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Heisenberg double  jjitary Hilbert space
~ Drinfeld double (multiplicative operator)

{f-d Hopf algebra} <~ {PE} braided category

(fusion operator)
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Set-theoretic solutions of PE received a large interest
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2020 The study of set-theoretic solutions of PE form a pure
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? Problem
< Description of solutions of the Pentagon Equation

A& Aim

| Description of all involutive solutions of the Pentagon Equation
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3n > 0 such that s" = id
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A CHARACTERIZATION

Write s(x,y) = (x-y,0x(y)) then
(S,s)isasolutionof < (x-y)-z=x-(y-2)
the PE Ox(y) - gx-y(z) =0x(y-2)
O6,(y)bxy = by
Hence, (S,-) must be a semigroup.
We denote the multiplication in S as a concatenation, i.e., x -y = xy.
(S,s)isasolutionof <= t=7s7:SxS— SxS satisfies
the PE tiotiztos = tastin
T

tis called a solution of the Reversed Pentagon Equation (RPE).

(S,s) is a bijective <« s satisfies the RPE
solution of the PE
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s(x,y) = (xy,f(y)) is a solution of the PE.

» S aset » f,g € Map(S,S)
f2=f,g?>=g,fg=gf = s(x,y) = (f(x),g(y)) solution of PE and RPE

» G group with exp(G) < oo »E={1,...,n}
»oeSym(n)stVieEo" D =gl »S=ExG

s((i,a),(j.b)) = ((i,ab). (a'(j), b))

is a bijective solution of the PE s.t. order(s) = lcm(order(c),exp(G))
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> (S, s) bijective solution of the PE

Vx,yeS, u,veS st s(u,v)=(xy)

\7

_ Q2 v
S=S 0,0y = Og, )0y = Oy € T

\7

T is a semigroup

> (S, s) bijective solution of the PE of finite order

In>0st s"=id= Vx,yeS3IzeSs.t. xyz=x = Vx,y: x € SyS.
Hence, S is a simple semigroup.
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LEFT GROUPS

» E is a left zero semigroup » G a group
E x G is called left group

(i,9)4,h) = (i,gh), ¥i,jeE,g,h e G
Every left group is left simple, and is right cancellative.

#'Remark
& A semigroup E is called a left zero semigroup if xy = x forall x,y € E.

» (S, s) a solution of the PE and the RPE <« E.g. when (S, s) is involutive.

If s is bijective of finite order then S is a left group.
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» G agroup
» s(x,y) = (xy,y) is a bijective solution of the PE.

This is the unique bijective solution

The order of s is exp(G).

sisinvolutive < exp(G) =2 < G is an elementary abelian 2-
group
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» E aleft zero semigroup
» (E,sg) an involutive solution of the PE on E
se(i,) = (1,6:())
» G an elementary abelian 2-group
» (G, sg) the unique bijective solution of the PE on G
s6(X.y) = (xy,¥))
» S:=GxE

the map s: Sx S — S x S defined by
S((i,X),(j,y)) = ((I7Xy)a(9I(J)7y))

is an involutive solution of the pentagon equation denoted by
(E.se) x (G, sg).
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» (S,s) an involutive solution of the PE

> JE aleft zero semigroup

» 3G an elementary abelian 2-group

» 3(E, sg) an involutive solution of the PE on E

s.t.
(S,S) = (EaSE) X (G,Sg),

where sg is the unique bijective solution of the PE on the group G.

Moreover, T = {6y : x € S} is an elementary abelian 2-group.
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INVOLUTIVE SOLUTIONS OF THE PE

Hence, each involutive solution of the PE (S, s) is composed of
solutions sg and s on a left zero semigroup E and on an elementary
abelian 2-group G.

The solution sg is unique.

\
the description of all involutive set-theoretic solutions (S, s) of the PE
on a semigroup S can be reduced to the description of solutions on a
left zero semigroup.

13
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» (S, s) an involutive solution of the PE.
Define the equivalence relation ~ on S called retraction

X~y <= Oc=0,.

From the description of involutive solutions we get
» ~ is a congruence of S

O,(y) = Oxby

—

xi~yrandxa ~y, = o) = Oy = 0,0y, = b0, (1)) == 05, (1) ~ Ox, (¥2)
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THE RETRACTION OF INVOLUTIVE SOLUTIONS OF PE

» (S, s) an involutive solution of the PE.
Define the equivalence relation ~ on S called retraction

X~y <= Oc=0,.

From the description of involutive solutions we get
» ~ is a congruence of S

>6)(1(}/1)”0X2(y2) .
This allows us to defineamaps:SxS—-Sx$S

S(x.¥) = (X, 0x(¥))-

Hence, Ret(S, s) = (S,3) is a solution of PE called retract

14
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*» (S,s) an involutive solution of PE.
(S,s) isirretractable if (S, s) = Ret(S, s).

05 =0y < 04(2) =0,(z) forallze S
= Ug,(2) = 0y, () forallzeS
> 00, =06,0,forallzeS
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» (A,+) an elementary abelian 2-group.
> Definet:AxA > AxAbyt(x,y)=(x,x+y).
Then (A,t) is an irretractable involutive solution of the PE.

» (S,s) an irretractable involutive solution of PE
» 3+ s.t. (S, +) is an elementary abelian 2-group
> and s(x,y) = (X, x+y)

The solution (A, t) on an elementary abelian 2-group (A, +) will be
denoted as (A, ta).
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INVOLUTIVE SOLUTIONS OF PE

THE EXTENSIONS

» (A, +) an elementary abelian 2-group
» (A,ta) the irretractable involutive solution of the PE on A
» X a non-empty set
o:A - Sym(X)
» S=XxA
Defineon S xS

S((X’a)v (yab)) = ((Xaa)7 (Ua+bgl;1(y)va +b))

v

» (S,s) is an involutive solution of the PE.

» Ret(S,s) = (A,ta).
Such a solution (S, s) is called extension of (A,t4) by X and o and
denoted by Exty (A, ta).
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SOLUTIONS AS EXTENSIONS

» S aleft zero semigroup

(S,s) an involutive solution of the PE
3(A, +) an elementary abelian 2-group
» 3X an non-empty set

Jo:A - Sym(X)

v

v

v

stS=XxAand (S,s) = Exty(A,ta)

18
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v

JA, G elementary abelian 2-groups
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X+@
A, G elem. ab. 2-group

. . . bijecti
{involutive solutions} lecte, {X xAxG ’

}
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