1. podd, m=1andn > 3;
2. podd, m > 1andn > 4;
3 p=2,m=1landn=30rn>5;
4. p=2,m>landn=4,n=5n=6orn > 38§,

then the affine group AGL (n+ 1,p™) contains a regular subgroup having trivial
intersection with the translation group.

Proof. If m = 1, n > 3 and p odd or n > 2, n even and p = 2, then set H := [},
where F, is the field with p elements. There exists a quadratic form q : V' — [,
such that its polar form b is non-degenerate. Moreover, since p divides the order
of the orthogonal group O (V, q), there exists an element A € O (V, q) of order p.
Let 5 : F, — GL (H) be the group homomorphism such that g (1) = A. Then, if p
is odd, H,F,, 3, b satisfy the assumptions in Corollary 4.3.12, if p = 2, H,F», 3,
satisfy the assumptions in Corollary 4.3.13. Hence for both cases, we may consider
the asymmetric product of H by F,, i.e., H x, F, and by Theorem 4.3.10, the
multiplicative group of this left F),-brace is a regular subgroup of the affine group
AGL (n+ 1,p). Further, since § is faithful and b is non-degenerate, by previous

remark, its intersection with the translation group is trivial.

Now, suppose m > 1. If n > 4 and p is odd or n > 4, n is even and p = 2, set
H := T}, then there exists an isotropic quadratic form q : H — F,m» such that
the polar form b is non-degenerate. Let h be an isotropic vector of H and k; € H
such that b (h, k1) = 0. Then we can choose ks, ..., k, € H such that b (h,k;) =0
and k; does not lie on the planes generated by h and k; with j < i — 1, for every
i € {2,...,m}. Thus the matrices A; associated to the Eichler trasformation (see
8.2.10 in [20])

for every x € H, belong to the orthogonal group O (V, q), have order p and pairwise
commute. Let

m

B:Fpm =P (wi) — GL (n,Fym)
=1
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be the group homomorphism such that 5 (w;) = A;. Obviously, 3 is injective, and if
heH, \i,...,\p € F, then we have

m \ iAiwi
q(h)=q<HAi’h> =q|= nl,
=1

since ﬁ A;\i = ﬁ B(wi))"' =7 <§: )\iwi). Hence if p = 2 H,F9, q, 8 satisfy the
i=1 i=1 i=1
assumption of the Corollary 4.3.13. Moreover, if p is odd, by previous equality we

have

b (h1,h2) = q (k1 + h2) — q(h1) — q (h2)

in: Aiw; f: Aiw; f: Ajws; in: Aiws
q i=1 hl + i=1 h2 —q i=1 hl —q i=1

ha

m m
> Aiw; > Aiw;
i=1

=b hla =1 h2 3

for all hi,hy € H, A\1,..., Ay, € Fp, then H,F,, b, 3 satisfy the assumptions of the
Corollary 4.3.12. Therefore the multiplicative group of the left Fjm-brace Fym xo, H
is a regular subgroup of the affine group AGL (n + 1, p™). Further, since § is faithful
and b is non-degenerate, by previous remark, this subgroup has trivial intersection
with the translation group.

Forp=2,if m=1andn >5o0orm > 1n > 9, n odd, we may consider the direct
product of two left Fom-braces, B := Fy% X, Fom and By := F52 x,Fom where ny, no
are even ni,no > 4 such that ny + 1+ no + 1 = n + 1. Therefore the multiplicative
group of the Fym-brace direct product is the direct product of the multiplicative
groups of B; and Bs. Since Soc (B; x By) = Soc (B1) x Soc (Bz) by Corollary 4.3.11
the intersection of the multiplicative group of By x B, with the translation group is
trivial.

Finally, if m > 1, p = 2 and n = 5, there exists a regular subgroup of AGL (6,2™) by
Example 3.4 in [27] that has trivial intersection with the translation group. O

4.3 Holomorph of a right group and left semi-braces

106



Bibliography

[1]D. Bachiller. “Classification of braces of order p”. In: J. Pure Appl. Algebra 219.8 (2015),
pp. 3568-3603.

[2]D. Bachiller. “Extensions, matched products, and simple braces”. In: arXiv preprint
arXiv:1511.08477 (2015).

[3]D. Bachiller and F. Cedé. “A family of solutions of the Yang-Baxter equation”. In: J.
Algebra 412 (2014), pp. 218-229.

[4]D. Bachiller, F. Cedé, E. Jespers, and J. Okninski. “Iterated matched products of finite
braces and simplicity; new solutions of the Yang-Baxter equation”. In: arXiv preprint
arXiv:1610.00477 (2016).

[5]R. Baxter. “Eight-vertex model in lattice statistics and one-dimensional anisotropic
heisenberg chain. I. Some fundamental eigenvectors”. In: Annals of Physics 76.1 (1973),
pp. 1 -24.

[6]A. Caranti, F. Dalla Volta, and M. Sala. “Abelian regular subgroups of the affine group
and radical rings”. In: Publ. Math. Debrecen 69.3 (2006), pp. 297-308.

[7]F. Catino and R. Rizzo. “Regular subgroups of the affine group and radical circle
algebras”. In: Bull. Aust. Math. Soc. 79.1 (2009), pp. 103-107.

[8]F. Catino, I. Colazzo, and P. Stefanelli. “Linear semi-cycle sets and bijective 1-cocycles”.
In: in preparation (2017).

[9]F. Catino, I. Colazzo, and P. Stefanelli. “On regular subgroups of the affine group”. In:
Bull. Aust. Math. Soc. 91.1 (2015), pp. 76-85.

[10]F. Catino, I. Colazzo, and P. Stefanelli. “Regular subgroups of the affine group and
asymmetric product of radical braces”. In: J. Algebra 455 (2016), pp. 164-182.

[11]F. Catino, I. Colazzo, and P. Stefanelli. “Semi-braces and the Yang-Baxter equation”. In:
J. Algebra 483 (2017), pp. 163-187.

[12]F. Catino, I. Colazzo, and P. Stefanelli. “The matched product of semi-braces and the
Yang-Baxter equation”. In: in preparation (2017).

[13]F. Cedd, E. Jespers, and J. Okninski. “Braces and the Yang-Baxter equation”. In: Comm.
Math. Phys. 327.1 (2014), pp. 101-116.

[14]A. H. Clifford and G. B. Preston. The algebraic theory of semigroups. Vol. I. Mathematical
Surveys, No. 7. American Mathematical Society, Providence, R.I., 1961, pp. xv+224.

107



[15]V. G. Drinfel’d. “On some unsolved problems in quantum group theory”. In: Quantum
groups (Leningrad, 1990). Vol. 1510. Lecture Notes in Math. Springer, Berlin, 1992,

pp. 1-8.

[16]P. Etingof, T. Schedler, and A. Soloviev. “Set-theoretical solutions to the quantum
Yang-Baxter equation”. In: Duke Math. J. 100.2 (1999), pp. 169-209.

[17]T. Gateva-Ivanova and M. Van den Bergh. “Semigroups of I-type”. In: J. Algebra 206.1
(1998), pp. 97-112.

[18]Pei Gu. “Another solution of Yang-Baxter equation on set and “metahomomorphisms
on groups””. In: Chinese Sci. Bull. 42.22 (1997), pp. 1852-1855.

[19]L. Guarnieri and L. Vendramin. “Skew braces and the Yang-Baxter equation”. In: Ac-
cepted for publication in Math. Comp. arXiv:1511.03171 (2015).

[20]A. J. Hahn and O. T. O'Meara. The classical groups and K-theory. Vol. 291. Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sci-
ences]. With a foreword by J. Dieudonné. Springer-Verlag, Berlin, 1989, pp. xvi+576.

[21]M. Hall Jr. The theory of groups. The Macmillan Co., New York, N.Y., 1959, pp. xiii+434.

[22]P. Heged{s. “Regular subgroups of the affine group”. In: J. Algebra 225.2 (2000),
pp. 740-742.

[23]V. Lebed. “Cohomology of idempotent braidings, with applications to factorizable
monoids”. In: arXiv preprint arXiv:1607.08081 (2016).

[24]M. W. Liebeck, C. E. Praeger, and J. Saxl. “Regular subgroups of primitive permutation
groups”. In: Mem. Amer. Math. Soc. 203.952 (2010), pp. vi+74.

[25]J.-H. Lu, M. Yan, and Y.-C. Zhu. “On the set-theoretical Yang-Baxter equation”. In: Duke
Math. J. 104.1 (2000), pp. 1-18.

[26]D. K. Matsumoto. “Dynamical braces and dynamical Yang-Baxter maps”. In: J. Pure
Appl. Algebra 217.2 (2013), pp. 195-206.

[27]1M.A. Pellegrini and M.C. Tamburini Bellani. “Regular subgroups of the affine group
with no translations”. In: Pre-print https://arxiv.org/abs/1608.02492 (2017).

[28]W. Rump. “Braces, radical rings, and the quantum Yang-Baxter equation”. In: J. Algebra
307.1 (2007), pp. 153-170.

[29]W. Rump. “Modules over braces”. In: Algebra Discrete Math. 2 (2006), pp. 127-137.

[30]W. Rump. “Semidirect products in algebraic logic and solutions of the quantum Yang-
Baxter equation”. In: J. Algebra Appl. 7.4 (2008), pp. 471-490.

[31]W. Rump. “The brace of a classical group”. In: Note Mat. 34.1 (2014), pp. 115-144.

[32]A. Soloviev. “Non-unitary set-theoretical solutions to the quantum Yang-Baxter equa-
tion”. In: Math. Res. Lett. 7.5-6 (2000), pp. 577-596.

[33]C.N. Yang. “Some exact results for the many-body problem in one dimension with
repulsive delta-function interaction”. In: Physical Review Letters 19.23 (1967), p. 1312.

Bibliography

108



Index

1-cocycle, 41
Affine Group, 102
Braid equation, vii

Group
Cocycle, 50
Schreier’s Extension, 50

Holomorph, 95
Regular Subgroup, 97

Left F-Brace, 4
2-cocycle, 35
Annihilator, 34
Hochschild Product, 38
Left F'-brace
Zero, 4
Left Brace, 3
Matched Pair, 78
Matched Product, 77
Semidirect Product, 61
Left Semi-brace, 1
Annihilator, 18
Asymmetric Product, 51
Homomorphism, 14
Ideal, 11
Matched Product, 67
Semidirect Product, 54
Socle, 15
Solution associated, 87
Trivial, 1
Zero, 3
Linear Cycle Set, 47

Linear Semi-cycle Set, 42
Adjoint Operation, 43
Linear Skew Cycle Set, 46

Quantum Yang-Baxter Equation, vii
Set-theoretical solution, vii
Set-theoretical Solution, 84
Solution, vii

QYBE, see Quantum Yang-Baxter Equa-

tion

Right Group, 5
Cocycle, 50
Holomorph, see Holomorph
Right Zero-Semigroup, 5

Skew Left Brace, 2
Asymmetric Product, 56
Hochschild Product, 31
Ideal, 11
Matched Product, 76
Semidirect Product, 57
Socle, 17
Zero, 3

Solution
Involutive, 86
involutive non-degenerate, viii
Left non-degenerate, 86
Non-degenerate, 86
Right non-degenerate, 86
Trivial, 84

109



	Cover
	Titlepage
	Abstract
	Introduction
	Thesis Structure

	1 Left semi-braces
	1.1 Definitions and Examples
	1.2 The additive structure of a left semi-brace
	1.3 Ideals, socle and annihilator of a left semi-brace
	1.3.1 Extensions of skew left braces
	1.3.2 Skew left braces with non-trivial annihilator
	1.3.3 Left braces with non-trivial annihilator
	1.3.4 Left F-braces with non-trivial annihilator

	1.4 Bijective 1-cocycles and left semi-braces
	1.5 Linear semi-cycle sets
	1.5.1 Linear skew cycle sets
	1.5.2 Linear cycle sets


	2 The asymmetric product
	2.1 The asymmetric product of left semi-braces
	2.2 The asymmetric product of skew left braces
	2.3 The asymmetric product of left braces
	2.4 The asymmetric product of left F-braces

	3 The matched product
	3.1 The matched product of left semi-braces
	3.2 The matched product of skew left braces
	3.3 The matched product of left braces
	3.4 A structural theorem for left semi-braces

	4 Applications
	4.1 Set-theoretical solutions of the Yang-Baxter equation
	4.2 Left non-degenerate solutions of the Yang-Baxter equation and left semi-braces
	4.2.1 Left semi-braces as matched product and solutions of the Yang-Baxter equation

	4.3 Holomorph of a right group and left semi-braces
	4.3.1 Regular subgroups of a 2-dimensional affine group
	4.3.2 On Hegedus' subgroups


	Bibliography
	Analytic Index

